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Abstract
These lectures describe in detail the effective Hamiltonians for weak decays of mesons con-
structed by means of the operator product expansion and the renormalization group method.
We calculate Wilson coeffcients of local operators, discuss mixing of operators under renor-
malization, the anomalous dimensions of operators and anomalous dimension matrices. We
elaborate on the renormalzation scheme and renormalization scale dependences and their
cancellations in physical amplitudes. In particular we discuss the issue of γ5 in D-dimensions
and the role of evanescent operators in the calculation of two-loop anomalous dimensions. We
present an explicit calculation of the 6 × 6 one-loop anomalous dimension matrix involving
current-current and QCD-penguin operators and we give some hints how to properly calcu-
late two-loop anomalous dimensions of these operators. In the phenonomenological part of
these lectures we discuss in detail: CKM matrix, the unitarity triangle and its determination,
two-body non-leptonic B-decays and the generalized factorization, the ratio ε′/ε, B → Xsγ,
K+ → π+νν¯, KL → π0νν¯, B → Xsνν¯, Bs → µµ¯ and some aspects of CP violation in
B-decays.
∗Dedicated to my father Bronislaw Buras (1915-1994).
To appear in ”Probing the Standard Model of Particle Interactions”, F. David and R. Gupta, eds, 1998 Elsevier
Science B.V.
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1 Introduction
1.1 General View
The basic starting point for any serious phenomenology of weak decays of hadrons is the
effective weak Hamiltonian which has the following generic structure
Heff = GF√
2
∑
i
V iCKMCi(µ)Qi . (1.1)
Here GF is the Fermi constant and Qi are the relevant local operators which govern the
decays in question. The Cabibbo-Kobayashi-Maskawa factors V iCKM [1, 2] and the Wilson
Coefficients Ci [3, 4] describe the strength with which a given operator enters the Hamiltonian.
In the simplest case of the β-decay, Heff takes the familiar form
H(β)eff =
GF√
2
cos θc[u¯γµ(1− γ5)d⊗ e¯γµ(1− γ5)νe] , (1.2)
where Vud has been expressed in terms of the Cabibbo angle. In this particular case the Wilson
Coefficient is equal unity and the local operator, the object between the square brackets, is
given by a product of two V −A currents. This local operator is represented by the diagram
(b) in fig. 1. Equation (1.2) represents the Fermi theory for β-decays as formulated by
W
d u
ν e
(a)
d u
ν e
(b)
Figure 1: β-decay at the quark level in the full (a) and effective (b) theory.
Sudarshan and Marshak [5] and Feynman and Gell-Mann [6] forty years ago, except that
in (1.2) the quark language has been used and following Cabibbo a small departure of Vud
from unity has been incorporated. In this context the basic formula (1.1) can be regarded
as a generalization of the Fermi Theory to include all known quarks and leptons as well as
their strong and electroweak interactions as summarized by the Standard Model. It should
be stressed that the formulation of weak decays in terms of effective Hamiltonians is very
suitable for the inclusion of new physics effects. We will discuss this issue briefly in these
lectures.
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Now, I am aware of the fact that the formal operator language used here is hated by
experimentalists and frequently disliked by more phenomenological minded theorists. Con-
sequently the literature on weak decays, in particular on B-meson decays, is governed by
Feynman diagram drawings with W-, Z- and top quark exchanges, rather than by the opera-
tors in (1.1). In the case of the β-decay we have the diagram (a) in fig. 1. Yet such Feynman
diagrams with full W-propagators, Z-propagators and top-quark propagators really represent
the situation at very short distance scales O(MW,Z,mt), whereas the true picture of a de-
caying hadron with masses O(mb,mc,mK) is more properly described by effective point-like
vertices which are represented by the local operators Qi. The Wilson coefficients Ci can then
be regarded as coupling constants associated with these effective vertices.
Thus Heff in (1.1) is simply a series of effective vertices multiplied by effective coupling
constants Ci. This series is known under the name of the operator product expansion (OPE)
[3, 4, 7]. Due to the interplay of electroweak and strong interactions the structure of the local
operators (vertices) is much richer than in the case of the β-decay. They can be classified with
respect to the Dirac structure, colour structure and the type of quarks and leptons relevant
for a given decay. Of particular interest are the operators involving quarks only. They govern
the non-leptonic decays.
Now what about the couplings Ci(µ) and the scale µ? The important point is that
Ci(µ) summarize the physics contributions from scales higher than µ and due to asymptotic
freedom of QCD they can be calculated in perturbation theory as long as µ is not too small.
Ci include the top quark contributions and contributions from other heavy particles such as
W, Z-bosons and charged Higgs particles or supersymmetric particles in the supersymmetric
extensions of the Standard Model. At higher orders in the electroweak coupling the neutral
Higgs may also contribute. Consequently Ci(µ) depend generally on mt and also on the
masses of new particles if extensions of the Standard Model are considered. This dependence
can be found by evaluating so-called box and penguin diagrams with full W-, Z-, top- and new
particles exchanges and properly including short distance QCD effects. The latter govern the
µ-dependence of the couplings Ci(µ).
The value of µ can be chosen arbitrarily. As we will see below it serves to separate the
physics contributions to a given decay amplitude into short-distance contributions at scales
higher than µ and long-distance contributions corresponding to scales lower than µ. It is
customary to choose µ to be of the order of the mass of the decaying hadron. This is O(mb)
and O(mc) for B-decays and D-decays respectively. In the case of K-decays the typical choice
is µ = O(1−2 GeV ) instead of O(mK), which is much too low for any perturbative calculation
of the couplings Ci.
Now due to the fact that µ ≪ MW,Z , mt, large logarithms lnMW/µ compensate in the
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evaluation of Ci(µ) the smallness of the QCD coupling constant αs and terms α
n
s (lnMW/µ)
n,
αns (lnMW/µ)
n−1 etc. have to be resummed to all orders in αs before a reliable result for Ci
can be obtained. This can be done very efficiently by means of the renormalization group
methods [8, 9, 10]. The resulting renormalization group improved perturbative expansion for
Ci(µ) in terms of the effective coupling constant αs(µ) does not involve large logarithms and
is more reliable.
It should be stressed at this point that the construction of the effective Hamiltonian Heff
by means of the operator product expansion and the renormalization group methods can be
done fully in the perturbative framework. The fact that the decaying hadrons are bound
states of quarks is irrelevant for this construction. Consequently the coefficients Ci(µ) are
independent of the particular decay considered in the same manner in which the usual gauge
couplings are universal and process independent.
So far so good. Having constructed the effective Hamiltonian we can proceed to evaluate
the decay amplitudes. An amplitude for a decay of a given meson M = K,B, .. into a final
state F = πνν¯, ππ, DK is simply given by
A(M → F ) = 〈F |Heff |M〉 = GF√
2
∑
i
V iCKMCi(µ)〈F |Qi(µ)|M〉, (1.3)
where 〈F |Qi(µ)|M〉 are the hadronic matrix elements of Qi between M and F. As indicated
in (1.3) these matrix elements depend similarly to Ci(µ) on µ. They summarize the physics
contributions to the amplitude A(M → F ) from scales lower than µ.
We realize now the essential virtue of OPE: it allows to separate the problem of calcu-
lating the amplitude A(M → F ) into two distinct parts: the short distance (perturbative)
calculation of the couplings Ci(µ) and the long-distance (generally non-perturbative) calcu-
lation of the matrix elements 〈Qi(µ)〉. The scale µ, as advertised above, separates then the
physics contributions into short distance contributions contained in Ci(µ) and the long dis-
tance contributions contained in 〈Qi(µ)〉. By evolving this scale from µ = O(MW) down to
lower values one simply transforms the physics contributions at scales higher than µ from the
hadronic matrix elements into Ci(µ). Since no information is lost this way the full amplitude
cannot depend on µ. Therefore the µ-dependence of the couplings Ci(µ) has to cancel the µ-
dependence of 〈Qi(µ)〉. In other words it is a matter of choice what exactly belongs to Ci(µ)
and what to 〈Qi(µ)〉. This cancellation of µ-dependence involves generally several terms in
the expansion in (1.3).
Clearly, in order to calculate the amplitude A(M → F ), the matrix elements 〈Qi(µ)〉
have to be evaluated. Since they involve long distance contributions one is forced in this case
to use non-perturbative methods such as lattice calculations, the 1/N expansion (N is the
number of colours), QCD sum rules, hadronic sum rules, chiral perturbation theory and so
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on. In the case of certain B-meson decays, the Heavy Quark Effective Theory (HQET) also
turns out to be a useful tool. Needless to say, all these non-perturbative methods have some
limitations. Consequently the dominant theoretical uncertainties in the decay amplitudes
reside in the matrix elements 〈Qi(µ)〉.
The fact that in most cases the matrix elements 〈Qi(µ)〉 cannot be reliably calculated at
present, is very unfortunate. One of the main goals of the experimental studies of weak decays
is the determination of the CKM factors VCKM and the search for the physics beyond the
Standard Model. Without a reliable estimate of 〈Qi(µ)〉 this goal cannot be achieved unless
these matrix elements can be determined experimentally or removed from the final measurable
quantities by taking the ratios or suitable combinations of amplitudes or branching ratios.
However, this can be achieved only in a handful of decays and generally one has to face
directly the calculation of 〈Qi(µ)〉.
Now in the case of semi-leptonic decays, in which there is at most one hadron in the
final state, the chiral perturbation theory in the case of K-decays and HQET in the case of
B-decays have already provided useful estimates of the relevant matrix elements. This way
it was possible to achieve satisfactory determinations of the CKM elements Vus and Vcb in
K → πeν and B → D∗eν respectively. We will also see that some rare decays like K → πνν¯
and B → µµ¯ can be calculated very reliably.
The case of non-leptonic decays in which the final state consists exclusively out of hadrons
is a completely different story. Here even the matrix elements entering the simplest decays,
the two-body decays like K → ππ, D → Kπ or B → DK cannot be calculated in QCD
reliably at present. For this reason approximative schemes for these decays can be found
in the literature. One of such schemes, the factorization scheme for matrix elements has
been popular for some time among experimentalists and phenomenologists. The other ap-
proach is the diagrammatic approach [11], in which the decay amplitudes are decomposed into
various contributions corresponding to certain flavour-flow topologies which in the literature
appear unter the names of ”trees”, ”colour-suppressed trees”, ”penguins”, ”annihilation” etc.
Supplemented by isospin symmetry, the approximate SU(3) flavour symmetry and various
”plausible” dynamical assumptions the diagrammatic approach has been used extensively for
non-leptonic B-decays during the nineties.
As we will see in these lectures the factorization approach has several limitations and an
improved treatment of non-leptonic B-decays, beyond this approach, is called for. We will
have no time to discuss the diagrammatic approach, which goes beyond the factorization
approach, but also here improvements are necessary. For K-decays some progress in this di-
rection has been done by means of the 1/N approach, hadronic sum rules, chiral perturbation
theory and lattice calculations. However, these techniques will not be discussed here as they
4
are the subjects of other lectures at this summer school. We will only collect necessary results
obtained in these approaches.
Returning to the Wilson coefficients Ci(µ) it should be stressed that similar to the effective
coupling constants they do not depend only on the scale µ but also on the renormalization
scheme used: this time on the scheme for the renormalization of local operators. That the
local operators undergo renormalization is not surprising. After all they represent effective
vertices and as the usual vertices in a field theory they have to be renormalized when quan-
tum corrections like QCD or QED corrections are taken into account. As a consequence of
this, the hadronic matrix elements 〈Qi(µ)〉 are renormalization scheme dependent and this
scheme dependence must be cancelled by the one of Ci(µ) so that the physical amplitudes
are renormalization scheme independent. Again, as in the case of the µ-dependence, the can-
cellation of the renormalization scheme dependence involves generally several terms in the
expansion (1.3).
Now the µ and the renormalization scheme dependences of the couplings Ci(µ) can be eval-
uated efficiently in the renormalization group improved perturbation theory. Unfortunately
the incorporation of these dependences in the non-perturbative evaluation of the matrix ele-
ments 〈Qi(µ)〉 remains as an important challenge and most of the non-perturbative methods
on the market are insensitive to these dependences. The consequence of this unfortunate sit-
uation is obvious: the resulting decay amplitude are µ and renormalization scheme dependent
which introduces potential theoretical uncertainty in the predictions. On the other hand we
will see in the course of these lectures that in certain decays these dependences are rather
mild.
So far I have discussed only exclusive decays. It turns out that in the case of inclusive
decays of heavy mesons, like B-mesons, things turn out to be easier. In an inclusive decay
one sums over all (or over a special class) of accessible final states so that the amplitude for
an inclusive decay takes the form:
A(B → X) = GF√
2
∑
f∈X
V iCKMCi(µ)〈f |Qi(µ)|B〉 . (1.4)
At first sight things look as complicated as in the case of exclusive decays. It turns out,
however, that the resulting branching ratio can be calculated in the expansion in inverse
powers of mb with the leading term described by the spectator model in which the B-meson
decay is modelled by the decay of the b-quark:
Br(B → X) = Br(b→ q) +O( 1
m2b
) . (1.5)
This formula is known under the name of the Heavy Quark Expansion (HQE) [12]-[14]. Since
the leading term in this expansion represents the decay of the quark, it can be calculated in
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perturbation theory or more correctly in the renormalization group improved perturbation
theory. It should be realized that also here the basic starting point is the effective Hamil-
tonian (1.1) and that the knowledge of the couplings Ci(µ) is essential for the evaluation
of the leading term in (1.5). But there is an important difference relative to the exclusive
case: the matrix elements of the operators Qi can be ”effectively” evaluated in perturbation
theory. This means, in particular, that their µ and renormalization scheme dependences can
be evaluated and the cancellation of these dependences by those present in Ci(µ) can be
investigated.
Clearly in order to complete the evaluation of Br(B → X) also the remaining terms in
(1.5) have to be considered. These terms are of a non-perturbative origin, but fortunately
they are suppressed by at least two powers of mb. They have been studied by several authors
in the literature with the result that they affect various branching ratios by less then 10%
and often by only a few percent. Consequently the inclusive decays give generally more
precise theoretical predictions at present than the exclusive decays. On the other hand their
measurements are harder. There are of course some important theoretical issues related to
the validity of HQE in (1.5) which appear in the literature under the name of quark-hadron
duality. Since these matters are discussed in detail by Mark Wise in his lectures, I will not
discuss them here and will use HQE as God given.
We have learned now that the matrix elements ofQi are easier to handle in inclusive decays
than in the exclusive ones. On the other hand the evaluation of the couplings Ci(µ) is equally
difficult in both cases although as stated above it can be done in a perturbative framework.
Still in order to achieve sufficient precision for the theoretical predictions it is desirable to
have accurate values of these couplings. Indeed it has been realized at the end of the eighties
that the leading term (LO) in the renormalization group improved perturbation theory, in
which the terms αns (lnMW/µ)
n are summed, is generally insufficient and the inclusion of
next-to-leading corrections (NLO) which correspond to summing the terms αns (lnMW/µ)
n−1
is necessary. In particular, unphysical left-over µ-dependences in the decay amplitudes and
branching ratios resulting from the truncation of the perturbative series are considerably
reduced by including NLO corrections. These corrections are known by now for the most
important and interesting decays and will constitute a considerable part of these lectures.
1.2 Strategy
Like in any serious climb we need some strategy for these lectures. We will see that some
parts of our tour will be rather easy, some other parts rather technical and difficult. The
tour consists of seven sections (2–8) devoted to the basic formalism of weak decays and seven
sections (9–15), which present in detail some selected applications of this formalism. The
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map of our route is given the contents. Here we go.
As always we begin with First Steps. They will allow us to collect most elementary
ingredients of the Standard Model including elementary vertices, propagators and the cor-
responding Feynman rules. This is also the place to discuss the CKM matrix, its most
convenient parametrizations and the related unitarity triangle.
Having this general information at hand we will move next to discuss FCNC processes in
rather general terms. The idea here is to collect most important effective vertices resulting
from penguin and box diagrams and give for them Feynman rules. We will then see that
there are seven basic mt-dependent functions which enter the effective vertices in question
and thereby determine the strength of FCNC transitions.
We will illustrate the derivation of effective rules by calculating explicitly two simplest
vertices. In this part we will also have a first look at effective weak Hamiltonians which are
the main objectives of these lectures. This will allow us to discuss briefly GIM mechanism
[15] and give a description of the so-called penguin-box expansion [16]: version of OPE
particularly suitable for the study of the mt-dependence of FCNC processes. Here, obviously,
the seven basic functions mentioned above will play the crucial role.
The two first parts just described actually have an introductory character. They are really
like a gentle hike to our base camp. From now on the matters begin to be more difficult.
Particularly difficult are sections 4,5,6 and 8 which are really at the heart of these lectures.
Any serious student who wants to learn the field of weak Hamiltonians at the level needed
for professional applications should study these sections in great detail. The reason being
that it is not sufficient for a good phenomenology to simply copy from some papers the
values of Wilson coefficients and insert them in some formulae also copied from still other
papers. There are so many subtleties in this field that without a sufficient understanding of
section 4,5,6 and 8 it will be difficult to avoid errors in phenomenological applications of the
formalism presented there. So what can be found in the basic sections 4,5,6 and 8?
Section 4 is devoted to the renormalization and the renormalization group in QCD. In
particular we will discuss the dimensional regularization paying some tribute to the issue of
γ5 in D 6= 4 dimensions. We will discuss the MS and MS renormalization schemes giving
the list of the most important renormalization constants. Some of these constants will be
calculated. Subsequently we will move to discuss renormalization group equations offering
several explicit derivations. This section culminates in the analysis of the running QCD
coupling, the analysis of the running quark mass and the introduction of the concept of the
renormalization group improved perturbation theory.
The formal discussion of weak hamiltonians is given first in sections 5 and 6. Section 5
introduces the concept of the operator product expansion and discusses in great detail the
7
implementation of the renormalization group techniques into OPE in the leading logarithmic
approximation (LO). Section 6 can be considered as the generalization of section 5 to include
next-to-leading logarithmic corrections (NLO). The basic actors of sections 5 and 6 are so-
called current-current operators Q1 and Q2. Only these operators are discussed in these two
sections. My strategy here is to present in the simplest setting most important concepts of
this field. Thus we will discuss Wilson coefficients of local operators, mixing of operators
under renormalization, anomalous dimensions and anomalous dimension matrices, matching
of the full theory to the effective theory, renormalization scheme and renormalization scale
dependences and their cancellations, the issue of evanescent operators in the calculation of
two-loop anomalous dimensions and several other things. In particular we will give master
formulae for anomalous dimensions and a procedure for a correct calculation of Wilson co-
efficient functions including NLO corrections. We will also present an explicit calculation of
the anomalous dimension matrix for the operators (Q1, Q2) at the one-loop level and we will
give some hints how to properly calculate two-loop anomalous dimensions of these operators.
After a short break (section 7), in which a numerical study of the results of sections 5 and
6 will be presented, we will move to section 8 which can be considered as a generalization of
sections 5 and 6 to include other operators: the penguin operators of various sorts and the
operators originating in the box diagrams. In particular we will derive the proper matching
for penguin operators and we will provide explicit calculations of the 6×6 one-loop anomalous
dimension matrix for the current-current and QCD penguin operators. The material of this
section should allow the reader to follow without difficulties the applications of OPE and
renormalization group to any decay at the NLO level present in the literature.
The remaining sections of these lectures amount simply to the applications of the formal-
ism developed in sections 4,5,6 and 8. It will also turn out that our brief numerical analysis
of section 7 was not accidental.
I would like to stress that sections 9–15 should not be considered as a comprehensive
review of the phenomenology of the full field of weak decays. Certainly not! There are
several issues which I have omitted completely: one of them is the ∆I = 1/2 issue in non-
leptonic decays, the other two are the popular rare decays KL → π0e−e+ and B → Xsµµ¯.
Moreover the presentation of CP-asymmetries in B-decays is very superficial and the D-meson
decays are completely omitted. Yet there are many excellent reviews of these topics and I
will from time to time give references where this material can be found. My choice of topics
for sections 9-15 was motivated by the wish to present the techniques and methods developed
in the previous sections in some representative, phenomenologically important settings. Here
is the choice I have made.
Section 9 deals with two-body non-leptonic B-decays. The purpose of this section is to
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make a critical look at the existing analyses of these decays in the framework of factorization
and the so-called generalized factorization. I have decided to discuss this topic here as it
offers an excellent arena for various issues analyzed already in sections 5,6 and 7.
Section 10 deals with the issues of K0−K¯0 and B0d,s− B¯0d,s mixings, indirect CP violation
in KL → ππ and with the standard construction of the unitarity triangle.
Section 11 deals with a sad story: the efforts to calculate the CP violating ratio ε′/ε.
Here I will first summarize the work done in my group at the Technical University in Munich.
Subsequently I will make a brief review of other efforts including most recent developments.
Section 12 deals with much more successful efforts: the calculations of the branching ratio
for the inclusive B → Xsγ decay. Here the matrix elements of the relevant operators can be
effectively calculated and various issues related to scale dependences which we have discussed
formally in sections 6 and 8 can be analyzed in explicit terms.
Section 13 is my love story: the rare decays KL → π0νν¯ and K+ → π+νν¯. Since
these decays are theoretically very clean, also here various formal issues discussed in previous
sections can be analyzed with concrete examples. We will demonstrate the great potential of
K → πνν¯ in the determination of the CKM parameters: in particular of Vtd, ImV ∗tsVtd and
sin 2β. We will also discuss the rare B-decays B → Xs,dνν¯ and Bs,d → l+l−. This section
ends with a description of two-loop electroweak contributions to rare K- and B-decays in the
large mt limit.
Section 14 offers some future visions. First we will discuss briefly CP-asymmetries in
B-decays and their potential in the determination of the angles of the unitarity triangle. This
determination of the CKM parameters wil be confronted with the determination by means
of K → πνν¯ decays. Subsequently a number of other strategies for a clean determination of
the CKM matrix will be briefly discussed.
Section 15 offers a brief outlook of the field of weak decays for the next ten years. Finally
in section 16 a few general messages on the Les Houches summer school 1997 will be made.
1.3 Whats New in these Lectures
In writing these lectures I benefited enormously from a review on NLO QCD corrections
to weak decays written in collaboration with Gerhard Buchalla and Markus Lautenbacher
in 1995 [17], from a review on CP violation and rare decays written in collaboration with
Robert Fleischer in the spring of 1997 [18] and from several courses on the renormalization of
QCD and the renormalization group methods in weak decays I have given at the Technical
University in Munich during the nineties. It is unavoidable that there is some overlap between
the present lectures and the reviews in [17, 18]. On the other hand there are several differences
and many things which are covered here but cannot be found there. In particular:
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• We discuss the renormalization of QCD and the renormalization group in more detail
offering several derivations.
• We cover the issue of γ5 in D dimensions.
• We analyze the role of evanescent operators in the calculation of two-loop anomalous
dimensions of local operators.
• We present an explicit calculation of the 6 × 6 one-loop anomalous dimension matrix
involving current-current and QCD penguin operators.
• We calculate explicitly a counter-diagram in the evaluation of two-loop anomalous di-
mensions in order to exhibit the role of evanescent operators.
• We discuss critically the hypothesis of the generalized factorization in two-body non-
leptonic B-decays.
• We review the present status of the calculation of the non-perturbative factors B(1/2)6
and B
(3/2)
8 relevant for the calculation of ε
′/ε and present an updated analysis of this
ratio.
• We review in detail the present status of the radiative B → Xsγ decay including most
recent developments.
• While our discussion of K+ → π+νν¯ and KL → π0νν¯ borrows a lot from [17, 18], it
contains a few derivations absent there as well as new numerical estimates. Moreover
we discuss briefly two–loop electroweak contributions to these decays.
• Our discussion of CP violation in B-decays is very superficial. On the other hand we
make some comments on the recent hot issue: the role of the final state interactions in
the determination of the CP-phases from CP-asymmetries in B-decays.
2 First Steps
2.1 The Basic Lagrangian
Throughout these lectures we will dominantly work in the context of the Standard Model
with three generations of quarks and leptons and the interactions described by the gauge
group SU(3)C ⊗ SU(2)L ⊗ U(1)Y which undergoes the spontaneous breakdown:
SU(3)C ⊗ SU(2)L ⊗ U(1)Y → SU(3)C ⊗ U(1)Q (2.1)
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Here Y and Q denote the weak hypercharge and the electric charge generators respectively.
SU(3)C stands for QCD.
There are excellent text books on the dynamics of the Standard Model and on the Field
Theory. My favourites are listed in [20]–[29]. Let us therfore collect here only those ingredients
of this model which are fundamental for the subject of weak decays.
• The strong interactions are mediated by eight gluons Ga, the electroweak interactions
by W±, Z0, γ and the neutral Higgs boson H0. In the non-physical gauges also other
exchanges have to be included. In particular, the contributions from fictictious Higgs
particles φ± have to be taken into account to obtain gauge independent results.
• The dynamics of the theory is described by the fundamental Lagrangian:
L = L(QCD) + L(SU(2)L ⊗U(1)Y) + L(Higgs) (2.2)
from which - after quantization and spontaneous symmetry breaking - the Feynman
rules can be derived.
• Concerning Electroweak Interactions, the left-handed leptons and quarks are put into
SU(2)L doublets:  νe
e−

L
 νµ
µ−

L
 ντ
τ−

L
(2.3)
 u
d′

L
 c
s′

L
 t
b′

L
(2.4)
with the corresponding right-handed fields transforming as singlets under SU(2)L. The
primes in (2.4) are discussed a few pages below. The electroweak interactions are
summarized by the Lagrangian
LEWint = LCC + LNC , (2.5)
with LCC and LNC describing charged and neutral current interactions respectively.
Concentrating on the fermion-gauge-boson electroweak interactions we have:
• Charged Current Interactions:
LCC = g2
2
√
2
(J+µ W
+µ + J−µ W
−µ), (2.6)
where
J+µ = (u¯d
′)V−A + (c¯s′)V−A + (t¯b′)V−A + (ν¯ee)V−A + (ν¯µµ)V−A + (ν¯ττ)V−A (2.7)
denotes the charged current and g2 is the SU(2)L coupling constant.
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• Neutral Current Interactions:
LNC = −eJemµ Aµ +
g2
2 cos ΘW
J0µZ
µ, (2.8)
where e is the QED coupling constant and ΘW the Weinberg angle. The neutral elec-
tromagnetic and weak currents are given by
Jemµ =
∑
f
Qf f¯γµf (2.9)
J0µ =
∑
f
f¯γµ(vf − afγ5)f, (2.10)
where
vf = T
f
3 − 2Qf sin2ΘW, af = T f3 . (2.11)
Here Qf and T
f
3 denote the charge and the third component of the weak isospin of the
left-handed fermion fL, respectively. These electroweak charges are collected in table
1.
Table 1: Electroweak Quantum Numbers.
νeL e
−
L e
−
R uL dL uR dR
Q 0 −1 −1 2/3 −1/3 2/3 −1/3
T3 1/2 −1/2 0 1/2 −1/2 0 0
Y −1 −1 −2 1/3 1/3 4/3 −2/3
2.2 Elementary Vertices
Let us next recall those elementary interaction vertices which govern the physics of weak
decays. They are shown in fig. 2. The following comments should be made:
• The indices i, j denote flavour: i, j = u, d, c, t, . . .
• In non–physical gauges also vertices involving fictitious Higgs particles in place of W±,
Z0 have to be included in this list.
• The quartic electroweak couplings will not enter these lectures.
• The flavour is conserved in vertices involving neutral gauge bosons Z0, γ and G. This
fact implies the absence of flavour changing neutral current (FCNC) transitions at
the tree level. This striking property of neutral interactions in the Standard Model is
quarantieed by the GIM mechanism [15]. We will return to this mechanism later on.
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Figure 2: Elementary Vertices
• The charged current processes mediated by W± are obviously flavour violating with
the strength of violation given by the gauge coupling g2 and effectively at low energies
by the Fermi constant
GF√
2
=
g22
8M2W
(2.12)
and a unitary 3× 3 CKM matrix.
• The CKM matrix [1, 2, 15] connects the weak eigenstates (d′, s′, b′) and the correspond-
ing mass eigenstates d, s, b through
d′
s′
b′
 =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


d
s
b
 = VˆCKM

d
s
b
 . (2.13)
In the leptonic sector the analogous mixing matrix is a unit matrix due to the mass-
lessness of neutrinos in the Standard Model. The unitarity of the CKM matrix assures
the absence of elementary FCNC vertices. It is consequently at the basis of the GIM
mechanism. On the other hand, the fact that the Vij’s can a priori be complex num-
bers allows CP violation in the Standard Model. The structure of the CKM matrix is
discussed in detail in the next subsection.
• The most important Feynman rules are given in figs. 3 and 4. It should be noted that
the photonic and gluonic vertices are vectorlike (V), the W± vertices are purely V −A
and the Z0 vertices involve both V −A and V +A structures.
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• The vertices with fictitious Higgs φ± have not been shown. Of particular interest are
the vertices involving the top quark. Setting md = 0 we have for instance the following
Feynman rules:
t¯φ+d : − g2
2
√
2
Vtd(1− γ5) mt
MW
(2.14)
d¯φ−t :
g2
2
√
2
V ∗td(1 + γ5)
mt
MW
(2.15)
Due to the proportionality to mt these vertices play important role in rare and CP
violating decays and transitions.
• Finally the vertex involving the neutral Higgs H0 and the fermions is diagonal in flavour,
again due to the GIM mechanism. It is given by
f¯H0f : −ig2
2
mf
MW
(2.16)
The effects of H0 on these lectures are only at two-loops in electroweak interactions.
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Figure 3: Feynman Rules (Propagators)
With the help of the elementary vertices of fig. 2, the propagators and Feynman rules at hand,
one can build physically interesting processes and subsequently evaluate them. The simplest
of such processes, which forms the basis for subsequent considerations, is the W± exchange
between two fermion lines like the one shown in fig. 1a. Neglecting the momentum of the
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Figure 4: Feynman Rules (Vertices)
W-propagator relative to MW and multiplying the result by ”i”, this process, generalized to
arbitrary fermions in the Standard Model, gives the following tree level effective Hamiltonian
describing the charged weak interactions of quarks and leptons:
Htreeeff =
GF√
2
J+µ J −µ (2.17)
with J+µ given in (2.7).
2.3 CKM Matrix
2.3.1 General Remarks
Let us next discuss the stucture of the quark-mixing-matrix VˆCKM defined by (2.13) in more
detail. We know from the text books that this matrix can be parametrized by three angles
and a single complex phase. This phase leading to an imaginary part of the CKM matrix is a
necessary ingredient to describe CP violation within the framework of the Standard Model.
Many parametrizations of the CKM matrix have been proposed in the literature. We will
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use two parametrizations in these lectures: the standard parametrization [30] recommended
by the particle data group [31] and the Wolfenstein parametrization [32].
2.3.2 Standard Parametrization
With cij = cos θij and sij = sin θij (i, j = 1, 2, 3), the standard parametrization is given by:
VˆCKM =

c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −s23c12 − s12c23s13eiδ c23c13
 , (2.18)
where δ is the phase necessary for CP violation. cij and sij can all be chosen to be positive
and δ may vary in the range 0 ≤ δ ≤ 2π. However, the measurements of CP violation in K
decays force δ to be in the range 0 < δ < π.
From phenomenological applications we know that s13 and s23 are small numbers: O(10−3)
and O(10−2), respectively. Consequently to an excellent accuracy c13 = c23 = 1 and the four
independent parameters are given as
s12 = |Vus|, s13 = |Vub|, s23 = |Vcb|, δ. (2.19)
The first three can be extracted from tree level decays mediated by the transitions s→ u,
b → u and b → c respectively. The phase δ can be extracted from CP violating transitions
or loop processes sensitive to |Vtd|. The latter fact is based on the observation that for
0 ≤ δ ≤ π, as required by the analysis of CP violation in the K system, there is a one–to–one
correspondence between δ and |Vtd| given by
|Vtd| =
√
a2 + b2 − 2ab cos δ, a = |VcdVcb|, b = |VudVub| . (2.20)
The main phenomenological advantages of (2.18) over other parametrizations proposed
in the literature are basically these two [33] :
• s12, s13 and s23 being related in a very simple way to |Vus|, |Vub| and |Vcb| respectively,
can be measured independently in three decays.
• The CP violating phase is always multiplied by the very small s13. This shows clearly
the suppression of CP violation independently of the actual size of δ.
For numerical evaluations the use of the standard parametrization is strongly recom-
mended. However once the four parameters in (2.19) have been determined it is often useful
to make a change of basic parameters in order to see the structure of the result more trans-
parently. This brings us to the Wolfenstein parametrization [32] and its generalization given
in [34].
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2.3.3 Wolfenstein Parameterization
The Wolfenstein parametrization is an approximate parametrization of the CKM matrix in
which each element is expanded as a power series in the small parameter λ = |Vus| = 0.22,
Vˆ =

1− λ22 λ Aλ3(̺− iη)
−λ 1− λ22 Aλ2
Aλ3(1− ̺− iη) −Aλ2 1
+O(λ4) , (2.21)
and the set (2.19) is replaced by
λ, A, ̺, η . (2.22)
Because of the smallness of λ and the fact that for each element the expansion parameter
is actually λ2, it is sufficient to keep only the first few terms in this expansion.
TheWolfenstein parametrization is certainly more transparent than the standard parametriza-
tion. However, if one requires sufficient level of accuracy, the higher order terms in λ have
to be included in phenomenological applications. This can be done in many ways. The point
is that since (2.21) is only an approximation the exact definiton of the parameters in (2.22)
is not unique by terms of the neglected order O(λ4). This situation is familiar from any
perturbative expansion, where different definitions of expansion parameters (coupling con-
stants) are possible. This is also the reason why in different papers in the literature different
O(λ4) terms in (2.21) can be found. They simply correspond to different definitions of the
parameters in (2.22). Since the physics does not depend on a particular definition, it is useful
to make a choice for which the transparency of the original Wolfenstein parametrization is
not lost. Here we present one way of achieving this.
2.3.4 Wolfenstein Parametrization beyond LO
An efficient and systematic way of finding higher order terms in λ is to go back to the standard
parametrization (2.18) and to define the parameters (λ,A, ̺, η) through [34, 35]
s12 = λ , s23 = Aλ
2 , s13e
−iδ = Aλ3(̺− iη) (2.23)
to all orders in λ. It follows that
̺ =
s13
s12s23
cos δ, η =
s13
s12s23
sin δ. (2.24)
(2.23) and (2.24) represent simply the change of variables from (2.19) to (2.22). Making
this change of variables in the standard parametrization (2.18) we find the CKM matrix as
a function of (λ,A, ̺, η) which satisfies unitarity exactly! Expanding next each element in
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powers of λ we recover the matrix in (2.21) and in addition find explicit corrections of O(λ4)
and higher order terms:.
Vud = 1− 1
2
λ2 − 1
8
λ4 +O(λ6) (2.25)
Vus = λ+O(λ7) (2.26)
Vub = Aλ
3(̺− iη) (2.27)
Vcd = −λ+ 1
2
A2λ5[1− 2(̺+ iη)] +O(λ7) (2.28)
Vcs = 1− 1
2
λ2 − 1
8
λ4(1 + 4A2) +O(λ6) (2.29)
Vcb = Aλ
2 +O(λ8) (2.30)
Vtd = Aλ
3
[
1− (̺+ iη)(1 − 1
2
λ2)
]
+O(λ7) (2.31)
Vts = −Aλ2 + 1
2
A(1 − 2̺)λ4 − iηAλ4 +O(λ6) (2.32)
Vtb = 1− 1
2
A2λ4 +O(λ6) (2.33)
We note that by definition Vub remains unchanged and the corrections to Vus and Vcb
appear only at O(λ7) and O(λ8), respectively. Consequently to an an excellent accuracy we
have:
Vus = λ, Vcb = Aλ
2, (2.34)
Vub = Aλ
3(̺− iη), Vtd = Aλ3(1− ¯̺− iη¯) (2.35)
with
¯̺ = ̺(1− λ
2
2
), η¯ = η(1 − λ
2
2
). (2.36)
The advantage of this generalization of the Wolfenstein parametrization over other gener-
alizations found in the literature is the absence of relevant corrections to Vus, Vcb and Vub
and an elegant change in Vtd which allows a simple generalization of the so-called unitarity
triangle beyond LO.
Finally let us collect useful analytic expressions for λi = VidV
∗
is with i = c, t:
Imλt = −Imλc = ηA2λ5 =| Vub || Vcb | sin δ (2.37)
Reλc = −λ(1− λ
2
2
) (2.38)
Reλt = −(1− λ
2
2
)A2λ5(1− ¯̺) . (2.39)
Expressions (2.37) and (2.38) represent to an accuracy of 0.2% the exact formulae obtained
using (2.18). The expression (2.39) deviates by at most 2% from the exact formula in the
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full range of parameters considered. For ̺ close to zero this deviation is below 1%. A
careful reader may note that a small O(λ7) has been dropped in deriving (2.39). This has
been done both for artistic reasons and in order to increase the accuracy of this formula.
After inserting the expressions (2.37)–(2.39) in the exact formulae for quantities of interest,
a further expansion in λ should not be made.
2.3.5 Unitarity Triangle
The unitarity of the CKM-matrix implies various relations between its elements. In particular,
we have
VudV
∗
ub + VcdV
∗
cb + VtdV
∗
tb = 0. (2.40)
Phenomenologically this relation is very interesting as it involves simultaneously the elements
Vub, Vcb and Vtd which are under extensive discussion at present.
The relation (2.40) can be represented as a “unitarity” triangle in the complex (¯̺, η¯) plane.
The invariance of (2.40) under any phase-transformations implies that the corresponding
triangle is rotated in the (¯̺, η¯) plane under such transformations. Since the angles and
the sides (given by the moduli of the elements of the mixing matrix) in these triangles
remain unchanged, they are phase convention independent and are physical observables.
Consequently they can be measured directly in suitable experiments. The area of the unitarity
triangle is related to the measure of CP violation JCP [36]:
| JCP |= 2 · A∆, (2.41)
where A∆ denotes the area of the unitarity triangle.
The construction of the unitarity triangle proceeds as follows:
• We note first that
VcdV
∗
cb = −Aλ3 +O(λ7). (2.42)
Thus to an excellent accuracy VcdV
∗
cb is real with |VcdV ∗cb| = Aλ3.
• Keeping O(λ5) corrections and rescaling all terms in (2.40) by Aλ3 we find
1
Aλ3
VudV
∗
ub = ¯̺+ iη¯,
1
Aλ3
VtdV
∗
tb = 1− (¯̺+ iη¯) (2.43)
with ¯̺ and η¯ defined in (2.36).
• Thus we can represent (2.40) as the unitarity triangle in the complex (¯̺, η¯) plane as
shown in fig. 5.
Let us collect useful formulae related to this triangle:
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Figure 5: Unitarity Triangle.
• Using simple trigonometry one can express sin(2φi), φi = α, β, γ, in terms of (¯̺, η¯) as
follows:
sin(2α) =
2η¯(η¯2 + ¯̺2 − ¯̺)
(¯̺2 + η¯2)((1− ¯̺)2 + η¯2) (2.44)
sin(2β) =
2η¯(1− ¯̺)
(1− ¯̺)2 + η¯2 (2.45)
sin(2γ) =
2¯̺η¯
¯̺2 + η¯2
=
2̺η
̺2 + η2
. (2.46)
• The lengths CA and BA in the rescaled triangle to be denoted by Rb and Rt, respec-
tively, are given by
Rb ≡ |VudV
∗
ub|
|VcdV ∗cb|
=
√
¯̺2 + η¯2 = (1− λ
2
2
)
1
λ
∣∣∣∣VubVcb
∣∣∣∣ (2.47)
Rt ≡ |VtdV
∗
tb|
|VcdV ∗cb|
=
√
(1− ¯̺)2 + η¯2 = 1
λ
∣∣∣∣VtdVcb
∣∣∣∣ . (2.48)
• The angles β and γ of the unitarity triangle are related directly to the complex phases
of the CKM-elements Vtd and Vub, respectively, through
Vtd = |Vtd|e−iβ, Vub = |Vub|e−iγ . (2.49)
• The angle α can be obtained through the relation
α+ β + γ = 180◦ (2.50)
expressing the unitarity of the CKM-matrix.
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The triangle depicted in fig. 5 together with |Vus| and |Vcb| gives a full description of the
CKM matrix. Looking at the expressions for Rb and Rt, we observe that within the Standard
Model the measurements of four CP conserving decays sensitive to | Vus |, | Vub |, | Vcb | and
| Vtd | can tell us whether CP violation (η 6= 0) is predicted in the Standard Model. This is a
very remarkable property of the Kobayashi-Maskawa picture of CP violation: quark mixing
and CP violation are closely related to each other.
2.3.6 Final Comments
What do we know about the CKM matrix and the unitarity triangle on the basis of tree level
decays? A detailed answer to this question can be found in the reports of the Particle Data
Group [31] as well as other reviews. Here I would like to quote only a few numbers without
going into details how they have been obtained. They are
|Vus| = λ = 0.2205 ± 0.0018 |Vcb| = 0.040 ± 0.003, (2.51)
|Vub|
|Vcb|
= 0.08 ± 0.02, |Vub| = (3.2± 0.8) · 10−3. (2.52)
The value for |Vus| follows from K+ → π0e+νe, K0L → π−e+νe and semileptonic hyperon de-
cays. The chiral perturbation theory [37, 38] plays an important role in these determinations.
|Vcb| follows from exclusive and inclusive semileptonic B decays governed by the transition
b → c. Here the recent improved data [39] combined with HQET in the case of exclusive
decays and HQE in the case of inclusive decays played important role [40, 41, 42, 43]. |Vub|
follows from from exclusive and inclusive semileptonic B decays governed by the transition
b→ u [39, 44].
Setting λ = 0.22, scanning |Vcb| and |Vub| in the ranges (2.51) and cos δ in the range
−1 ≤ cos δ ≤ 1, we find [18]:
4.5 · 10−3 ≤ |Vtd| ≤ 13.7 · 10−3 , 0.0353 ≤ |Vts| ≤ 0.0429 (2.53)
and
0.9991 ≤ |Vtb| ≤ 0.9993, 0.9736 ≤ |Vcs| ≤ 0.9750. (2.54)
From (2.53) we observe that the unitarity of the CKM matrix requires approximate equal-
ity of |Vts| and |Vcb|: 0.954 ≤ |Vts|/|Vcb| ≤ 0.997 which is evident if one compares (2.34) with
(2.32). Moreover |Vtb| is predicted to be very close to unity. The experimental value from
top-quark decays obtained by CDF is |Vtb| = 0.99± 0.15.
Let us then see what these results imply for the unitarity triangle of fig. 5. To this end
it is sufficient to insert the first result in (2.52) into (2.47) to find
Rb = 0.36 ± 0.09 (2.55)
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This tells us only that the apex A of the unitarity triangle lies in the band shown in fig.
6. In order to answer the question where the apex A lies on this ”unitarity clock” we have
to look at different decays. Most promising in this respect are the so-called ”loop induced”
decays and transitions which are the subject of several sections in these lectures and CP
asymmetries in B-decays which will be briefly discussed in Section 14. These two different
Rb
0 0.5
-0.5
0
-0.5
0.5
ρ
η
_
_
Figure 6: “Unitarity Clock”.
routes for explorations of the CKM matrix and of the related unitarity triangle may answer
the important question, whether the Kobayashi-Maskawa picture of CP violation is correct
and more generally whether the Standard Model offers a correct description of weak decays
of hadrons. Indeed, in order to answer these important questions it is essential to calculate
as many branching ratios as possible, measure them experimentally and check if they all can
be described by the same set of the parameters (λ,A, ̺, η). In the language of the unitarity
triangle this means that the various curves in the (¯̺, η¯) plane extracted from different decays
should cross each other at a single point as shown in fig. 7. Moreover the angles (α, β, γ)
in the resulting triangle should agree with those extracted one day from CP-asymmetries in
B-decays. For artistic reasons the value of η¯ in fig. 7 has been chosen to be higher than the
fitted central value η¯ ≈ 0.35.
Since the CKM matrix is only a parametrization of quark mixing and of CP violation and
does not offer the explanation of these two very important phenomena, many physicists hope
that a new physics while providing a dynamical origin of quark mixing and CP violation will
also change the picture given in fig. 7. That is, the different curves based on the Standard
Model expressions, will not cross each other at a single point and the angles (α, β, γ) extracted
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Figure 7: The ideal Unitarity Triangle.
one day from CP-asymmetries in B-decays will disagree with the ones determined from rare
K and B decays.
Clearly the plot in fig. 7 is highly idealized because in order to extract such nice curves
from various decays one needs perfect experiments and perfect theory. One of the goals of
these lectures is to describe the present status of the theory of weak decays and to identify
those decays for which at least the theory is under control. For such decays, if they can be
measured with a sufficient precision, the curves in fig. 7 are not unrealistic.
The formal discussion of the theory of weak decays is however a real steep climb and it is
advisable to do first a long but gentle hike by discussing loop induced decays in general terms.
They are known under the name of Flavour Changing Neutral Current (FCNC) processes.
3 FCNC Processes
3.1 General Remarks
The flavour diagonal structure of the basic vertices involving γ, Z and G in fig. 4 forbidds
the appearance of FCNC processes at the tree level. With the help of the flavour-changing
W±-vertex one can, however, construct one-loop and higher order diagrams which mediate
FCNC processes. The fact that these processes take place only as loop effects makes them
particularly useful for testing the quantum structure of the theory and in the search of the
physics beyond the Standard Model. At the one–loop level they can be described by a set of
basic triple and quartic effective vertices. In the literature they appear under the names of
penguin and box diagrams, respectively.
23
3.2 Effective Vertices
3.2.1 Penguin vertices
These vertices involve only quarks and can be depicted as in fig. 8, where i and j have the same
charge but different flavour and k denotes the internal quark whose charge is different from
that of i and j. These effective vertices can be calculated by using the elementary vertices
and propagators of figs. 3 and 4. Important examples are given in fig. 9. The diagrams
with fictitious Higgs exchanges in place of W± have not been shown. Strictly speaking, also
self–energy corrections on external lines have to be included to make the effective vertices
finite.
3.2.2 Box vertices
These vertices involve in general both quarks and leptons and can be depicted as in fig. 10,
where again i, j,m, n stand for external quarks or leptons and k and l denote the internal
quarks and leptons. In the vertex (a) the flavour violation takes place on both sides (left and
right) of the box, whereas in (b) the right–hand side is flavour conserving. These effective
quartic vertices can also be calculated using the elementary vertices and propagators of figs.
3 and 4. We have for instance the vertices in fig. 11 which contribute to B0d − B¯0d mixing
and K+ → π+νν¯, respectively. The fictitious Higgs exchanges have not been shown. Other
interesting examples will be discussed in the course of these lectures.
Figure 8: Penguin vertices
3.2.3 Effective Feynman Rules
With the help of the elementary vertices and propagators shown in figs. 3 and 4, one can
derive “Feynman rules” for the effective vertices discussed above by calculating simply the
diagrams on the r.h.s. of the equations in figs. 9 and 11. In fig. 9 the Z0, γ and gluon are
off-shell. In the case of inclusive decays B → Xγ and B → XG we need also corresponding
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Figure 9: Penguin vertices resolved in terms of basic vertices
vertices with on-shell photons and gluons. For these two cases it is essential to keep the mass
of the external b-quark as otherwise the corresponding vertices would vanish.
The rules for effective vertices are given in the ’t Hooft–Feynman gauge for the W±
propagator as follows:
Box(∆S = 2) = λ2i
G2F
16π2
M2WS0(xi)(s¯d)V−A(s¯d)V −A (3.1)
Box(T3 = 1/2) = λi
GF√
2
α
2π sin2ΘW
[−4B0(xi)](s¯d)V−A(ν¯ν)V−A (3.2)
Box(T3 = −1/2) = λiGF√
2
α
2π sin2ΘW
B0(xi)(s¯d)V−A(µ¯µ)V−A (3.3)
s¯Zd = iλi
GF√
2
e
2π2
M2Z
cosΘW
sinΘW
C0(xi)s¯γµ(1− γ5)d (3.4)
s¯γd = − iλiGF√
2
e
8π2
D0(xi)s¯(q
2γµ − qµ 6q)(1− γ5)d (3.5)
s¯Gad = − iλiGF√
2
gs
8π2
E0(xi)s¯α(q
2γµ − qµ 6q)(1− γ5)T aαβdβ (3.6)
s¯γ′b = iλ¯i
GF√
2
e
8π2
D′0(xi)s¯[iσµλq
λ[mb(1 + γ5)]]b (3.7)
s¯G′ab = iλ¯i
GF√
2
gs
8π2
E′0(xi)s¯α[iσµλq
λ[mb(1 + γ5)]]T
a
αβbβ , (3.8)
where
λi = V
∗
isVid λ¯i = V
∗
isVib (3.9)
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In these rules qµ is the outgoing gluon or photon momentum and T3 indicates whether νν¯ or
l+l− leaves the box diagram. The first rule involves quarks only. The last two rules involve
on-shell photon and gluon. We have set ms = 0 in these rules.
These rules for effective vertices together with the rules of figs. 3 and 4 allow the calcula-
tion of the effective Hamiltonians for FCNC processes, albeit without the inclusion of QCD
corrections. The way these rules should be used requires some care:
• The penguin vertices should be used in the same manner as the elementary vertices
of fig. 4 which follow from iL. Once a mathematical expression corresponding to a
given diagram has been found, the contribution of this diagram to the relevant effective
Hamiltonian is obtained by multiplying this mathematical expression by “i”.
• Our conventions for the box vertices are such that they directly give the contributions
to the effective Hamiltonians.
We will give an example below by calculating the internal top contributions to K+ → π+νν¯.
First, however, let us make a few general remarks emphasizing the new features of these
effective vertices as compared to the ones of fig. 2.
Figure 10: Box vertices
• They are higher order in the gauge couplings and consequently suppressed relative to
elementary transitions. This is consistent with experimental findings which show very
strong suppression of FCNC transitions relative to tree level processes.
• Because of the internal W± exchanges all penguin vertices in fig. 9 are purely V − A,
i.e. the effective vertices involving γ and G are parity violating as opposed to their
elementary interactions in fig. 1! Also the structure of the Z0 coupling changes since
now only V −A couplings are involved. The box vertices are of the (V −A)⊗ (V −A)
type.
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Figure 11: Box vertices resolved in terms of elementary vertices
• The effective vertices depend on the masses of internal quarks or leptons and conse-
quently are calculable functions of
xi =
m2i
M2W
, i = u, c, t. (3.10)
A set of basic universal functions can be found. These functions govern the physics of
all FCNC processes. They are given below.
• The effective vertices depend on elements of the CKM matrix and this dependence can
be found directly from the diagrams of figs. 9 and 11.
• The dependences of a given vertex on the CKM factors and the masses of internal
fermions govern the strength of the vertex in question.
• Another new feature of the effective vertices as compared with the elementary vertices
is their dependence on the gauge used for the W± propagator. We will return to this
point below.
3.2.4 Basic Functions
The basic functions present in (3.1)-(3.8) were calculated by various authors, in particular
by Inami and Lim [45]. They are given explicitly as follows:
B0(xt) =
1
4
[
xt
1− xt +
xt lnxt
(xt − 1)2
]
(3.11)
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C0(xt) =
xt
8
[
xt − 6
xt − 1 +
3xt + 2
(xt − 1)2 lnxt
]
(3.12)
D0(xt) = −4
9
lnxt +
−19x3t + 25x2t
36(xt − 1)3 +
x2t (5x
2
t − 2xt − 6)
18(xt − 1)4 lnxt (3.13)
E0(xt) = −2
3
lnxt +
x2t (15 − 16xt + 4x2t )
6(1 − xt)4 lnxt +
xt(18− 11xt − x2t )
12(1 − xt)3 (3.14)
D′0(xt) = −
(8x3t + 5x
2
t − 7xt)
12(1 − xt)3 +
x2t (2− 3xt)
2(1− xt)4 lnxt (3.15)
E′0(xt) = −
xt(x
2
t − 5xt − 2)
4(1− xt)3 +
3
2
x2t
(1− xt)4 lnxt (3.16)
S0(xt) =
4xt − 11x2t + x3t
4(1− xt)2 −
3x3t lnxt
2(1 − xt)3 (3.17)
S0(xc) = xc (3.18)
S0(xc, xt) = xc
[
ln
xt
xc
− 3xt
4(1 − xt) −
3x2t lnxt
4(1 − xt)2
]
. (3.19)
We would like to make a few comments:
• In the last two expressions we have kept only linear terms in xc ≪ 1, but of course
all orders in xt. The last function generalizes S0(xt) in (3.17) to include box diagrams
with simultaneous top-quark and charm-quark exchanges.
• The subscript “0” indicates that these functions do not include QCD corrections to the
relevant penguin and box diagrams. These corrections will be discussed in detail in
subsequent sections.
• In writing the expressions in (3.11)-(3.19) we have omitted xt–independent terms which
do not contribute to decays due to the GIM mechanism. We will discuss this issue in
more detail below. Moreover
S0(xt) ≡ F (xt, xt) + F (xu, xu)− 2F (xt, xu) (3.20)
and
S0(xi, xj) = F (xi, xj) + F (xu, xu)− F (xi, xu)− F (xj , xu), (3.21)
where F (xi, xj) is the true function corresponding to a given box diagram with i and j
quark exchanges. These particular combinations can be found by drawing all possible
box diagrams (also those with u-quark exchanges), setting mu = 0 and using unitarity
of the CKM-matrix which implies in particular the relation:
λu + λc + λt = 0. (3.22)
In this way the effective Hamiltonians for FCNC transitions can be directly obtained
by summing only over t and c quarks.
28
• The expressions given for B0(xt), C0(xt) and D0(xt) correspond to the ’t Hooft–
Feynman gauge (ξ = 1). In an arbitrary Rξ gauge they look differently. In phe-
nomenological applications it is useful therefore to work instead with the following
gauge independent combinations [16]:
C0(xt, ξ)− 4B0(xt, ξ, 1/2) = C0(xt)− 4B0(xt) = X0(xt) (3.23)
C0(xt, ξ)−B0(xt, ξ,−1/2) = C0(xt)−B0(xt) = Y0(xt) (3.24)
C0(xt, ξ) +
1
4
D0(xt, ξ) = C0(xt) +
1
4
D0(xt) = Z0(xt). (3.25)
• X0(xt) and Y0(xt) are linear combinations of the V −A components of Z0–penguin and
box–diagrams with final quarks or leptons having weak isospin T3 equal to 1/2 and –
1/2, respectively.
• Z0(xt) is a linear combination of the vector component of the Z0–penguin and the
γ–penguin.
• These new functions are given explicitly as follows:
X0(xt) =
xt
8
[
xt + 2
xt − 1 +
3xt − 6
(xt − 1)2 lnxt
]
(3.26)
Y0(xt) =
xt
8
[
xt − 4
xt − 1 +
3xt
(xt − 1)2 lnxt
]
(3.27)
Z0(xt) = −1
9
lnxt +
18x4t − 163x3t + 259x2t − 108xt
144(xt − 1)3 +
+
32x4t − 38x3t − 15x2t + 18xt
72(xt − 1)4 lnxt. (3.28)
Thus the set of gauge independet basic functions which govern the FCNC processes is
given by:
S0(xt), X0(xt), Y0(xt), Z0(xt), E0(xt), D
′
0(xt), E
′
0(xt). (3.29)
Finally, we give approximate formulae for the basic functions:
S0(xt) = 0.784 x
0.76
t , X0(xt) = 0.660 x
0.575
t , (3.30)
Y0(xt) = 0.315 x
0.78
t , Z0(xt) = 0.175 x
0.93
t , E0(xt) = 0.564 x
−0.51
t , (3.31)
D′0(xt) = 0.244 x
0.30
t , E
′
0(xt) = 0.145 x
0.19
t . (3.32)
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In the range 150GeV ≤ mt ≤ 200GeV these approximations reproduce the exact expressions
to an accuracy better than 1%. We have then
S0(xt) = 2.46
(
mt
170GeV
)1.52
, (3.33)
X0(xt) = 1.57
(
mt
170GeV
)1.15
, Y0(xt) = 1.02
(
mt
170GeV
)1.56
, (3.34)
Z0(xt) = 0.71
(
mt
170GeV
)1.86
, E0(xt) = 0.26
(
mt
170GeV
)−1.02
, (3.35)
D′0(xt) = 0.38
(
mt
170GeV
)0.60
, E′0(xt) = 0.19
(
mt
170GeV
)0.38
. (3.36)
These formulae will allow us to exhibit elegantly the mt dependence of various branching
ratios in the phenomenological sections of these lectures.
3.2.5 Explicit Calculation of the Box Diagrams
Let us derive the rules (3.2) and (3.3). Beginning with (3.2) we consider the relevant box
diagram in fig. 11. Setting mν = me = 0 the contributions of the fictitious Higgs exchanges
φ± are also set to zero and we are left only with the W± exchanges. Concentrating first on
the internal top-quark contribution and using the Feynman rules of fig. 3 and 4 we have, after
simple manipulations of Dirac matrices, the following expression for the diagram in fig. 11
D(νν¯) =
(
g2
2
√
2
)4
λtTστR
στ (3.37)
where
Tστ = −4s¯γµγσγν(1− γ5)d⊗ ν¯γµγτγν(1− γ5)ν (3.38)
and
Rστ =
∫
d4k
(2π)4
kσkτ
[k2 −m2t ]k2[k2 −M2W]2
. (3.39)
Note that in view of very massive internal propagators we can set all external momenta to
zero.
The integral Rστ can be easily evaluated by means of the standard methods. As the box
diagram is finite we do not have to introduce any regulators and we find
Rστ =
gστ
4
∫
d4k
(2π)4
1
[k2 −m2t ][k2 −M2W]2
= − g
στ
64π2
i
M2W
[4B0(xt) + 1] , (3.40)
where B0(xt) is given in (3.11) with xt = m
2
t/M
2
W.
Next using the standard rules for Dirac matrices we find
Tστg
στ = −64(s¯γµ(1− γ5)d) ⊗ (ν¯γµ(1− γ5)ν) ≡ −64(s¯d)V−A(ν¯ν)V−A (3.41)
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We will develop in section 6 a simple method for evaluating in no time the expressions like
(3.41).
Collecting all these results we find
D(νν¯) = λt g
4
2
64π2
i
M2W
[4B0(xt) + 1] (3.42)
We can drop “1” in the square brackets as the inclusion of u-quark and c-quark exchanges
will cancel it after the unitarity of the CKM matrix has been used (λu + λc + λt = 0).
In order to obtain the final result for the effective Hamiltonian corresponding to the last
diagram in fig. 11 we multiply (3.42) by “i” and use
g42
64π2
1
M2W
=
GF√
2
α
2π sin2ΘW
(3.43)
to obtain
Heff (T3 = 1/2) = λt
GF√
2
α
2π sin2ΘW
[−4B0(xt)](s¯d)V−A(ν¯ν)V−A (3.44)
which is simply the rule in (3.2).
Having this result it is straightforward to derive the rule (3.3). In this case the charge
flow on the lepton line is opposite to the one in fig. 11 and the Dirac structure in (3.38) is
replaced by
T˜στ = 4s¯γµγσγν(1− γ5)d⊗ µ¯γνγτγµ(1− γ5)µ (3.45)
with all other expressions unchanged. Consequently
T˜στg
στ = 16(s¯d)V−A(µ¯µ)V−A = −1
4
Tστg
στ (3.46)
Thus replacing in (3.44) (ν¯ν)V−A by (µ¯µ)V−A and multiplying it by −1/4 we recover the rule
(3.3).
3.3 Effective Hamiltonians for FCNC Processes
3.3.1 An Example
With the help of the Feynman rules given in figs. 3 and 4 and the effective rules in (3.2) and
(3.4) it is an easy matter to construct the effective Hamiltonian for the decay K+ → π+ν¯eνe
to which the diagrams in fig. 12 contribute.
Replacing the Z0 propagator by igµν/M
2
Z and multiplying the first diagram by “i”, we
find the well-known result for the top contribution to this decay:
Heff(K+ → π+νeν¯e) = GF√
2
α
2π sin2ΘW
V ∗tsVtd X0(xt) (s¯d)V−A(ν¯eνe)V−A. (3.47)
Here we have expressed the combination C0(xt)− 4B0(xt) through the function X0(xt).
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Figure 12: Calculation of Heff(K+ → π+νeν¯e)
3.3.2 Penguin-Box Expansion
One can generalize such calculations to other processes in which other basic effective vertices
are present. For decays involving photonic and/or gluonic penguin vertices, the 1/q2 in the
propagator cancels the q2 in the vertex and the resulting effective Hamiltonian can again be
written in terms of local four–fermion operators. Thus generally an effective Hamiltonian for
any decay considered can be written in the absence of QCD corrections as
HFCNCeff =
∑
k
CkOk, (3.48)
where Ok denote local operators such as (s¯d)V−A(s¯d)V−A, (s¯d)V −A(u¯u)V−A etc. The coeffi-
cients Ck of these operators are simply linear combinations of the functions of (3.29) times the
corresponding CKM factors which can be read off from our rules. Consequently it is possible
to write the amplitudes for all FCNC decays and transitions as linear combinations of the
basic, process independent mt-dependent functions Fr(xt) of (3.29) with corresponding coef-
ficients Pr characteristic for the decay under consideration. This “Penguin Box Expansion”
[16] takes the following general form:
A(decay) = P0(decay) +
∑
r
Pr(decay)Fr(xt), (3.49)
where the sum runs over all possible functions contributing to a given amplitude. P0 sum-
marizes contributions stemming from internal quarks other than the top, in particular the
charm quark. As we will demonstrate in the course of these lectures the general expansion in
(3.49) can be derived from the Operator Product Expansion and is valid also in the presence
of QCD corrections. We will encounter many examples of the expansion (3.49) in the course
of these lectures. We will see that similarly to K+ → π+νν¯, there are other decays which
depend only on a single function. However, generally, several basic functions contribute to a
given decay. In particular, we have the following correspondence between the most interesting
FCNC processes and the basic functions:
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K0 − K¯0-mixing S0(xt), S0(xc, xt)
B0 − B¯0-mixing S0(xt)
K → πνν¯, B → Xd,sνν¯ X0(xt)
KL → µµ¯, B → ll¯ Y0(xt)
KL → π0e+e− Y0(xt), Z0(xt), E0(xt)
ε′ X0(xt), Y0(xt), Z0(xt), E0(xt)
B → Xsγ D′0(xt), E′0(xt)
B → Xsµ+µ− Y0(xt), Z0(xt), E0(xt), D′0(xt), E′0(xt)
3.4 More about GIM
At this stage it is useful to return to the GIM mechanism [15] which did not allow tree level
FCNC transitions. This mechanism is also felt in the Hamiltonian of (3.48) and in fact it is
fully effective when the masses of internal quarks of a given charge in loop diagrams are set
to be equal, e.g. mu = mc = mt. Indeed the CKM factors in any FCNC process enter in the
combinations
Ck ∝
∑
i=u,c,t
λi F (xi) or
∑
i,j=u,c,t
λiλj F˜ (xi, xj), (3.50)
where F, F˜ denote any of the functions of (3.29), and the λi are given in the case of K and
B meson decays and particle–antiparticle mixing as follows:
λi =

V ∗isVid K–decays, K
0 − K¯0
V ∗ibVid B–decays, B
0
d − B¯0d
V ∗ibVis B–decays, B
0
s − B¯0s
(3.51)
They satisfy the unitarity relation
λu + λc + λt = 0, (3.52)
which implies vanishing coefficients Ck in (3.50) if xu = xc = xt. For this reason the mass–
independent terms in the calculation of the basic functions in (3.29) can always be omitted.
In this limit, FCNC decays and transitions are absent. Thus beyond tree level the conditions
for a complete GIM cancellation of FCNC processes are:
• Unitarity of the CKM matrix
• Exact horizontal flavour symmetry which assures the equality of quark masses of a given
charge.
Now in nature such a horizontal symmetry, even if it exists at very short distance scales,
is certainly broken at low energies by the disparity of masses of quarks of a given charge.
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This in fact is the origin of the breakdown of the GIM mechanism at the one–loop level
and the appearance of FCNC transitions. The size of this breakdown, and consequently the
size of FCNC transitions, depends on the disparity of masses, on the behaviour of the basic
functions of (3.29), and can be affected by QCD corrections as we will see in the course of
these lectures. Let us make two observations:
• For small xi ≪ 1, relevant for i 6= t, the functions (3.11)-(3.19) behave as follows:
S0(xi) ∝ xi, B0(xi) ∝ xi lnxi, C0(xi) ∝ xi lnxi (3.53)
D0(xi) ∝ lnxi, E0(xi) ∝ lnxi, D′0(xi) ∝ xi, E′0(xi) ∝ xi. (3.54)
This implies “hard” (quadratic) GIM suppression of FCNC processes governed by the
functions S0, B0, C0,D
′
0, E
′
0 provided the top quark contributions due to small CKM
factors can be neglected. In the case of D0(xi) and E0(xi) only “soft” (logarithmic)
GIM suppression is present.
• For large xt we have
S0(xt) ∝ xt, B0(xt) ∝ const, C0(xt) ∝ xt (3.55)
D0(xt) ∝ lnxt, E0(xt) ∝ const, D′0(xt) ∝ const, E′0(xt) ∝ const. (3.56)
Thus for FCNC processes governed by top quark contributions, the GIM suppression is not
effective at the one loop level and in fact in the case of decays and transitions receiving
contributions from S0(xt) and C0(xt) important enhancements are possible.
The latter property emphasizes the special role of K and B decays with regard to FCNC
transitions. In these decays the appearance of the top quark in the internal loop with mt >
MW ≫ mc,mu removes the GIM suppression, making K and B decays a particularly useful
place to test FCNC transitions and to study the physics of the top quark. Of course the
hierarchy of various FCNC transitions is also determined by the hierarchy of the elements of
the CKM matrix allowing this way to perform sensitive tests of this sector of the Standard
Model.
The FCNC decays of D–mesons are much stronger suppressed because only d, s, and b
quarks with md,ms,mb ≪ MW enter internal loops and the GIM mechanism is much more
effective. Also the known structure of the CKM matrix is less favorable than in K and B
decays. For these reasons we will restrict our presentation to the latter. In the extensions
of the Standard Model, FCNC transitions are possible at the tree level and the hierarchies
discussed here may not apply. Reviews of FCNC transitions in D-decays can be found in [46].
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3.5 Final Comments
The discussion presented in this and the previous section left out completely the QCD effects
in weak decays. In particular, we have not shown how to translate the calculations done in
terms of quarks into predictions for the decays of their bound states, the hadrons. Similary
we did not include short distance QCD corrections. Still, I hope that this discussion has
shown the richness of the field of weak decays and of FCNC processes and motivated the
reader to learn more about the more technical part of this field. Such motivation is clearly
necessary as from now on our gentle hike is turning quickly into a real climb. This climb will
be rather steep and in certain parts technically difficult. It will last with small breaks until
we reach section 9. From section 9 on it will be easy again.
4 Renormalization and Renormalization Group
4.1 General Remarks
This section collects those basic facts about QCD, its renormalization and the renormaliza-
tion group, which are indispensable for our climb. In particular we discuss the dimensional
regularization, the MS and MS renormalization schemes and renormalization group equations
for the running QCD coupling and the running quark masses. We recall solutions of these
equations and present numerical examples. At the end of this section we explain what is
meant by the renormalization group improved perturbation theory.
4.2 QCD Lagrangian
The Lagrangian density of QCD, omitting the ghosts and setting the gauge parameter to
ξ = 1, reads
LQCD = −1
4
(∂µA
a
ν − ∂νAaµ)(∂µAaν − ∂νAaµ)−
1
2
(∂µAaµ)
2
+ q¯α(i 6∂ −mq)qα − gsq¯αT aαβγµqβAaµ
+
gs
2
fabc(∂µA
a
ν − ∂νAaµ)AbµAcν −
g2s
4
fabef cdeAaµA
b
νA
cµAdν (4.1)
Here Aaµ are the gluon fields with (a, b, c = 1, ..8) and q = (q1, q2, q3) is the color triplet of
quark flavor q, q = u, d, s, c, b, t. gs is the QCD coupling so that
αs =
g2s
4π
. (4.2)
Finally T a and fabc are the generators and structure constants of SU(3)C , respectively. From
this Lagrangian one can derive the Feynman rules for QCD. Some of these rules have been
given in figs. 3 and 4.
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4.3 Dimensional Regularization
In order to deal with divergences that appear in loop corrections to Green functions we have
to regularize the theory to have an explicit parametrization of the singularities. In these
lectures we will employ dimensional regularization (DR). In this regularization Feynman
diagrams are evaluated in D = 4− 2 ε space-time dimensions and singularities are extracted
as poles for ε → 0. Thus the results of one-loop or two-loop calculations have the following
general structure:
One Loop Result =
a1
ε
+ b1 , (4.3)
Two Loop Result =
a2
ε2
+
b2
ε
+ c2 , (4.4)
where ai, bi and c2 are finite.
Several useful formulae for the evaluation of Feynman diagrams in D = 4−2ε dimensions
are collected in the appendix A of my review in [47] and in Muta‘s book [20]. Here we only
stress the following important point. Let us consider the second term in the second line in
(4.1). The mass dimensions of qi, A
a
µ and L are (D − 1)/2, (D − 2)/2 and D respectively.
Consequently, the dimension of gs in D = 4− 2ε dimensions is simply equal to ε. It is more
useful to work with a dimensionless coupling constant in arbitrary D dimensions. To this
end we make the replacement in (4.1):
gs → gsµε (4.5)
where µ is an arbitrary parameter with the dimensions of mass and gs on the r.h.s is dimen-
sionless. The appearence of the scale µ has profound impact on these lectures.
p p
g
Figure 13: Quark-Self-Energy Diagram
As an example, consider the calculation of the one-loop self-energy diagram of fig. 13.
Setting mq = 0 and denoting the external quark momentum by p (with p
2 < 0), we arrive by
means of standard techniques at
iΣαβ = i 6p CF δαβg2s [2(1 − ε)]PdivB(2− ε, 1− ε) (4.6)
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where CF = 4/3 is the relevant colour factor. Next
Pdiv ≡ Γ(ε)
(4π)2−ε
(
µ2
−p2
)ε
=
1
16π2
[
1
ε
+ ln 4π − γE + ln µ
2
−p2 +O(ε)] (4.7)
and Γ and B are the known Euler functions. In expanding Pdiv around ε = 0 we have used
Γ(ε) =
1
ε
− γE +O(ε) γE = 0.5772... (4.8)
where γE is the Euler constant. Since
B(2− ε, 1− ε) = 1
2
(1 + 2ε) +O(ε2) (4.9)
we arrive at
iΣαβ = i 6p CF δαβ αs
4π
[
1
ε
+ ln 4π − γE + ln µ
2
−p2 + 1] (4.10)
where O(ε) terms have been set to zero. We have thus extracted the singularity as a 1/ε
pole and have obtained a well-defined finite part. The appearance of the first four terms in
the square bracket in (4.10) originating from Pdiv in (4.7) is characteristic for all divergent
one-loop calculations.
The dimensional regularization is the favourite regularization in gauge theories as it pre-
serves all symmetries of the theory. Possible problems are connected with the treatment of
γ5 in D 6= 4 dimensions, which clearly is of relevance for the study of weak interactions. Let
us discuss this issue now. We follow here [48]
4.4 The Issue of γ5 in D Dimensions
4.4.1 Preliminaries
Let us describe the three distinct sets of computational rules, for the manipulation of covari-
ants and Dirac matrices, most commonly used in perturbative calculations in the Standard
Model. These schemes all employ the method of dimensional regularization of the Feynman
integrals [49, 50], and in each case D = 4 − 2ε denotes the number of dimensions. We will
not discuss other regularization schemes such as BPHZ and lattice. These work directly in 4-
dimensions and hence don’t have algebraic consistency problems with respect to γ5, but their
use introduces other subtleties and two-loop calculations therewith are extremely tedious.
4.4.2 Naive Dimensional Regularization
The most commonly used set of rules is one we shall call ’naive dimensional regularization’
(NDR). Only the D− dimensional metric tensor g is introduced satisfying,
gµν = gνµ, gµρg
ρ
ν = gµν , g
µ
µ = D, (4.11)
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and the Dirac matrices γµ obey
{γµ, γν} = 2gµν . (4.12)
It is standard (but inessential) to set the trace of the unit matrix to equal 4; we shall adopt
this convention in this and the schemes below. When γ5 appears in the Feynman vertices the
manipulation rule adopted in this scheme is that it anticommutes with the Dirac matrices,
{γµ, γ5} = 0. (4.13)
It has repeatedly been emphasized in the literature [50, 51] that this rule leads to obvious
algebraic inconsistencies. Nevertheless this scheme has been most widely employed for most
calculations because of its ease to incorporate standard software in computer programs. It is
known to lead to incorrect results in certain cases, e.g. the axial anomaly is not reproduced.
On the other hand in many cases it does reproduce the correct results. A necessary condition
for this seems to be that the calculated amplitude does not involve the evaluation of a
closed odd parity fermion loop. Indeed, with the NDR rules one does not know how to
unambiguously handle the expression Tr(γ5γµγνγργλ). Beginning with the work of Peter
Weisz and myself [48] it has been demonstrated in many explicit calculations that the NDR
scheme gives correct results, consistent with the schemes without the γ5 problems, provided
one can avoid the calculations of traces like the one given above. In fact all the higher order
QCD calculations for weak decays performed in the NDR scheme in the last nine years and
listed in table 10 could avoid the direct calculation of such traces. To this end it is often
necessary at the intermediate stages of the calculation to work with a special basis of local
operators which differs from the standard basis discussed in sections 5-8 of these lectures.
Examples of such strategies valid only at two-loop level can be found in [68, 69, 70]. An
approach valid apparently to all orders is presented in [71].
4.4.3 Dimensional Reduction
A second set of manipulation rules initially introduced by Siegel [52] for the renormalization
of supersymmetric theories goes under the name of dimensional reduction. Here the Dirac
matrices γ˜ are taken to be in 4-dimensions, thus
{γ˜µ, γ˜ν} = 2g˜µν , (4.14)
where g˜ is the 4-dimensional metric tensor,
g˜µν = g˜νµ, g˜µρg˜
ρ
ν = g˜µν , g˜
µ
µ = 4. (4.15)
When evaluating the Feynman integrals the D− dimensional gµν inevitably makes its ap-
pearence and it is necessary to supplement the rules with one which stipulates the result of
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contraction of the 4− and D− dimensional metric tensors. In order to preserve gauge in-
variance and in apparent concord with the reduction to D < 4 dimensions the rule employed
is
g˜µρg
ρ
ν = gµν . (4.16)
The advantage of the scheme is that the 4-dimensional Dirac algebra can be used to
reduce the algebraic complexity of the amplitudes. However there is a price to be paid which
involves a number of field theoretical subtleties some of which are already present in the
pure QCD part of the dynamics. These are discussed in [53]. Again, this scheme has been
criticized [51, 54] since it leads to similar difficulties as the naive dimensional regularization
described above. In particular it implies that identities homogeneous in the metric tensor
in 4-dimensions are also satisfied in generic D-dimensions, which is manifestly algebraically
inconsistent. Although the axial anomaly can be reproduced [55], and although there is to
our knowledge as yet no known explicit calculation using DRED which gives the wrong result,
it has not yet been established as a consistent scheme and thus maintains at present merely
the status of a prescription.
In the field of weak decays the DRED scheme has been used in [53] for the calculation
of higher order QCD corrections to ∆S = 1 decays. This result has been confirmed in
[48] and shown to be compatible with the NDR scheme and the ’t Hooft–Veltman scheme
discussed below. Similarly the initial problem of calculating higher order QCD corrections
to the B → Xsγ in the DRED scheme [56] has been resolved by Misiak [57]. These days the
DRED scheme is less popular and the most calculations of QCD corrections are in the NDR
scheme and the ’t Hooft–Veltman scheme to which we turn now our attention.
4.4.4 The ’t Hooft–Veltman Rules
The third set of rules is the one originally proposed by ’t Hooft and Veltman [49] and by
Akyeampong and Delbourgo [58] and systematized by Breitenlohner and Maison [50]. The
latter authors showed that this is a consistent formulation of dimensional regularization even
when γ5 couplings are present.
To write down the rules it is convenient to introduce in addition to the D- and 4- dimen-
sional metric tensors g and g˜ satisfying (4.11) and (4.15) respectively, the −2ε- dimensional
tensor gˆ satisfying,
gˆµν = gˆνµ, gˆµρgˆ
ρ
ν = gˆµν , gˆ
µ
µ = −2ε. (4.17)
The important difference with respect to dimensional reduction is that instead of the rule
(4.16) for contracting the different metric tensors one imposes
g˜µρg
ρ
ν = g˜µν , (4.18)
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which does not lead to manifest algebraic inconsistencies. In addition to (4.18) one has,
gˆµρg
ρ
ν = gˆµν , gˆµρg˜
ρ
ν = 0. (4.19)
The D-dimensional Dirac matrix is now split into a 4- and −2ε-dimensional parts,
γµ = γ˜µ + γˆµ, (4.20)
with γ and γ˜ obeying the anticommutation relations (4.12) and (4.14) respectively. γˆ on the
other hand satisfies
{γˆµ, γˆν} = 2gˆµν , (4.21)
and it anticommutes with γ˜
{γˆµ, γ˜ν} = 0. (4.22)
Note also by virtue of (4.19) it follows
γˆµγ˜
µ = 0, gˆνµγ˜ν = 0, g˜
ν
µγˆν = 0. (4.23)
In [50] it is shown that a γ5 can be introduced which anticommutes with γ˜ but commutes
with γˆ,
γ25 = 1, {γ5, γ˜ν} = 0, [γ5, γˆν ] = 0. (4.24)
Since γ5 does not have simple commutation properties with γµ it is important to consistently
define the coupling to chiral fields in a model such as the Standard Model; e.g. for coupling
to left-handed fields the symmetrically defined vertex
1
2
(1 + γ5)γµ(1− γ5) = γ˜µ(1− γ5), (4.25)
should be used [59].
This scheme has admittedly some rather unattractive features. In particular it is more
inconvenient to implement in algebraic computer programs than the NDR scheme. Neverthe-
less it must be stressed again that it is to date the only known scheme (within the framework
of dimensional regularization) which has been demonstrated to be consistent [50, 51], and
thus its inconvenience must be tolerated. For this reason a computer package for Dirac alge-
bra manipulation in the HV and NDR schemes called TRACER has been developed in my
group at the Technical University in Munich by Jamin and Lautenbacher [60]. Using this
program one can appreciate the simplicity of the NDR scheme compared with the HV scheme
for which the computer calculations can be sometimes really time consuming.
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4.5 Renormalization
4.5.1 General Remarks
In order to eliminate the divergences in Green functions one has to renormalize the fields and
parameters in the Lagrangian through
Aa0µ = Z
1/2
3 A
a
µ q0 = Z
1/2
q q
g0,s = Zggsµ
ε m0 = Zmm
(4.26)
The index “0” indicates unrenormalized quantities. Aaµ and q are renormalized fields, gs is
the renormalized QCD coupling and m the renormalized quark mass. The factors Z are the
renormalization constants. They are divergent quantities, chosen in such a manner that the
divergences disappear once the Greens functions have been expressed in terms of renormalized
quantities only.
It should be stressed that the unrenormalized parameters g0,s and m0 are independent
of the scale µ. This implies, in particular, that gs must be µ-dependent. Since Zi have a
perturbative expansion in gs they must also depend on µ. Consequently also the renormalized
mass m is µ-dependent.
4.5.2 The Counter–term Method
A straghtforward way to implement renormalization is provided by the counter–term method.
Thereby parameters and fields in the original Lagrangian, considered as unrenormalized
(bare) quantities, are reexpressed through renormalized ones by means of (4.26). Thus
L0QCD = LQCD + LC (4.27)
where LQCD is given in (4.1). L0QCD is also given by (4.1) but with q replaced by q0 and
similarly for Aaµ, gs and m. LC is the counter–term Lagrangian. It is simply defined by
(4.27). For instance:
Lq = q¯0i 6∂q0 −m0q¯0q0 ≡ q¯i 6∂q −mq¯q + (Zq − 1)q¯i 6∂q − (ZqZm − 1)mq¯q . (4.28)
LQCD given entirely in terms of renormalized quantities leads to the usual Feynman rules
of figs. 3 and 4. The counter–terms (∼ (Z − 1)) can be formally treated as new interaction
terms that contribute to Green functions calculated in perturbation theory. For these new
interactions also Feynman rules can be derived. For instance, the Feynman rule for the
counter–terms in (4.28) reads (p is the quark momentum)
iδαβ [(Zq − 1) 6p− (ZqZm − 1)m] . (4.29)
41
The constants Zi are determined such that the the contributions from these new inter-
actions cancel the divergences in the Green functions resulting from the calculations based
on LQCD in (4.27) only. There is some arbitrariness how this can be done because a given
renormalization prescription can in general subtract not only the divergences but also finite
parts. The subtractions of finite parts is, however, not uniquely defined which results in the
renormalization scheme dependence of Zi and of the renormalized fields and parameters. We
will elaborate on this scheme dependence and its cancellation in physical quantities at later
stages of these lectures.
4.5.3 MS and MS Renormalization Schemes
The simplest renormalization scheme is the Minimal Subtraction Scheme MS [9] in which
only divergences are subtracted. In this scheme, the renormalization constants are given by
Zi =
αs
4π
a1i
ε
+
(
αs
4π
)2 (a2i
ε2
+
b2i
ε
)
+O(α3s) (4.30)
where aji and bji are µ-independent constants. The fact that in this scheme the renormal-
ization constants do not have any explicit µ-dependence and depend on µ only through gs
is an important virtue of this scheme. This, in particular, in the context of renormalization
group equations discussed below. Similarly the renormalization constants Zi do not depend
on masses. Therefore the MS-scheme and the schemes discussed below belong to the class of
mass independent renormalization schemes [10].
Now, starting with the MS scheme, one can construct a whole class of subtraction schemes
which differ from MS by a different continuation of the renormalized coupling constant to D
dimensions. For these MS-like schemes we have
g0,s = Z
k
g g
k
sµ
ε
k µk = µfk (4.31)
where fk is an arbitrary number which defines the particular scheme ”k”. Since different
schemes in this class differ from the MS scheme only by a schift in µ, the renormalization
constants for these schemes can be obtained from (4.30) by replacing αs by α
k
s chareacteristic
for a given scheme. The constants aji and bji, being µ-independent, remain unchanged.
Of particular interest is the so-called MS scheme [61] in which
µMS = µe
γE/2(4π)−1/2 (4.32)
and Pdiv in (4.7) is replaced by
P¯div ≡ Γ(ε)
(4π)2−ε
(
µ2
MS
−p2
)ε
=
1
16π2
[
1
ε
+ ln
µ2
−p2 +O(ε)] (4.33)
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We observe that in this scheme the terms ln 4π − γE , the artifacts of the dimensional regu-
larization, are absent !
In summary then:
{MS→ MS} ≡ {µ→ µMS} (4.34)
{ZMSi → ZMSi } ≡ {αMSs → αMSs }. (4.35)
In these lectures, we will exclusively work with the MS scheme. In order to simplify the
notation we will denote µMS simply by µ and simultaneously drop the ln 4π − γE terms in
any finite contribution. Similarly αs in these lectures will always stand for α
MS
s .
As an example let us find Zq and Zm. To this end we repeat the calculation of the self-
energy diagram of fig. 13, this time keeping the quark mass m. Dropping the finite terms,
which are of no concern for finding Zi in the MS scheme, we find
(iΣαβ)div = iCF δαβ
αs
4π
(6p− 4m)1
ε
+O(α2s) (4.36)
Adding to this result the counter-term (4.29) and requiring the final result to be zero we
readly find
Zq = 1− αs
4π
CF
1
ε
+O(α2s) (4.37)
Zm = 1− αs
4π
3CF
1
ε
+O(α2s) (4.38)
Similarly Z3 and Zg can be found by calculating one-loop corrections to the gluon prop-
agator and the gluon-q¯q vertex, respectively. One finds:
Z3 = 1− αs
4π
[
2
3
f − 5
3
N
]
1
ε
+O(α2s) (4.39)
Zg = 1− αs
4π
[
11
6
N − 2
6
f
]
1
ε
+O(α2s) (4.40)
where N denotes the number of colours (N = 3 in QCD) and f stands for the number of
quark flavours.
4.5.4 Renormalization of Green Functions
Let us denote by
G(nF ,nG)(pj, gs,m, µ, ε) ≡ 〈0|T (q1, ...qnF , Aµ1 , ...AµnG)|0〉 (4.41)
a connected renormalized Green function with nF quark and nG gluon external legs carrying
momenta pj . Here m indicates general dependence on masses. The corresponding amputated
renormalized one-particle irreducible Green function is given by
Γ(nF ,nG) =
G(nF ,nG)∏nF G(2,0)∏nG G(0,2) . (4.42)
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Similar expressions exist for the unrenormalized Green functions G
(nF ,nG)
0 and Γ
(nF ,nG)
0 with
all renormalized parameters and fields replaced by the corresponding bare quantities. With
(4.26), Γ(nF ,nG) and Γ
(nF ,nG)
0 are related to each other by
Γ(nF ,nG)(pj, gs,m, µ, ε) = Z
nF /2
q Z
nG/2
3 Γ
(nF ,nG)
0 (pj, g0,s,m0, ε) . (4.43)
The renormalization then means that when g0,s and m0 on the r.h.s of (4.43) are expressed
through g and m according to (4.26), Γ(nF ,nG) are finite and the limit
lim
ε→0
Γ(nF ,nG)(pj , gs,m, µ, ε) = Γ
(nF ,nG)(pj, gs,m, µ) (4.44)
exists.
As an example consider the result for the quark self-energy in (4.10). In the notation of
(4.43) its divergent part added to the “tree level” propagator is given by
Γ
(2,0)
0 = iCF δαβ 6p(1 +
αs
4π
1
ε
) . (4.45)
The corresponding renormalized two-point function is given by
Γ(2,0) = ZqΓ
(2,0)
0 (4.46)
which with (4.37) is indeed finite. In this case at O(αs) only quark field renormalization is
needed to obtain finite result. Coupling renormalization is necessary first at O(α2s).
4.6 Renormalization Group Equations
4.6.1 The Basic Equations
In the process of renormalization we have introduced an arbitrary mass parameter µ. The
µ-dependence of the renormalized coupling constant gs and of the renormalized quark mass
m is governed by the renormalization group equations. These equations are derived from the
definitions (4.26) using the fact that bare quantities are µ-independent. One finds (g ≡ gs):
dg(µ)
d lnµ
= β(g(µ), ε) (4.47)
dm(µ)
d lnµ
= −γm(g(µ))m(µ) (4.48)
where
β(g, ε) = −εg + β(g), (4.49)
β(g) = −g 1
Zg
dZg
d lnµ
, γm(g) =
1
Zm
dZm
d lnµ
. (4.50)
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(4.49) is valid in arbitrary dimensions. In four dimensions β(g, ε) reduces to β(g). Let us
prove (4.49) [62]. Using (4.26) we have
β(g, ε) = g0µ
d
dµ
[µ−εZ−1g ] = g0
[
−εµ−εZ−1g + µ−ε+1
dZ−1g
dµ
]
= −εg − g0µ−ε+1 1
Z2g
dZg
dµ
= −εg − gµdZg
dµ
1
Zg
. (4.51)
Similarly one can derive the expression for γm in (4.50) by inserting m = m0/Zm into (4.48).
β(g) and γ(g) are called renormalization group functions. β(g) governs the µ-dependence
of g(µ). γm, the anomalous dimension of the mass operator, governs the µ-dependence of
m(µ). In the MS (MS)-scheme they depend only on g. In particular they carry no explicit
µ-dependence and are independent of masses. Writing
Zi = 1 +
∞∑
k=1
1
εk
Zi,k(g) (4.52)
and using (4.49) and (4.50) one finds
β(g) = 2g3
dZg,1(g)
dg2
, (4.53)
γm(g) = −2g2 dZm,1(g)
dg2
. (4.54)
Thus β(g) and γm(g) can be directly obtained from the 1/ε-pole parts of the renormalization
constants Zg and Zm, respectively. This is a very useful property of the MS-like schemes.
Let us demonstrate that (4.53) is indeed true. We follow Muta [20] and write
β(g, ε) = −εg − gf(g), f(g) = µ
Zg
dZg
dµ
. (4.55)
Specializing the expansion (4.52) to Zg and inserting it into formula for f(g) gives
f(g)
(
1 +
Zg,1
ε
+
Zg,2
ε2
+ ...
)
=
1
ε
β(g, ε)
(
dZg,1
dg
+
1
ε
dZg,2
dg
+ ...
)
. (4.56)
Now finitness of β(g) implies finitness of f(g). Consequently the equality (4.56) should
hold for each coefficient of the power 1/ε. In particular the non-singular terms give
f(g) = −gdZg,1
dg
, (4.57)
which with β(g) = −gf(g) gives (4.53). The proof of (4.54) can be done in an analogous
manner using the finitness of γm. It is left as a homework problem.
With Zg and Zm in (4.40) and (4.38) respectively, the formulae (4.53) and (4.54) give
immediately the leading terms for β(g) and γm(g):
β(g) = − g
3
16π2
[
11
3
N − 2
3
f
]
, (4.58)
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γm(g) =
g2
16π2
6CF . (4.59)
With this technique it is also easy to show that the anomalous dimensions of the quark field
(γq) and the qluon field (γG) defined by
γq(g) =
1
2
1
Zq
dZq
d lnµ
, γG(g) =
1
2
1
Z3
dZ3
d lnµ
, (4.60)
are given by
γi(g) = −g2 dZi,1(g)
dg2
(i = q,G). (4.61)
4.6.2 Compendium of Useful Results
It will be useful to have a collection of results for β(g), γ(αs) and Zq,1(αs) including also
two-loop contributions. They are:
β(g) = −β0 g
3
16π2
− β1 g
5
(16π2)2
(4.62)
γm(αs) = γ
(0)
m
αs
4π
+ γ(1)m
(
αs
4π
)2
(4.63)
Zq,1(αs) = a1
αs
4π
+ a2
(
αs
4π
)2
(4.64)
where
β0 =
11N − 2f
3
β1 =
34
3
N2 − 10
3
Nf − 2CF f (4.65)
γ(0)m = 6CF γ
(1)
m = CF
(
3CF +
97
3
N − 10
3
f
)
(4.66)
a1 = −CF a2 = CF
(
3
4
CF − 17
4
N +
1
2
f
)
(4.67)
CF =
N2 − 1
2N
. (4.68)
These results are valid in the MS (MS) scheme. N is the number of colours and f the
number of quark flavors. Whereas β0, β1, γ
(0)
m , γ
(1)
m are gauge independent, a1 and a2 given
here have been obtained in the ξ = 1 gauge.
4.7 Running Coupling Constant
With the expansion (4.62), the renormalization group equation (4.47) for g(µ) can be written
as follows:
dαs
d lnµ
= −2β0α
2
s
4π
− 2β1 α
3
s
(4π)2
(4.69)
Solving it, one finds [61]:
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αs(µ)
4π
=
1
β0 ln(µ2/Λ2MS)
− β1
β30
ln ln(µ2/Λ2
MS
)
ln2(µ2/Λ2
MS
)
. (4.70)
Let us make a few comments:
• ΛMS is a QCD scale characteristic for the MS scheme. It can be determined by measur-
ing αs(µ) at a single value of µ. To this end the quantity used to determine αs(µ) has
to be calculated in the MS scheme. Strictly speaking αs(µ) should really read αs,MS
but we will work exclusively in the MS scheme and this complication of the notation is
unnecessary. Yet it is useful to quote the relation to the MS scheme. Using (see (4.32))
µ ≡ µMS = µMSeγE/2(4π)−1/2 (4.71)
in (4.70) one finds the relation between αs in the MS and MS schemes:
αs,MS = αs,MS
(
1 + β0(γE − ln 4π)
αs,MS
4π
)
(4.72)
or
Λ2
MS
= 4πe−γEΛ2MS (4.73)
• ΛMS and αs(µ) depend on f , the number of “effective” flavours present in β0 and β1.
What “effective” f really means will be explained in the next section. For the time
being we adopt the following working procedure:
f =

6 µ ≥ mt
5 mb ≤ µ ≤ mt
4 mc ≤ µ ≤ mb
3 µ ≤ mc.
(4.74)
Denoting by α
(f)
s the effective coupling constant for a theory with f effective flavours
and by Λ
(f)
MS
the corresponding QCD scale parameter, we have the following boundary
conditions which follow from the continuity of αs:
α(6)s (mt) = α
(5)
s (mt), α
(5)
s (mb) = α
(4)
s (mb), α
(4)
s (mc) = α
(3)
s (mc). (4.75)
The above continuity conditions allow to find values of Λ
(f)
MS
for different f once one
particular Λ
(f)
MS
is known. In table 2 we show different α
(f)
s (µ) and Λ
(f)
MS
corresponding to
α(5)s (MZ) = 0.118 ± 0.005, (4.76)
which is in the ball park of the present world average extracted from different processes
[63]. To this end we have set mc = 1.3 GeV, mb = 4.4 GeV and mt = 170 GeV. We
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observe that for µ ≥ mc the values of αs(µ) are sufficiently small that the effects of strong
interactions can be treated in perturbation theory. When one moves to low energy scales,
αs increases and at µ ≈ O(1 GeV) and high values of Λ(3)MS one finds α
(3)
s (µ) > 0.5. This
signals breakdown of perturbation theory for scales lower than 1 GeV. Yet it is gratifying
that strong interaction contributions to weak decays coming from scales higher than 1 GeV
can be treated by perturbative methods.
Table 2: Values of α
(f)
s (µ) and Λ
(f)
MS
corresponding to given values of α
(5)
s (MZ).
α
(6)
s (mt) 0.1037 0.1054 0.1079 0.1104 0.1120
Λ
(6)
MS
[MeV] 66 76 92 110 123
α
(5)
s (MZ) 0.113 0.115 0.118 0.121 0.123
Λ
(5)
MS
[MeV] 169 190 226 267 296
α
(5)
s (mb) 0.204 0.211 0.222 0.233 0.241
Λ
(4)
MS
[MeV] 251 278 325 376 413
α
(4)
s (mc) 0.336 0.357 0.396 0.443 0.482
Λ
(3)
MS
[MeV] 297 325 372 421 457
α
(3)
s (1GeV) 0.409 0.444 0.514 0.605 0.690
Finally we would like to give an equivalent expression for αs, which allows to calculate
αs(µ) directly from the experimental value given in (4.76):
αs(µ) =
αs(MZ)
v(µ)
[
1− β1
β0
αs(MZ)
4π
ln v(µ)
v(µ)
]
, (4.77)
where
v(µ) = 1− β0αs(MZ)
2π
ln
(
MZ
µ
)
, (4.78)
Strictly speaking (4.77) is valid for the f = 5 theory. In order to find αs(µ) for f 6= 5 one
has to proceed as in (4.74) and (4.75).
4.8 Running Quark Mass
Let us next find the µ-dependence of m(µ). With dg/d ln µ = β(g) the solution of
dm(µ)
d lnµ
= −γm(g)m(µ) (4.79)
is obviously
m(µ) = m(µ0) exp
[
−
∫ g(µ)
g(µ0)
dg′
γm(g
′)
β(g′)
]
. (4.80)
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Here m(µ0) is the value of the running mass at the scale µ0. For instance: ms(2 GeV).
Inserting the expansions for γm(g) and β(g) into (4.80) and expanding in αs gives:
m(µ) = m(µ0)
[
αs(µ)
αs(µ0)
] γ(0)m
2β0
[
1 +
(
γ
(1)
m
2β0
− β1γ
(0)
m
2β20
)
αs(µ)− αs(µ0)
4π
]
. (4.81)
In the literature the running quark mass is often denoted by m(µ). In these lectures we will
use both notations: m(µ) ≡ m(µ).
Since formulae similar to (4.79)–(4.81) will often appear in these lectures, it is useful to
derive at least the leading term in (4.81). Keeping the leading terms in γm(g) and β(g) we
have
−
∫ g(µ)
g(µ0)
dg′
γm(g
′)
β(g′)
=
∫ g(µ)
g(µ0)
dg′
γ
(0)
m
β0
1
g′
=
1
2
γ
(0)
m
β0
ln
g2(µ)
g2(µ0)
(4.82)
which inserted in (4.80) gives the leading term in (4.81). Keeping also the NLO terms in
γm(g) and β(g) and proceeding in a similar manner one readily finds the NLO term in (4.81).
Let us practice a bit the formula (4.81). Since the power γ
(0)
m /2β0 is positve,m(µ) similarly
to αs decreases with increasing µ. Using Λ
(4)
MS
= 325 MeV and mc = 1.3 GeV we find for
instance a dictionary between the values of the strange quark mass ms evaluated at different
scales using as the input the values ms(mc) with mc = 1.3 GeV. We note a rather sizable
dependence of ms on µ.
Table 3: The dictionary between the values of ms(µ) in units of MeV.
ms(mc) 75 100 125 150 175
ms(2 GeV) 64 86 107 129 150
ms(1 GeV) 86 115 144 173 202
On the other hand the µ dependence of the top quark massmt(µt) is much weaker. Taking
mt(170GeV) = 170GeV, α
(5)
s (MZ) = 0.118 and scanning µt in the range 100GeV ≤ µt ≤
300GeV we find
163.0GeV ≤ mt(µt) ≤ 177.4GeV . (4.83)
4.9 RG Improved Perturbation Theory
The structure of (4.77) and (4.81) makes it clear that RG approach goes beyond the usual
perturbation theory. In order to see what is going on, let us consider the leading term in
(4.77):
αs(µ) =
αs(MZ)
1− β0 αs(MZ)2π ln
(
MZ
µ
) . (4.84)
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Expanding it in αs(MZ) we find:
αs(µ) = αs(MZ)
[
1 +
∞∑
n=1
(
β0
αs(MZ)
2π
ln
MZ
µ
)n]
(4.85)
We conclude that the solution of the renormalization group equations sums automatically
large logarithms log(MZ/µ) which appear for µ << MZ. More generally
LO : Summation of
(
αs(MZ) ln
MZ
µ
)n
, (4.86)
NLO : Summation of αs(MZ)
n
(
ln
MZ
µ
)n−1
. (4.87)
In particular we note that the expansion (4.81) in terms of αs(µ) does not involve large
logarithms and a few terms suffice to obtain reliable result. (4.81) is an example of a Renor-
malization Group Improved Perturbative Expansion. We will encounter similar expansions
for other quantities in the course of these lectures
4.10 Final Comments
We have collected certain information about QCD and tools like renormalization group meth-
ods which allow to sum large logarithms. We have also discussed the µ dependences of the
running QCD coupling and the running quark masses. Yet all these nice and powerful tools
are still insufficient to attack the question of Weak Decays. Yes, what we still need is the
operator product expansion.
5 Operator Product Expansion in Weak Decays
5.1 Preliminaries
Weak Decays of Hadrons are mediated through weak interactions of quarks, whose strong
interactions, binding the quarks into hadrons, are characterized by typical hadronic energy
scale of O(1 GeV), much lower than the scale of weak interactions: O(MW,Z). Our goal is
therfore to derive an effective low energy theory describing the weak interactions of quarks.
The formal framework to achieve this is precisely the Operator Product Expansion (OPE)
[3, 4, 7].
5.2 Basic Idea
Consider the quark level transition c→ sud¯. Disregarding QCD effects for the moment, the
corresponding tree-level W-exchange amplitude (fig. 14a multiplied by “i”) is given by
A = −GF√
2
V ∗csVud
M2W
k2 −M2W
(s¯c)V−A(u¯d)V −A
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Wc s
d u
(a)
c s
d u
(b)
Figure 14: c→ sud¯ at the Tree-Level.
=
GF√
2
V ∗csVud(s¯c)V −A(u¯d)V −A +O(
k2
M2W
) (5.1)
where
(s¯c)V−A ≡ s¯γµ(1− γ5)c . (5.2)
Since k, the momentum transfer through the W propagator, is very small as compared to
MW, terms of the order O(k2/M2W ) can safely be neglected and the full amplitude A can be
approximated by the first term on the r.h.s of (5.1). Now the result in (5.1) may also be
obtained from
Heff = GF√
2
V ∗csVud(s¯c)V−A(u¯d)V−A +High D Operators, (5.3)
where the higher dimension operators, typically involving derivative terms, correspond to the
terms O(k2/M2W ) in (5.1). Neglecting the latter terms corresponds to the neglect of higher
dimensional operators. In what follows we will always neglect the higher dimensional opera-
tors keeping only the operators with dimensions five and six. This simple example illustrates
the basic idea of OPE: the product of two charged current operators is expanded into a series
of local operators, whose contributions are weighted by effective coupling constants, the Wil-
son coefficients. In this particular example the leading operator has the dimension 6 and its
Wilson coefficient in the normalization of the pilot formula (1.1) is simply equal unity. This
value will be changed by QCD corrections as we will see few pages below. Moreover QCD
corrections to the diagrams in fig. 14 will generate another operator.
5.3 Formal Approach
Let us be a bit more formal for a moment and investigate whether the same result can be
obtained using the path integral formalism. We will see that this is indeed the case. This
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discussion will on the one hand provide a formal basis for the simple procedure given above
and on the other hand will give us more insight in the virtues of OPE. Simultaneously we will
discover that there is no need to be very formal for the rest of the lectures and we can proceed
by simply generalizing our simple procedure of section 5.2 to more complicated situations in
which also QCD effects and more complicated diagrams are present.
Our formal discussion follows [17] and consists of four steps.
Step 1
Consider the generating functional for Green functions in the path integral formalism.
The relevant part for our discussion is
ZW ∼
∫
[dW+][dW−] exp(i
∫
d4xLW ) (5.4)
where
LW = −1
2
(∂µW
+
ν − ∂νW+µ )(∂µW−ν − ∂νW−µ) +M2WW+µ W−µ
+
g2
2
√
2
(J+µ W
+µ + J−µ W
−µ), (5.5)
J+µ = Vpnp¯γµ(1− γ5)n p = (u, c, t) n = (d, s, b) J−µ = (J+µ )†. (5.6)
Step 2:
We use the unitary gauge for the W field. Introducing the operator:
Kµν(x, y) = δ
(4)(x− y)
[
gµν(∂
2 +M2W )− ∂µ∂ν
]
(5.7)
we have, after discarding a total derivative in the W kinetic term,
ZW ∼
∫
[dW+][dW−] exp
[
i
∫
d4xd4yW+µ (x)K
µν(x, y)W−ν (y)
+ i
g2
2
√
2
∫
d4xJ+µ W
+µ + J−µ W
−µ
]
. (5.8)
The inverse of Kµν , denoted by ∆µν , and defined through∫
d4yKµν(x, y)∆
νλ(y, z) = g λµ δ
(4)(x− z) (5.9)
is the W propagator in the unitary gauge
∆µν(x, y) =
∫
d4k
(2π)4
∆µν(k)e
−ik(x−y) (5.10)
∆µν(k) =
−1
k2 −M2W
(
gµν − kµkν
M2W
)
. (5.11)
Step 3:
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Performing the gaussian functional integration over W±(x) in (5.8) explicitly, we arrive
at
ZW ∼ exp
[
−i
∫
g22
8
J−µ (x)∆
µν(x, y)J+ν (y)d
4xd4y
]
(5.12)
This result implies a nonlocal action functional for the quarks:
Snl =
∫
d4xLkin − g
2
2
8
∫
d4xd4yJ−µ (x)∆
µν(x, y)J+ν (y) (5.13)
where the second term represents charged current interactions of quarks.
Step 4:
Finally, we expand this second, nonlocal term in powers of 1/M2W to obtain a series of
local interaction operators of dimensions that increase with the order in 1/M2W . To lowest
order
∆µν(x, y) ≈ g
µν
M2W
δ(4)(x− y) (5.14)
and the second term in (5.13) becomes
− g
2
2
8M2W
∫
d4xJ−µ (x)J
+µ(x) (5.15)
corresponding to the usual effective charged current interaction Lagrangian
Lint,eff = −GF√
2
J−µ (x)J
+µ(x) = −GF√
2
V ∗pnVp′n′(n¯p)V−A(p¯
′n′)V−A (5.16)
which contains, among other terms, the leading contribution to (5.3).
Let us note several basic aspects of this approach:
• Formally, the procedure to approximate the interaction term in (5.13) by (5.15) is an
example of short distance OPE. The product of the local operators J−µ (x) and J
+
ν (y),
to be taken at short-distances due to the convolution with the massive, short-range
W propagator ∆µν(x, y), is expanded into a series of composite local operators. The
leading term is shown in (5.15).
• The dominant contributions in the short-distance expansion come from the operators
of lowest dimension (six in the present example). The operators of higher dimensions
can usually be neglected in weak decays.
• OPE series is equivalent to the original theory, when considered to all orders in 1/M2W .
The truncation of the operator series yields a systematic approximation scheme for low
energy processes, neglecting contributions suppressed by powers of k2/M2W .
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• In going from the full to the effective theory the W boson is removed as an explicit,
dynamical degree of freedom: it is “integrated out” in step 3 of our procedure. Alter-
natively in the canonical operator formalism the W field gets “contracted out” through
the application of Wick’s theorem. From the point of view of low energy dynamics,
the effects of a short-range exchange force mediated by a heavy boson approximately
corresponds to a point interaction familiar from the Fermi Theory.
• Similarly one can “integrate out” or “contract out” heavy quarks. This gives Effective
f-quark theories where f denotes the ”light” quarks which have not been integrated out.
We now understand what the effective number of flavours introduced in connection with
the formula (4.74) really means. By going from higher to lower µ scales one integrates
out systematically flavours with masses higher than the actual value of µ. However,
as we will stress below, in connection with renormalization group ideas, there is some
freedom at which µ a given flavour is integrated out. For instance one can extend the
five flavour theory down to µ = mb/2.
All this was a bit formal but fortunately we make still another observation. The approach
of evaluating the relevant Green functions (or amplitudes) directly in order to construct
the OPE, as in (5.1), gives the same result as the more formal technique employing path
integrals. Consequently we can return, putting aside path integrals, to our Feynman diagram
calculations. Our first task is to investigate how (5.1) or (5.3) changes when QCD effects are
included.
5.4 OPE and Short Distance QCD Effects
5.4.1 Preliminaries
Due to the asymptotic freedom of QCD, the short distance QCD corrections to weak decays,
that is the contribution of hard gluons at energies of the orderO(MW ) down to hadronic scales
O(1GeV), can be treated in the renormalization group (RG) improved perturbation theory.
We will illustrate this on a simple example of the c → sud¯ transition beginning with the
ordinary perturbation theory, subsequently summing leading logarithms by the RG method
and finally generalizing the result to include next-to-leading logarithms. We will do this in
some detail emphasizing certain characteristic features of this approach. In particular we will
discuss at length the scale and renormalization scheme dependences advertised in the pilot
section of these lectures. Once all these features are well understood it will be straightforward
to proceed to other transitions and to generalize the approach to more exciting situations
involving penguins and boxes.
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For the c→ sud¯ transition we had without QCD effects
H(0)eff =
GF√
2
V ∗csVud(s¯αcα)V−A(u¯βdβ)V −A (5.17)
where the summation over repeated color indices is understood.
With QCD effects H(0)eff is generalized to
Heff = GF√
2
V ∗csVud(C1(µ)Q1 + C2(µ)Q2) (5.18)
where
Q1 = (s¯αcβ)V−A(u¯βdα)V−A (5.19)
Q2 = (s¯αcα)V−A(u¯βdβ)V−A (5.20)
The essential features of this Hamiltonian are:
• In addition to the original operator Q2 (with index 2 for historical reasons) a new
operator Q1 with the same flavour form but different colour structure is generated.
That a new operator has to be introduced is evident if we inspect the colour structure
of the diagrams (b) and (c) in fig. 15. They contain the product of the color charges
T aαβ and T
a
γδ which using the colour algebra can be rewritten as follows
T aαβT
a
γρ = −
1
2N
δαβδγδ +
1
2
δαδδγβ (5.21)
The first term on the r.h.s gives a correction to the coefficient of the operator Q2 and
the second term gives life to the new operator Q1.
• The Wilson coefficients C1 and C2, the coupling constants for the interaction terms
Q1 and Q2, become calculable nontrivial functions of αs, MW and the renormalization
scale µ.
• If QCD is neglected, C1 = 0, C2 = 1 and (5.18) reduces to (5.17).
5.4.2 Calculation of Wilson Coefficients
Our first task is the calculation of the coefficients C1,2 in the ordinary perturbation theory.
C1,2 can be determined by the requirement that the amplitude Afull in the full theory be
reproduced by the corresponding amplitude in the effective theory (5.18):
Afull = Aeff =
GF√
2
V ∗csVud(C1〈Q1〉+ C2〈Q2〉) (5.22)
This procedure is called “the matching of the full theory onto the effective theory”. We
recall that the full theory is the one in which all particles appear as dynamical degrees of
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freedom. In the case at hand the effective theory is constructed by integrating out theW field
only. The matching procedure which gives the values of C1 and C2 proceeds in three steps
[61]. The explicit three steps presented below are sufficient for the subsequent summation of
the leading logarithms or equvalently for the leading term of the RG improved perturbation
theory. We will generalize these steps in the next section in order to be able to include also
the NLO term in this expansion.
Here we go:
Step 1: Calculation of Afull
The current-current diagrams of fig. 15 (a)–(c) and their symmetric counterparts, give for
the full amplitude Afull to O(αs) (mi = 0, p2 < 0):
Afull =
GF√
2
V ∗csVud
[(
1 + 2CF
αs
4π
(
1
ε
+ ln
µ2
−p2 )
)
S2 +
3
N
αs
4π
ln
M2W
−p2 S2
−3αs
4π
ln
M2W
−p2 S1
]
(5.23)
Here:
S1 ≡ 〈Q1〉tree = (s¯αcβ)V−A(u¯βdα)V−A (5.24)
S2 ≡ 〈Q2〉tree = (s¯αcα)V−A(u¯βdβ)V−A (5.25)
are just the tree level matrix elements of Q1 and Q2. A few comments should be made.
• We use the term “amplitude” in the meaning of an “amputated Green function” (multi-
plied by ”i”). Correspondingly operator matrix elements are amputated Green functions
with operator insertion. Thus gluonic self energy corrections on external legs are not
included.
W
g
(a)
Wg
(b)
W g
(c)
Figure 15: One-loop current-current diagrams in the full theory.
• For simplicity we have chosen all external momenta p to be equal and set all quark
masses to zero. As we will see below this choice has no impact on the coefficients Ci.
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• We have kept only logarithmic corrections ∼ αs · log and discarded constant contribu-
tions of order O(αs), which corresponds to the leading log approximation (LO).
• The singularity 1/ε can be removed by the quark field renormalization. This is, however,
not necessary for finding Ci as we will see soon.
g
(a)
g
(b)
g
(c)
Figure 16: One loop current-current diagrams in the effective theory. The 4-vertex “⊗ ⊗”
denotes the insertion of a 4-fermion operator Qi.
Step 2: Calculation of Matrix Elements 〈Qi〉
The unrenormalized current-current matrix elements of Q1 and Q2 are found at O(αs)
by calculating the diagrams in fig. 16 (a)-(c) and their symmetric counter-parts. Adding
the contributions without QCD corrections (S1 and S2 respectively) and using the same
assumptions about the external legs as in step 1, we have
〈Q1〉(0) =
(
1 + 2CF
αs
4π
(
1
ε
+ ln
µ2
−p2
))
S1 +
3
N
αs
4π
(
1
ε
+ ln
µ2
−p2
)
S1
−3αs
4π
(
1
ε
+ ln
µ2
−p2
)
S2 (5.26)
〈Q2〉(0) =
(
1 + 2CF
αs
4π
(
1
ε
+ ln
µ2
−p2
))
S2 +
3
N
αs
4π
(
1
ε
+ ln
µ2
−p2
)
S2
−3αs
4π
(
1
ε
+ ln
µ2
−p2
)
S1 (5.27)
The divergences in the first terms can again be eliminated through the quark field renor-
malization. However, in contrast to the full amplitude in (5.23), the resulting expressions are
still divergent after this renormalization. To remove these additional divergences multiplica-
tive renormalization, refered to as operator renormalization, is necessary:
Q
(0)
i = ZijQj . (5.28)
We observe that the renormalization constant is in this case a 2× 2 matrix Zˆ. Using (4.43)
with (nF , nG) = (4, 0), we find the relation between the unrenormalized (〈Qi〉(0)) and the
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renormalized amputated Green functions (〈Qi〉):
〈Qi〉(0) = Z−2q Zij〈Qj〉 . (5.29)
Z−2q removes the 1/ε divergences in the first terms in (5.26) and (5.27). Zij remove the
remaining divergences. From (5.26), (5.27) we read off (MS-scheme)
Zˆ = 1 +
αs
4π
1
ε
 3/N −3
−3 3/N
 (5.30)
Thus the renormalized matrix elements 〈Qi〉 are given by
〈Q1〉 =
(
1 + 2CF
αs
4π
ln
µ2
−p2
)
S1 +
3
N
αs
4π
ln
µ2
−p2S1 − 3
αs
4π
ln
µ2
−p2S2 , (5.31)
〈Q2〉 =
(
1 + 2CF
αs
4π
ln
µ2
−p2
)
S2 +
3
N
αs
4π
ln
µ2
−p2S2 − 3
αs
4π
ln
µ2
−p2S1 . (5.32)
Step 3: Extraction of Ci
Inserting 〈Qi〉 into (5.22) and comparing with (5.23) we can now extract the coefficients
C1 and C2. Yet, we have to be a bit careful. In the full theory we did not perform any
quark field renormalization whereas we did this renormalization in the effective theory as
seen in (5.29). This is clearly inconsistent and this inconsistency is signalled by the divergent
Wilson coefficient which is clearly wrong. To proceed correctly we have to either remove the
divergence in (5.23) by performing quark field renormalization as in (5.29) or to leave (5.23)
as it is and remove the quark field renormalization from (5.29). In both cases the matching
(5.22) gives the same result
C1(µ) = −3αs
4π
ln
M2W
µ2
, C2(µ) = 1 +
3
N
αs
4π
ln
M2W
µ2
. (5.33)
This simple example shows that it is essential in the process of matching to treat the external
states in the full and the effective theory in the same manner in order to obtain the correct
result for the Wilson coefficients. In this example we were lucky. The inconsistency, which
I made for pedagogical reasons, was signalled by a leftover divergence. In the case of NLO
calculations were also finite non-logarithmic corrections have to be kept, a possible inconsis-
tency in matching is much harder to see and it is crucial that at all stages of the matching
the treatment of the external legs on both sides of (5.22) is the same. For this reason we
are free to decide whether we perform external field renormalization or not. In the latter
case the left-over divergences in the full and the effective theory will simply cancel each other
in the process of matching. I discussed here the issue of the cancellation of the ultraviolet
divergences related to external fields. The same comments apply to the infrared divergences.
For strategic reasons I will now discuss something else and will return to the issue of infrared
divergences in the context of matching a few pages below.
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5.4.3 A Different Look
The renormalization of the interaction terms CiQi in the effective theory can also be achieved
in a different, but equivalent, way by using the standard counter-term method. Here Ci are
treated as coupling constants, which have to be renormalized. We follow here [17].
To this end let us consider Heff as the starting point with fields and ”coupling constants”
Ci regardes as bare quantities. They are renormalized according to (q=s, c, u, d)
q(0) = Z1/2q q C
(0)
i = Z
c
ijCj (5.34)
where Zˆc denotes the renormalization matrix for the couplings Cj. It is evident that Zˆ
c must
be somehow related to the renormalization matrix Zˆ in (5.30). Let us find this relation.
Omitting the factor GF√
2
V ∗csVud we have
Heff = C(0)i Qi(q(0)) ≡ Z2qZcijCjQi ≡ CiQi + (Z2qZcij − δij)CjQi (5.35)
where the first term on the r.h.s is written in terms of renormalized couplings and fields
(CiQi) and the second term is a counter–term. The argument q
(0) on the l.h.s of (5.35)
indicates that the interaction vertices Qi are composed of bare fields. Using (5.35) we get
the finite renormalized result
Aeff = Z
2
qZ
c
ijCj〈Qi〉(0) (5.36)
On the other hand using (5.29), we have
Aeff = Cj〈Qj〉 = CjZ−1ji Z2q 〈Qi〉(0) (5.37)
Hence comparing the last two equations we finally find the relation
Zcij = Z
−1
ji . (5.38)
This relation will turn out to be very useful in deriving the renormalization group equations
for the couplings Ci.
5.4.4 Operator Mixing and Diagonalization
We have just seen, that gluonic corrections to the matrix element of the original operator Q2
are not just proportional to Q2 itself, but involve the additional structure Q1. Therefore, be-
sides a Q2-counter–term, a counter–term ∼ Q1 is needed to renormalize this matrix element.
Similarly the renormalization of Q1 requires both Q1 and Q2 counter–terms. We say that
the operators Q1 and Q2 mix under renormalization.
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For the study of the renormalization group properties of the system (Q1, Q2) it is useful
to diagonalize it by going to a different operator basis defined by
Q± =
Q2 ±Q1
2
C± = C2 ± C1 . (5.39)
The new operators Q+ and Q− are renormalized independently of each other:
Q
(0)
± = Z±Q± (5.40)
where
Z± = 1 +
αs
4π
1
ε
(
∓3N ∓ 1
N
)
. (5.41)
In this new basis the OPE reads
A ≡ A+ +A− = GF√
2
V ∗csVud(C+(µ)〈Q+(µ)〉+ C−(µ)〈Q−(µ)〉) , (5.42)
where (S± = (S2 ± S1)/2)
A± =
GF√
2
V ∗csVud
[(
1 + 2CF
αs
4π
ln
µ2
−p2
)
S± + (
3
N
∓ 3)αs
4π
ln
M2W
−p2 S±
]
(5.43)
and
〈Q±(µ)〉 =
(
1 + 2CF
αs
4π
ln
µ2
−p2
)
S± + (
3
N
∓ 3)αs
4π
ln
µ2
−p2S± , (5.44)
C±(µ) = 1 + (
3
N
∓ 3)αs
4π
ln
M2W
µ2
. (5.45)
5.4.5 Factorization of SD and LD
We have just witnessed in explicit terms the most important feature of the OPE, advertised
already at the beginning of these lectures: factorization of short-distance (coefficients) and
long-distance (operator matrix elements) contributions. Schematically, this factorization has
the following structure:
(1 + αsG ln
M2W
−p2 )
.
= (1 + αsG ln
M2W
µ2
) · (1 + αsG ln µ
2
−p2 ) (5.46)
which is achieved by the following splitting of the logarithm
ln
M2W
−p2 = ln
M2W
µ2
+ ln
µ2
−p2 (5.47)
or from the point of view of the integration over some virtual momenta through the splitting∫ M2
W
−p2
dk2
k2
=
∫ M2
W
µ2
dk2
k2
+
∫ µ2
−p2
dk2
k2
. (5.48)
In particular the last formula makes it clear that the Wilson coefficients contain the
contributions from large virtual momenta of the loop correction from scales µ = O(1GeV)
to MW, whereas the low energy contributions are separated into the matrix elements. The
renormalization scale µ acts as the scale at which the full contribution to the amplitude is
separated into a low energy and a high energy part.
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5.4.6 Independence of Ci from External States
Let us next return to the issue of the infrared divergences in the process of matching. In the
matching discussed explicitly above they are regulated by taking p2 6= 0. They appear both in
Afull and Aeff . Yet as we have shown above the dependence of Afull on p
2, representing the
long-distance structure of A is, from the point of view of the effective theory, fully contained
in 〈Qi〉 and the Wilson coefficients Ci are free from this dependence.
Since the coefficient functions do not depend on the external states, any external state
can be used for their extraction, the only requirement being that the infrared (and mass)
singularities are properly regularized. In our example an off-shell momentum p for massless
external quarks has been used, but such a choice is clearly one of several possibilities. In
general one could work with any other arbitrary momentum configuration, on-shell or off-
shell, with or without external quark mass, with infrared divergences regulated by off-shell
momenta, quark masses, a fictitious gluon mass or by dimensional regularization. All these
methods would give the same results for Ci.
In particular the dimensional regularization of infrared divergences is very convenient as
many integrals simplify considerably. Older discussions of dimensional infrared regularization
can be found in Muta‘s book [20] and also in a paper by Marciano [64]. Recently this
method has been used in calculating NLO corrections to K → πνν¯ [65] and also for the
matching conditions in B → Xsγ [66, 67]. In particular as we stressed in [67], the distinction
of 1/ε ultraviolet divergences from the infrared ones is not necessary because after proper
renormalization of ultraviolet singularities, the left-over divergences are of infrared origin
only. These singularities cancel then automatically in the process of matching. To this end,
however, it is essential to perform the matching at all stages in D = 4− 2ε dimensions. This
implies that already at the NLO level, O(ε) terms in Wilson coefficients have to be kept at
the intermediate stages of the calculation. More details on this efficient technique can be
found in the papers quoted above.
5.5 OPE and the Renormalization Group
5.5.1 Preliminaries
So far we have computed
C±(µ) = 1 + (
3
N
∓ 3)αs
4π
ln
M2W
µ2
(5.49)
in ordinary perturbation theory. Unfortunately for µ = 1GeV the first order correction term
amounts to 65 – 130% although αs/4π ≈ 4%. This finding illustrates explicitly the breakdown
of the naive perturbative expansion caused by the appearance of large logarithms originating
in the presence of largely disparate scales MW and µ.
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Clearly, the result in (5.49) can only be used for µ = O(MW). For µ≪ MW we have to
sum the large logarithms to all orders of perturbation theory before we can trust our result
for C±. Fortunately we have developed in section 4 a very powerful technique to sum such
logarithms and we know exactly what we have to do. Yes, in order to sum these large logs
we have to find renormalization group equations for C± and solve them.
5.5.2 Renormalization Group Equations for C±
The renormalization group equations for C± follow from the fact, that the unrenormalized
Wilson coefficients C
(0)
± do not depend on µ. Using the relation (5.38), properly adapted to
the diagonal basis, we have first
C± = Z±C
(0)
± Q
(0)
± = Z±Q± (5.50)
and subsequently
dC±(µ)
d lnµ
= γ±(g)C±(µ). (5.51)
Here γ± is the anomalous dimension of the operator Q± and given by
γ±(g) =
1
Z±
dZ±
d lnµ
. (5.52)
Comparing (5.51) and (5.52) with (4.48) and (4.50), respectively we see great similarities with
the case of the running quark mass. The only modification is the opposite sign in (5.51).
Consequently many relevant formulae of section 4 can be immediately employed. Here we
go:
• In the MS (MS)-scheme
Z± = 1 +
∞∑
k=1
1
εk
Z±,k(g) (5.53)
and consequently
γ±(g) = −2g2 ∂Z±,1(g)
∂g2
. (5.54)
• Using then
Z± = 1 +
αs
4π
1
ε
(
∓3N ∓ 1
N
)
(5.55)
as obtained in (5.41) gives the one-loop anomalous dimensions of Q±:
γ±(αs) =
αs
4π
γ
(0)
± γ
(0)
± = ±6
N ∓ 1
N
. (5.56)
• The solution of (5.51) is given as for m(µ) in (4.80):
C±(µ) = U±(µ, µW )C±(µW ) (5.57)
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where µW = O(MW) and U±(µ, µW ) is the evolution function:
U±(µ, µW ) = exp
[∫ g(µ)
g(µW )
dg′
γ±(g′)
β(g′)
]
. (5.58)
• Using (5.56) and β(g) = −β0g3/16π2 we can now find C±(µ) by using the leading term
in the formula (4.81) for m(µ). Setting µ0 = MW and taking into account the relative
sign between (4.79) and (5.51) we have
C±(µ) =
[
αs(MW )
αs(µ)
] γ(0)±
2β0
C±(MW ) (5.59)
• In order to complete the calculation we use the fact that at µ =MW no large logarithms
are present and C±(MW) can be calculated in ordinary perturbation theory. From (5.45)
we have in LO
C±(MW ) = 1 (5.60)
and consequently for µ = µb = O(mb)
C±(µb) =
[
αs(MW )
αs(µb)
] γ(0)±
2β0
. (5.61)
We have now summed all leading logarithms and the important formula (5.61) gives the
coefficients C± in the leading log approximation or in other words the leading term of the RG
improved perturbation theory. For instance, specializing to the case of f = 5 and µb = O(mb)
we obtain
C+(µb) =
[
αs(MW )
αs(µb)
] 6
23
C−(µb) =
[
αs(MW )
αs(µb)
]−12
23
(5.62)
with αs given by the leading expression (4.84). For µb = 5.0 GeV and Λ
(5)
MS
= 225 GeV one
finds C+(µb) = 0.847 and C−(µb) = 1.395, i.e. suppression of C+ and an enhancement of
C− relative to C− = C+ = 1 without QCD corrections. The corresponding enhancements
and suppressions for scales O(1 GeV) reflect to some extent the dominance of the ∆I = 1/2
transitions over ∆3/2 transitions in K → ππ decays (the ∆I = 1/2 rule) first analyzed in
QCD in [72]. These short distance effects are insufficient, however, to explain the dominance
of ∆I = 1/2 transitions observed experimentally. We will return briefly to this issue in section
11.
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5.5.3 Choice of the Matching Scale
In calculating (5.59) we have set the high energy matching scale to MW. The choice of
the high energy matching scale, to be denoted by µW , is of course not unique. The only
requirement is that µW = O(MW) in order to avoid large logarithms ln(MW /µW ). However,
we know from (5.49) that in the LO approximation, in which O(αs) terms are dropped in
C±(µW ), we have using (5.60)
C±(µW ) = C±(MW) +O(αs) = 1. (5.63)
Consequently in this approximation we also have
C±(µb) =
[
αs(µW )
αs(µb)
] γ(0)±
2β0
=
[
αs(MW )
αs(µb)
] γ(0)±
2β0
(1 +O(αs)) (5.64)
which differs from (5.61) by O(αs) corrections.
We observe that a change of µW around the value of MW causes an ambiguity of O(αs)
in the coefficient. This ambiguity represents a theoretical uncertainty in the determination of
C±(µb). In order to reduce it, it is necessary to go beyond the leading order. We will do this
in the following section. Similar ambiguity exists in the choice of the low energy scale µb as
we will discuss at various places in these lectures, in particular in connection with B → Xsγ
decay.
5.5.4 Threshold Effects in LO
The evolution function U depends on f through α
(f)
s and β0 in the exponent. One can
generalize the renormalization group evolution from MW down to say µc = O(mc) to include
the threshold effect of the b-quark as follows
C±(µc) = U
(f=4)
± (µc, µb)U
(f=5)
± (µb,MW)C±(MW) (5.65)
which is valid in LO. Here µb = O(mb). Thus (5.62) generalizes to
C+(µc) =
[
α
(4)
s (µb)
α
(4)
s (µc)
] 6
25
[
α
(5)
s (MW )
α
(5)
s (µb)
] 6
23
, C−(µc) =
[
α
(4)
s (µb)
α
(4)
s (µc)
]−12
25
[
α
(5)
s (MW )
α
(5)
s (µb)
]−12
23
.
(5.66)
Again also here there is an ambiguity in µc which can only be reduced by going to NLO.
5.5.5 RGE for Ci: Case of Operator Mixing
The coefficients Ci(µ) can be now calculated by inverting (5.39) with the result
C1(µ) =
C+(µ)− C−(µ)
2
, C2(µ) =
C+(µ) + C−(µ)
2
, (5.67)
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where C±(µ) is given in (5.61) or (5.66).
Yet, it is instructive to derive (5.67) by using a procedure which one can also apply to
more complicated situations in which several operators mix under renormalization. To this
end we write
~CT = (C1, C2) , ~Q
T = (Q1, Q2). (5.68)
Then
~C(0) = Zˆc ~C ~Q
(0) = Zˆ ~Q (5.69)
with ZˆTc = Zˆ
−1. Defining next the anomalous dimension matrix γˆ by
γˆ = Zˆ−1
dZˆ
d lnµ
, (5.70)
the µ-independence of ~C(0) implies
d~C(µ)
d lnµ
= γˆT (αs)~C(µ). (5.71)
The solution of this equation is
~C(µ) = Uˆ(µ,MW ) ~C(MW ) (5.72)
where
Uˆ(µ,MW) = exp
[∫ g(µ)
g(MW)
dg′
γˆT (g′)
β(g′)
]
(5.73)
is the µ-evolution matrix.
In the MS (MS)-scheme we have
Zˆ = 1ˆ +
∞∑
k=1
1
εk
Zˆk(g) (5.74)
and
γˆ(g) = −2g2 ∂Zˆ1(g)
∂g2
(5.75)
Consequently using
Zˆ = 1 +
αs
4π
1
ε
 3/N −3
−3 3/N
 (5.76)
we have to first order in αs [72]
γˆ(αs) =
αs
4π
γˆ(0) =
αs
4π
 −6/N 6
6 −6/N
 . (5.77)
In order to find Ci(µ) let us write the LO evolution matrix as
Uˆ (0)(µ,MW) = Vˆ
[αs(MW)
αs(µ)
]~γ(0)
2β0

D
Vˆ −1 (5.78)
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where Vˆ diagonalizes γˆ(0)T
γˆ
(0)
D = Vˆ
−1γˆ(0)T Vˆ (5.79)
and ~γ(0) is the vector containing the diagonal elements of the diagonal matrix :
γˆ
(0)
D =
 γ(0)+ 0
0 γ
(0)
−
 (5.80)
with γ
(0)
± given in (5.56). Using
Vˆ = Vˆ −1 =
1√
2
 1 1
1 −1
 (5.81)
and
~CT (MW) = (C1(MW), C2(MW)) = (0, 1) (5.82)
we reproduce (5.67) with C±(µ) given by (5.62).
The threshold effects can be incorporated as in (5.65)
~C(µc) = Uˆ
(f=4)(µc, µb)Uˆ
(f=5)(µb, µW ) ~C(µW ). (5.83)
It is evident that this procedure is valid for arbitrary number of operators mixing under
renormalization. However for more complicated situations one has to use computer programs
like Mathematica to obtain analytic formulae like (5.67). We will give some examples later
on.
5.6 Summary of Basic Formalism
It is a good moment to make a break and to summarize what we have achieved in our climb
so far. This will also allow us to make a strategy for the next steps, which as we will see are
technically more advanced.
Ultimately our goal is the evaluation of weak decay amplitudes involving hadrons in the
framework of a low energy effective theory, of the form
〈Heff 〉 = GF√
2
VCKM 〈~QT (µ)〉 ~C(µ),
where µ denotes a scale of the order of the mass of the decaying hadron. The procedure for
this calculation can be divided into the following three steps.
Step 1: Matching in Perturbation Theory
Calculation of Wilson coefficients ~C(µW ) at µW = O(MW) to the desired order in αs. Since
logarithms of the form ln(µW /MW) are not large, this can be performed in ordinary pertur-
bation theory. In the case of the operators Q1,2 and in the LO approximation we simply have
C1(µW ) = 0, C2(µW ) = 1 or C±(µW ) = 1.
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This step amounts to matching the full theory onto a five quark effective theory. In this
process W±, Z0, the top-quark and generally all heavy particles with masses higher than
MW are integrated out. In the case of Q1,2 analyzed so far, the effect of integrating out the
top-quark has only been seen in that for µ ≤ MW we have used α(5)(µ) instead of α(6)(µ).
Later when we move to other decays, the effect of integrating out the top-quark will be more
profound.
The matching in question is achieved using the following procedure:
• Calculation of the amplitude in the full theory,
• Calculation of the operator matrix elements,
• Extraction of Ci(µW ) from Afull = Aeff .
The resulting Ci(µW ) depend generally on the masses of the heavy particles which have been
integrated out. Again in the special case of Q1,2 this dependence is absent.
Step 2: RG Improved Perturbation Theory
• Calculation of the anomalous dimensions of the operators,
• Solution of the renormalization group equation for ~C(µ),
• Evolution of the coefficients from µW down to the appropriate low energy scale µ
~C(µ) = Uˆ(µ, µW )~C(µW ) .
Step 3: Non-Perturbative Regime
Calculation of hadronic matrix elements 〈~Q(µ)〉, normalized at the appropriate low energy
scale µ, by means of some non-perturbative method.
Important issues in this procedure are:
• Factorization of short- and long distance contributions:
– ~C(µ): contributions from scales higher than µ
– 〈 ~Q(µ)〉: contributions from scales lower than µ
– Cancellation of the µ-dependence between Ci(µ) and 〈Qi(µ)〉.
• Summation of large logs by means of the RG method. More specifically, in the
n–the order of RG improved perturbation theory the terms
αns (µ)
(
αs(µ) ln
MW
µ
)k
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are summed to all orders in k (k=0, 1, 2,. . .). This approach is justified as long as αs(µ)
is small enough. The leading order corresponds in most cases to n = 0, the NLO to
n = 1. In certain processes these canonical values of n may change.
5.7 Future Generalizations
Until now, our application of the basic formalism summarized above, concentrated on the
current-current operators Q1 and Q2 in the LO approximation. In the following sections we
will generalize this discussion in several aspects:
• We will generalize the calculation of the couplings Ci(µ) beyond the LO approximation,
• We will include new operators originating in penguin diagrams of various sort (Gluon-
penguins, Photon-penguins, Z0-penguins). These operators are generally called Pen-
guin Operators. This generalization will bring the mt dependence into Ci(µW ) of these
new operators.
• We will also include new operators originating in Box Diagrams. This generalization
will also bring the mt dependence into Ci(µW ) of these new operators.
• In the process of including operators it will turn out to be necessary to consider also
renormalization group equations involving simultaneously Ci of order O(1), O(αs) and
O(α) with α = αQED.
• Finally we will develop efficient methods for the calculation of the anomalous dimensions
of the operators Qi.
We begin these generalizations by including NLO QCD corrections to C±(µ). We will do
this in such a manner that the generalization of the formulae listed below to more complicated
processes will be straightforward.
5.8 Motivations for NLO
Going beyond the LO approximation is certainly an important but a non-trivial step. For
this reason we need some motivations to perform this step. Here are the main reasons for
going beyond LO:
• The NLO is first of all necessary to test the validity of the renormalization group
improved perturbation theory.
• Without going to NLO the QCD scale ΛMS extracted from various high energy processes
cannot be used meaningfully in weak decays.
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• Due to renormalization group invariance the physical amplitudes do not depend on the
scales µ present in αs or in the running quark masses, in particular mt(µ), mb(µ) and
mc(µ). However, in perturbation theory this property is broken through the truncation
of the perturbative series. Consequently one finds sizable scale ambiguities in the
leading order, which can be reduced considerably by going to NLO. An example of
such an ambiguity is the choice of the high energy matching scale µW discussed above.
• The Wilson Coefficients are renormalization scheme dependent quantities. This scheme
dependence appears first at NLO. For a proper matching of the short distance con-
tributions to the long distance matrix elements obtained from lattice calculations it is
essential to calculate NLO. The same is true for inclusive heavy quark decays in which
the hadron decay can be modeled by a decay of a heavy quark and the matrix elements
of Qi can be effectively calculated in an expansion in 1/mb.
• In several cases the central issue of the top quark mass dependence is strictly a NLO
effect.
6 Wilson Coefficients Beyond Leading Order
6.1 Preliminaries
We will now generalize the formulae of the previous section beyond the LO approximation
concentrating on the Wilson coefficients C± and C1,2. We will begin with the case without
operator mixing. Subsequently we will generalize our discussion to the case of the operator
mixing. Next we will develop methods for the calculation of anomalous dimensions general-
izing our previous discussion to the mixing of operators with different canonical dimensions.
In particular the mixing between six and five dimensional operators. While we do not have
space to present an explicit two-loop calculation of anomalous dimensions, we will derive ex-
plicitly the one-loop anomalous dimension matrix (5.77). In section 8.5 we will generalize this
calculation to include the penguin operators. A detailed discussion of renormalization scheme
and renormalization scale dependences and of their cancellations in physical amplitudes is
an important part of this section. Finally, we will discuss the issue of the so-called evanes-
cent operators which have to be taken into account in a proper calculation of the anomalous
dimensions at the two-loop level.
6.2 The Case without Operator Mixing
Let us consider the coefficients C±(µ) for which we have the general expression:
C±(µ) = U±(µ,MW)C±(MW) (6.1)
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where
U±(µ,MW) = exp
[∫ g(µ)
g(MW)
dg′
γ±(g′)
β(g′)
]
(6.2)
and we have set µW = MW in order to simplify the formulae below. This restriction will be
relaxed whenever it will turn out to be appropriate.
At NLO we use:
C±(MW ) = 1 +
αs(MW )
4π
B± (6.3)
γ±(αs) = γ
(0)
±
αs
4π
+ γ
(1)
±
(
αs
4π
)2
(6.4)
β(g) = −β0 g
3
16π2
− β1 g
5
(16π2)2
(6.5)
Inserting the last two formulae into (6.2) and expanding in αs we find
U±(µ,MW) =
[
1 +
αs(µ)
4π
J±
] [
αs(MW )
αs(µ)
]d± [
1− αs(MW )
4π
J±
]
(6.6)
with
J± =
d±
β0
β1 − γ
(1)
±
2β0
d± =
γ
(0)
±
2β0
. (6.7)
This is similar to the µ-dependence of the quark mass discussed in section 4.8 and given in
(4.81) except that we have written the evolution function in a particular way: the couplings
αs(µ) increase by going from right to left. This is clearly not necessary but is useful for the
future generalization to the case of operator mixing.
Inserting (6.6) and (6.3) into (6.1) we find an important formula for C±(µ) in the NLO
approximation:
C±(µ) =
[
1 +
αs(µ)
4π
J±
] [
αs(MW )
αs(µ)
]d± [
1 +
αs(MW )
4π
(B± − J±)
]
. (6.8)
Let us next outline the procedure for finding B±. Since the operators Q+ and Q− do not
mix under renormalization, B+ and B− can be found separately. The procedure for finding
B± amounts to the generalization of the matching procedure in LO to include in addition to
logarithms also constant O(αs) terms.
Step 1:
A±full =
GF√
2
(1 +
αs(µW )
4π
−γ(0)±
2
ln
M2W
−p2 + A˜
(1)
±
)S± , (6.9)
where S± are the tree matrix elements.
Step 2:
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A±eff =
GF√
2
C±(µW )〈Q±(µW )〉 (6.10)
=
GF√
2
C±(µW )(1 +
αs(µW )
4π
γ(0)±
2
ln
−p2
µ2W
+ r˜±
)S± .
Step 3:
Comparison of (6.9) and (6.10) yields
C±(µW ) = 1 +
αs(µW )
4π
−γ(0)±
2
ln
M2W
µ2W
+B±
 , (6.11)
where
B± = A˜
(1)
± − r˜± . (6.12)
Setting µW =MW we reproduce (6.3). Any infrared dependence like ln−p2 or any special
properties of the external quark states present in A˜
(1)
± and r˜± cancel in the difference (6.12)
so that B± are just numerical constants independent of external states. We will give the
numerical values of B± in the next section.
6.3 The Case of Operator Mixing
6.3.1 Preliminaries
Let us generalize the preceeding discussion to the case of operator mixing. Now
Heff = GF√
2
∑
i
Ci(µ)Qi(µ) ≡ GF√
2
~QT (µ) ~C(µ) , (6.13)
where the index i runs over all contributing operators, in our example Q1 and Q2.
The Wilson coefficient functions are given then by
~C(µ) = Uˆ(µ, µW ) ~C(µW ) . (6.14)
Our goal is to find ~C(µW ) and the evolution matrix Uˆ(µ, µW ) keeping NLO corrections.
6.3.2 Determination of ~C(µW )
The procedure for finding ~C(µW ) proceeds again in three steps:
Step 1:
The amplitude in the full theory after field renormalization is given by:
Afull =
GF√
2
~ST ( ~A(0) +
αs(µW )
4π
~A(1)). (6.15)
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Here ~S denotes the tree level matrix elements of the operators ~Q. In order to simplify the
presentation we have absorbed the logarithms in the O(αs) term ~A(1) which also contains
non-logarithmic terms as in (6.9). Later on we will discuss a specific example which will
exhibit the detail structure of (6.15) more transparently.
Step 2:
In the effective theory, after quark field renormalization and the renormalization of the
operators through
~Q(0) = Zˆ ~Q, (6.16)
the renormalized matrix elements of the operators are
〈 ~Q(µW )〉 = (1ˆ + αs(µW )
4π
rˆ)~S (6.17)
and consequently
Aeff =
GF√
2
~ST (1 +
αs(µW )
4π
rˆT ) ~C(µW ). (6.18)
Again rˆ contains the relevant logarithms together with the non-logarithmic terms as in (6.10).
Step 3:
Equating (6.15) and (6.18) we obtain
~C(µW ) = ~A
(0) +
αs(µW )
4π
( ~A(1) − rT ~A(0)). (6.19)
6.3.3 Renormalization Group Evolution
The renormalization group equation for ~C
d~C(µ)
d lnµ
= γˆT (g) ~C(µ) (6.20)
has to be solved now with the boundary condition (6.19).
The general solution can be written down iteratively
Uˆ(µ, µW ) = 1 +
∫ g(µ)
g(µW )
dg1
γˆT (g1)
β(g1)
+
∫ g(µ)
g(µW )
dg1
∫ g1
g(µW )
dg2
γˆT (g1)
β(g1)
γˆT (g2)
β(g2)
+ . . . (6.21)
which using dg/d ln µ = β(g) solves
d
d lnµ
Uˆ(µ, µW ) = γˆ
T (g)Uˆ (µ, µW ) . (6.22)
The series in (6.21) can be written more compactly:
Uˆ(µ, µW ) = Tg exp
∫ g(µ)
g(µW )
dg′
γˆT (g′)
β(g′)
, (6.23)
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where in the case g(µ) > g(µW ) the g-ordering operator Tg is defined through
Tgf(g1) . . . f(gn) =
∑
perm
Θ(gi1 − gi2) . . .Θ(gin−1 − gin)f(gi1) . . . f(gin). (6.24)
It brings ordering of the functions f(gi) such that the coupling constants increase from right
to left. The sum in (6.24) runs over all permutations {i1, . . . , in} of {1, 2, . . . , n}. The Tg
ordering is necessary because at NLO [γˆ(g1), γˆ(g2)] 6= 0. Indeed the matrices γˆ(0) and γˆ(1) in
the perturbative expansion of the anomalous dimension matrix
γˆ(αs) = γˆ
(0) αs
4π
+ γˆ(1)
(
αs
4π
)2
. (6.25)
do not commute with each other.
Inserting (6.25) and the expansion (6.5) for β(g) into (6.23) we can write the evolution
matrix in analogy to (6.6) as
Uˆ(µ, µW ) =
[
1 +
αs(µ)
4π
Jˆ
]
Uˆ (0)(µ, µW )
[
1− αs(µW )
4π
Jˆ
]
(6.26)
Now it is clear why we have written (6.6) in a special manner. It can be nicely generalized
to the mixing case where the ordering of matrices matters.
Uˆ (0) in (6.26) is the leading evolution matrix which we already discussed in the LO section:
Uˆ (0)(µ, µW ) = Vˆ
[αs(µW )
αs(µ)
]~γ(0)
2β0

D
Vˆ −1 (6.27)
where Vˆ diagonalizes γˆ(0)T
γˆ
(0)
D = Vˆ
−1γ(0)T Vˆ (6.28)
and ~γ(0) is the vector containing the diagonal elements of the diagonal matrix γˆ
(0)
D .
The derivation of the analytic expression for the matrix Jˆ follows [47] and is also given in
the appendix of the first paper in [68]. Here we give only the final result. In order to write
down the expression for the matrix Jˆ , we define the matrix
Gˆ = Vˆ −1γˆ(1)T Vˆ (6.29)
and a matrix Hˆ whose elements are
Hij = δijγ
(0)
i
β1
2β20
− Gij
2β0 + γ
(0)
i − γ(0)j
. (6.30)
Then
Jˆ = Vˆ HˆVˆ −1. (6.31)
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6.3.4 Final Result for ~C(µ)
Putting all things together we obtain the final result
~C(µ) = (1 +
αs(µ)
4π
Jˆ)Uˆ (0)(µ, µW )( ~A
(0) +
αs(µW )
4π
[ ~A(1) − (rˆT + Jˆ) ~A(0)]) (6.32)
which we will discuss in more detail below.
In the case of (Q1, Q2) the inclusion of the flavour thresholds in (6.14) is very similar to
the LO case:
~C(µ) = Uˆ3(µ, µc)Uˆ4(µc, µb)Uˆ5(µb, µW )~C(µW ) (6.33)
where Uˆf is the evolution matrix for f effective flavors given in (6.26). This formula has to
be slightly modified if the penguin operators are present. We will return to this point at a
suitable moment of these lectures.
6.4 The Calculation of the Anomalous Dimensions
6.4.1 Master Formulae
In the previous section we have calculated the anomalous dimension matrix in the process
of the matching of the full and effective theories. In fact looking back one can see that the
anomalous dimensions can be read off from the coefficients of the logarithms in the matrix
elements 〈Q1,2〉 in (5.31) and (5.32). In more complicated situations, where many operators
are present, such a method is not very useful and it is important to develop an efficient
method for the calculation of anomalous dimensions. Here it comes:
• The evaluation of the amputated Green functions with insertion of the operators ~Q as
in fig. 16 gives the relation
〈 ~Q〉(0) = Z−2q Zˆ〈~Q〉 ≡ ZˆGF 〈~Q〉 (6.34)
where Zˆ is the renormalization constant matrix of the operators ~Q and ZˆGF is just
defined above.
• Next, the anomalous dimension matrix is given by
γˆ(g) = Zˆ−1
dZˆ
d lnµ
(6.35)
• In the MS (or MS) scheme we have
Zˆ = 1 +
∞∑
k=1
1
εk
Zˆk(g) (6.36)
and consequently as derived in the previous section
γˆ(g) = −2g2 ∂Zˆ1(g)
∂g2
= −2αs∂Zˆ1(αs)
∂αs
. (6.37)
• For Zq and ZˆGF we have
Zq = 1 +
∞∑
k=1
1
εk
Zq,k(g) (6.38)
ZˆGF = 1 +
∞∑
k=1
1
εk
ZˆGF,k(g) (6.39)
As the matrix elements 〈 ~Q〉 are finite, the singularities in ZˆGF are found directly from
the calculation of the unrenormalized Green functions (6.34).
• From (6.34), (6.36), (6.38), (6.39) we find
Zˆ1 = 2Zq,11ˆ + ZˆGF,1. (6.40)
• With
Zq,1 = a1
αs
4π
+ a2
(
αs
4π
)2
(6.41)
and
ZˆGF,1 = bˆ1
αs
4π
+ bˆ2
(
αs
4π
)2
(6.42)
we obtain by means of (6.37) Master Formulae for the one- and two-loop anomalous
dimension matrices:
γ
(0)
ij = −2[2a1δij + (b1)ij ], γ(1)ij = −4[2a2δij + (b2)ij] . (6.43)
• In the case without mixing between operators these expressions reduce to:
γ(0) = −2[2a1 + b1], γ(1) = −4[2a2 + b2] . (6.44)
6.4.2 How to Use One-Loop Master Formulae
Let us illustrate how the first formula in (6.43) can be used to obtain the one-loop anomalous
dimension matrix (5.77). From (5.26) we extract the coefficients of the 1/ε singularities to
be
(b1)11 = 2CF +
3
N
, (b1)12 = −3 . (6.45)
Similarly from (5.27) we find
(b1)21 = −3, (b1)22 = 2CF + 3
N
. (6.46)
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Now a1 = −CF . Consequently the term 2a1 in (6.43) cancels precisely the 2CF term present
in (b1)11 and (b1)22. The leftover entries give the one-loop anomalous dimension matrix
(5.77).
The fact that the renormalization of the external quark fields cancels the terms 2CF
in (b1)11 and (b1)22 is by no means accidental. It is a consequence of the vanishing of the
anomalous dimension of the conserved weak current. Indeed the master formula for the
anomalous dimension of a current can be obtained by considering a two-point Green function
insted of four-point functions considered in deriving the master formulae (6.44). One finds
this time
γ(0)c = −2[a1 + bc1], γ(1)c = −4[a2 + bc2] (6.47)
where bc1 and b
c
2 are obtained by calculating the relevant one-loop and two-loop diagrams,
respectively. bc1 is simply obtained by calculating the one-loop upper vertex of the diagram
(a) in fig. 16. bc2 is found by calculating the corresponding two-loop generalization of this
vertex. One finds bc1 = CF . The factor of two in (b1)11 in front of CF in (6.45) comes from a
symmetric diagram to the the diagram (a) in fig. 16 with the gluon exchanged between the
lower quark legs. With a1 = −CF we find γ(0)c = 0 as it should be.
We get the following useful message from this discussion. The only diagrams responsible
for the non-vanishing anomalous dimensions of current-current operators Q1 and Q2 are the
diagrams in which the gluons connect the quark legs belonging to different weak currents.
At the one-loop level these are the diagrams (b) and (c) in fig. 16 and the corresponding
symmetric diagrams. One should stress that this simple rule is not valid for the insertion of
penguin operators into current-current diagrams. We will see this explicitly in section 8.
6.4.3 How to Use Two-Loop Master Formulae
The calculation of (b2)ij in (6.43) is a bit tricker and technically more difficult. To this end
one has to calculate first two-loop diagrams with Qi insertions. Examples are given in fig.
17. Next the corresponding two-loop counter-diagrams have to be subtracted. In the MS-
like schemes the latter are obtained by retaining only the 1/ε parts in the subdiagrams. The
counter-diagrams corresponding to the two-loop diagrams in fig. 17 are shown in fig. 18 where
the small boxes stand for the singular parts of the corresponding subdiagrams in fig. 17. For
instance the Feynman rule for the box in fig. 18b is, in accordance with (4.6) given by
iCF δαβ
αs
4π
6p1
ε
(6.48)
where p is the momentum of the quark. Since MS-like schemes are the so-called mass-
independent renormalization schemes the quark masses can be set to zero in evaluating
anomalous dimensions.
76
Dropping colour factors and Dirac tensors the result for each diagram including the
counter-diagram has the structure
I − IC =
(
α
4π
)2 [ µ2
−p2
]2ε [
F
ε2
+
G
ε
+ ...
]
−
(
α
4π
)2 [ µ2
−p2
]ε [
FC
ε2
+
GC
ε
+ ...
]
(6.49)
where the second term represents the counter-diagram. Note that the power of µ2 in the
counter-term is ε and not 2ε as in I. It turns out that for diagrams with non-vanishing F
one has diagram by diagram the relation FC = 2F and consequently the pole part does not
depend on µ as it should be:
I − IC =
(
α
4π
)2 [
−F
ε2
+
G−GC
ε
+ ...
]
(6.50)
The coefficient G−GC can then be identified with the contribution of a given diagram (after
the inclusion of colour factors) to the coefficient (b2)ij entering the master formula (6.43).
(a) (b) (c)
(d) (e) (f)
Figure 17: Examples of two loop current-current diagrams contributing to the NLO anoma-
lous dimensions of the operators Q1 and Q2.
Again, as in the one-loop case, the diagrams with gluons exchanged only between quark
legs belonging to the same weak current can be omitted in the evaluation of two-loop anoma-
lous dimensions of the operators Q1 and Q2, provided the anomalous dimension of the weak
current vanishes at two-loop level. In this case their contributions to (b2)ij are canceled by
the a2 term in the master formula (6.43). It should be stressed that this feature might not
be preserved by some regularization schemes. In particular, it depends on the treatment of
γ5 in D 6= 4 dimensions. In the NDR scheme, in which γ5 anticommutes with γµ in D 6= 4
dimensions, one has indeed γ
(1)
c = 0. But this is not true in the HV scheme, where γ5 has
more complicated properties. Indeed one finds [48]
[γ(1)c ]HV = 4CFβ0. (6.51)
77
(a) (b) (c)
(d) (e) (f)
Figure 18: Counter-diagrams to the diagrams of fig. 17.
We will return to this issue in a moment. For the time being we give the two-loop general-
izations of the one-loop anomalous dimension matrix (5.77) in the NDR scheme [48]:
γˆ
(1)
NDR =
 −223 − 572N2 − 2f3N 39N − 19N6 + 2f3
39
N − 19N6 + 2f3 −223 − 572N2 − 2f3N
 (6.52)
and in the HV scheme [48]:
γˆ
(1)
HV =
 −1103 − 572N2 + 44N23 + ( 143N − 8N3 ) f 39N + 23N2 − 2f
39
N +
23N
2 − 2f −1103 − 572N2 + 44N
2
3 +
(
14
3N − 8N3
)
f

(6.53)
The corresponding result in the DRED scheme has been first calculated in [53] and confirmed
in [48]. We observe substantial renormalization scheme dependence. In particular the diag-
onal elements in (6.53) contain terms O(N2) whereas such terms are absent in (6.52). The
origin of these terms can be traced back to the non-vanishing of [γ
(1)
c ]HV . Indeed these terms
cancel in the difference γˆ
(1)
HV − 2[γ(1)c ]HV 1ˆ ≡ [γˆ(1)HV ]eff .
As we will discuss in subsection 6.7, such a shift of two-loop anomalous dimensions is
always possible provided also the matching conditions for the Wilson coefficients at µW are
appropriately changed. Yet eventually this shift modifies the Wilson coefficients and this
modification will be compensated by the corresponding change in the matrix elements of the
operators so that physical quantities are independent of these manipulations. All this should
be clearer after subsection 6.7 where the cancellation of this scheme dependences in physical
quantities are discussed in explicit terms.
6.4.4 A Warning on the HV Scheme
In this context we should warn the reader that the numerical values of the Wilson coefficients
in the HV scheme presented here and in [17, 73] correspond to the choice [γˆ
(1)
HV ]eff . This
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differs from the treatment of my Italian friends [74, 75] who use γˆ
(1)
HV of (6.53) instead. For
this reason the NLO corrections to Wilson coefficients in the HV scheme presented here are
generally smaller than the ones found by the Rome group. The final physical results are,
however, the same.
6.5 Explicit Calculation of 2× 2 Anomalous Dimension Matrix
6.5.1 Current-Current Insertions: Generalities
The set of six diagrams contributing to one–loop anomalous dimension matrix through op-
erator insertions into current-current topologies is given by the diagrams in fig. 16 and their
symmetric counterparts. We begin by developing the technology for the calculation of inser-
tions of any operator with arbitrary colour and Dirac structure into the diagrams of fig. 16.
This will allow us to calculate later also insertions of penguin operators into the current-
current topologies of fig. 16.
Let us then denote the colour and Dirac structure of any operator by
Vˆ1 ⊗ Vˆ2, Γ1 ⊗ Γ2 , (6.54)
respectively, so that an operator can be generally written as follows:
O = (s¯αΓ1Vˆ
αβ
1 cβ)⊗ (u¯γΓ2Vˆ γδ2 dδ) (6.55)
Here we have made specific choice of quark flavours adapted to the operators discussed in
section 5, but it is trivial to generalize the following discussion to any other choice of flavours.
Let us consider a few examples:
Vˆ αβ1 ⊗ Vˆ γδ2 = δαβ ⊗ δγδ ≡ 1αβ,γδ , (6.56)
Vˆ αβ1 ⊗ Vˆ γδ2 = δαδ ⊗ δγβ ≡ 1˜αβ,γδ , (6.57)
Vˆ αβ1 ⊗ Vˆ γδ2 = (T a)αβ ⊗ (T a)γδ ≡ Παβ,γδ . (6.58)
Then the colour identity (5.21) is simply given by
Π =
1
2
(
1˜− 1
N
1
)
. (6.59)
In this notation the operators Q1 and Q2 have both the structure Γ1 = Γ2 = γµ(1 − γ5).
With the ordering of flavours as in (6.55), the colour structure of Q1 is 1˜. The one of Q2 is
1.
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In order to gain some insight into the calculation of the diagrams in fig. 16, let us consider
the diagram (a) with the insertion of the operator Q2. The flavour labels are as in the diagram
of fig. 14. For this diagram we have then
D(1)a = −ig2µ2εCF
∫
dDk
(2π)D
[s¯Tνc]⊗ [u¯Γνd]
k2[(k + p)2]2
(6.60)
where
Tν = γµ(6k+ 6p)Γν(6k+ 6p)γµ = γµγρΓνγσγµ(k + p)ρ(k + p)σ (6.61)
and Γν = γν(1− γ5). We have used T aT a = CF .
Keeping only the divergent part in the relevant D-dimensional integral we find∫
dDk
(2π)D
(k + p)ρ(k + p)σ
k2[(k + p)2]2
= igρσ
1
16π2
1
4
1
ε
+ finite (6.62)
Thus the divergent part of D(1)a is given by
D(1)a = CF
αs
4π
[
1
4
1
ε
]
s¯γµγρΓνγ
ργµc⊗ u¯Γνd (6.63)
It is straightforward to extend this calculation to other diagrams in fig. 16 and to the
arbitrary operator given in (6.55). To this end we fix the ordering of the four flavours as in
(6.55) and drop the external spinors. We find then
Da = αs
4π
[
1
4
1
ε
] (
C(1)a γµγρΓ1γργµ ⊗ Γ2 + C(2)a Γ1 ⊗ γµγρΓ2γργµ
)
(6.64)
Db = −αs
4π
[
1
4
1
ε
] (
C(1)b Γ1γργµ ⊗ Γ2γργµ + C(2)b γµγρΓ1 ⊗ γµγρΓ2
)
(6.65)
Dc = αs
4π
[
1
4
1
ε
] (
C(1)c Γ1γργµ ⊗ γµγρΓ2 + C(2)c γµγρΓ1 ⊗ Γ2γργµ
)
(6.66)
where the index (1) stands for the diagrams shown in fig. 16 and the index (2) for their
symmetric counter-parts. The colour factors are given by
C(1)a = T aVˆ1T a ⊗ Vˆ2 C(2)a = Vˆ1 ⊗ T aVˆ2T a (6.67)
C(1)b = Vˆ1T a ⊗ Vˆ2T a C(2)b = T aVˆ1 ⊗ T aVˆ2 (6.68)
C(1)c = Vˆ1T a ⊗ Tˆ aV2 C(2)c = T aVˆ1 ⊗ Vˆ2T a (6.69)
6.5.2 Anomalous Dimensions of Q1 and Q2
Let us apply these general formulae to the case of the operator Q2 for which we have
Vˆ1 ⊗ Vˆ2 = 1, Γ1 = Γ2 = γν(1 − γ5) ≡ Γ . (6.70)
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Since we are interested only in the 1/ε singularity we can use in one-loop formulae the rules
for γ-algebra valid in four dimensions. Then
γµγρΓγ
ργµ ⊗ Γ = Γ⊗ γµγρΓγργµ = 4Γ⊗ Γ (6.71)
Γγργµ ⊗ Γγργµ = γµγρΓ⊗ γµγρΓ = 16Γ⊗ Γ (6.72)
Γγργµ ⊗ γµγρΓ = γµγρΓ⊗ Γγργµ = 4Γ⊗ Γ (6.73)
These results can be most efficiently found by using a trick which I will call the Greek Method
[76] from now on. Let me illustrate this method by deriving (6.72). Following [76] let us
write
γµγρΓ⊗ γµγρΓ = A Γ⊗ Γ , (6.74)
where A is the coefficient we are looking for. In order to find it we replace ⊗ in (6.74) by a
matrix γτ to obtain
γµγρΓγτγ
µγρΓ = A ΓγτΓ. (6.75)
Inserting Γ of (6.70) into this equality and contracting indices we determine A to be 16.
Using (6.71)–(6.73) in our master formulae (6.64)–(6.66) and summing all diagrams we
find ∑
i
Di = αs
4π
1
ε
Γ⊗ Γ
[
C(1)a + C(2)a − 4(C(1)b + C(2)b ) + C(1)c + C(2)c
]
. (6.76)
For the colour structure in (6.70), the colour structures in this formula can be easily found
to be
C(1)a = C(2)a = CF1, (6.77)
C(1)b = C(2)b = C(1)c = C(2)c =
1
2
(
1˜− 1
N
1
)
. (6.78)
Now 1˜ stands for the operator Q1. Consequently inserting (6.77) and (6.78) into (6.76)
and comparing the coefficient of 1/ε with (6.42) we extract
(b1)21 = −3, (b1)22 = 2CF + 3
N
. (6.79)
The insertion of the operator Q1 represented by 1˜ into diagrams of fig. 16 can be evaluated
in an analogous manner by using the master formulae (6.64)–(6.66). Because the colour
structure is more complicated the calculation is now a bit more involved. In order to avoid
this complication it is useful to make a Fierz reordering in Q1 and Q2 so that
Q1 = (s¯αdα)V−A(u¯βcβ)V−A Q2 = (s¯αdβ)V−A(u¯βcα)V−A . (6.80)
Now the roles of Q1 and Q2 are interchanged: Q1 is 1 and Q2 is 1˜. Since gluons are flavour
blind we find immidiately
(b1)11 = 2CF +
3
N
, (b1)12 = −3 . (6.81)
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(6.79) and (6.81) are precisely the values given in (6.46) and (6.45) respectively. Upon
inserting them into the one-loop master formula (6.43) and using a1 = −CF we finally
reproduce the anomalous dimension matrix (5.77). We will extend this calculation to penguin
operators in subsection 8.5.
6.6 Mixing of Operators with different Dimensions
It is useful to know the following properties of mixing of operators with different canonical
dimensions
• The operators of a given dimension mix only into operators of the same or lower dimen-
sion. In a more formal terminology: to renormalize an operator of a given dimension
one needs only operators as counter-terms of the same or lower dimension.
• This means in particular that the operators of dimension six, as Q1 and Q2, can mix
into other six dimensional operators and five dimensional magnetic penguin operators
of sections 8.7 and 12. On the other hand the magnetic penguin operators cannot mix
into dimension six operators.
• Consequently whereas the Q1 and Q2 operators influence the Wilson coefficients of the
magnetic penguin operators, the latter operators have no impact on C1 and C2.
The proof of these properties is based essentially on dimensional analysis. It can be found
on page 149 of the book by Collins [29].
Here comes another useful remark. As we will discuss in section 12 the mixing between
the operators (Q1, Q2) and the magnetic penguin operators appears first at the two-loop
level. That is the leading anomalous dimension is obtained by calculating two-loop diagrams
and not one-loop diagrams as discussed sofar. The next-to-leading anomalous dimensions are
then obtained from three-loop calculations. In this particular case our master formulae in
(6.43) change to (i 6= j)
γ
(0)
ij = −4[(b2)ij ], γ(1)ij = −6[(b3)ij ] . (6.82)
with (b2)ij and (b3)ij obtained from 1/ε singularities in two-loop and three-loop diagrams
respectively.
6.7 Renormalization Scheme Dependence
At NLO various quantities like the Wilson coefficients and the anomalous dimensions depend
on the renormalization scheme for operators. This dependence arises because the renormal-
ization prescription involves an arbitrariness in the finite parts to be subtracted along with the
ultraviolet singularities. Two different schemes are then related by a finite renormalization.
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A particular example of the RS dependence is the dependence on the treatment of γ5 in
D dimensions. We have seen in (6.52) and (6.53) that the two-loop anomalous dimension
matrix for the operators (Q1, Q2) in the NDR scheme differs from the one in the HV scheme.
Returning back to our discussion of the NLO corrections to the Wilson coefficients of
subsection 6.3, one finds that
β0, β1, γ
(0), ~A(0), ~A(1), rˆT + Jˆ , 〈 ~Q〉T ~C (6.83)
are scheme independent, whereas
rˆ, γ(1), Jˆ , ~C, 〈 ~Q〉 (6.84)
are scheme dependent. Let us demonstrate this.
First of all, it is clear that the product
〈 ~Q(µ)〉T ~C(µ) (6.85)
representing the full amplitude is independent of RS. The factorization of the amplitude into
~C and 〈~Q〉 makes them, however, scheme dependent. Explicitly, for two different schemes
(primed and unprimed) we have
〈 ~Q〉′ = (1 + αs
4π
sˆ)〈 ~Q〉 , ~C ′ = (1− αs
4π
sˆT ) ~C , (6.86)
where sˆ is a constant matrix representing a finite renormalization of ~C and 〈 ~Q〉.
Having the relations (6.86) at hand it is straightforward to find relations between various
quantities in the primed and unprimed schemes. From
〈 ~Q(µW )〉 = (1ˆ + αs(µW )
4π
rˆ)~S, (6.87)
where ~S is a vector of tree level matrix elements, we immediately obtain
rˆ′ = rˆ + sˆ . (6.88)
Next from
〈 ~Q(µ)〉T ~C(µ) ≡ 〈~Q(µ)〉T Uˆ(µ,MW ) ~C(MW ) (6.89)
we have
Uˆ ′(µ,MW ) = (1− αs(µ)
4π
sˆT )Uˆ(µ,MW )(1 +
αs(MW )
4π
sˆT ). (6.90)
A comparison with
Uˆ(µ, µW ) = (1 +
αs(µ)
4π
Jˆ)Uˆ (0)(µ, µW )(1− αs(µW )
4π
Jˆ) (6.91)
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yields then
Jˆ ′ = Jˆ − sˆT (6.92)
Next from (5.29) and (6.86) we clearly have
Zˆ ′ = Zˆ (1ˆ − αs
4π
sˆ) (6.93)
Using next the defintion of the anomalous dimension matrix (6.35) and the expansion (6.25)
we find
γˆ(0)′ = γˆ(0) γˆ(1)′ = γˆ(1) + [sˆ, γˆ(0)] + 2β0sˆ (6.94)
Let us make a few observations:
• From (6.88) and (6.92) follows the scheme independence of rˆT + Jˆ . Next, ~A(0) and
~A(1), obtained from the calculation in the full theory, are clearly independent of the
renormalization of operators. Consequently, the factor on the right hand side of Uˆ (0)
in ~C(µ) in (6.32), related to the “upper end” of the evolution, is independent of RS.
• The same is true for Uˆ (0) as γˆ(0) and β0 are scheme independent.
• ~C depends on RS through Jˆ to the left of Uˆ (0). This dependence is compensated for
by the corresponding scheme dependence of 〈 ~Q〉 in (6.86).
In the absence of operator mixing the relations between various quantities in two different
schemes simplify. Going back to C±(µ) in (6.8) we have
γ
(1)
±
′
= γ
(1)
± + 2β0s± , B
′
± = B± − s± , J ′± = J± − s± , (6.95)
where s± are constant numbers analogous to sˆ in (6.86).
Recalling
J± =
1
2β0
(
β1
β0
γ
(0)
± − γ(1)±
)
(6.96)
we verify the scheme independence of B± − J± in (6.8). Again the scheme dependence of
C±(µ) originates in the scheme dependence of J± present in the first factor in (6.8).
We should emphasize that the renormalization scheme dependence discussed here refers
to the renormalization of operators and should be distinguished from the renormalization
scheme dependence of αs discussed in section 4.7. The issue of the latter scheme dependence
in the context of OPE is discussed in detail at the end of section III in [17] and will not be
repeated here.
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6.8 Renormalization Scale Dependence
A physical amplitude cannot depend on the arbitrary renormalization scale µ. The µ-
dependence of the Wilson coefficients has to be canceled by the µ-dependence of the matrix
elements 〈Qi(µ)〉. Due to the mixing under renormalization this cancelation may involve
simultaneously several operators. Now, whereas Ci(µ) can be calculated in perturbation
theory, this is not the case for the matrix elements 〈Qi(µ)〉. Unfortunately, the existing
non-perturbative methods are still insufficient to study the µ-dependence of 〈Qi(µ)〉 and to
verify the µ-independence of physical amplitudes in explicit terms. Notable exceptions are
inclusive decays of heavy mesons like B → Xsγ and B → Xse+e−, where one can analyze
the cancellation of the µ-dependence using perturbative calculations of the relevant matrix
elements 〈Qi(µ)〉. We refer to [78, 77] for the full exposition of this issue in B → Xsγ and
B → Xse+e−. Here it sufficies to illustrate the cancellation of the µ dependence by consid-
ering a toy model in which only a single operator Q is present and its matrix element 〈Q(µ)〉
is calculated in perturbation theory.
Let us consider then the amplitude
A = 〈Heff 〉 = GF√
2
〈Q(µb)〉C(µb) (6.97)
with
C(µb) = U(µb, µW )C(µW ) (6.98)
where µb = O(mb) and µW = O(MW). We want to discuss the cancelation of the µb and µW
dependences in (6.97) and (6.98) in explicit terms.
Beginning with the leading logarithmic approximation we have
U(µb, µW ) = U
(0)(µb, µW ) =
[
αs(µW )
αs(µb)
] γ(0)
2β0
, C(µW ) = 1 . (6.99)
Moreover 〈Q(µb)〉 = 〈Q〉tree carries no µb dependence. Consequently in LO the amplitude
depends on µb and µW . Since αs(µb) ≫ αs(µW ), the µb-dependence is stronger than the
µW -dependence. If γ
(0)/2β0 is O(1) the µb-dependence of the resulting amplitudes and
branching ratios may be rather disturbing. Known example of such a situation is the strong
µb-dependence of the branching ratio Br(B → Xsγ) at LO. We will discuss this in detail in
section 12.
Let us next include NLO corrections. Now the various entries in (6.99) are generalized as
follows:
U(µb, µW ) = (1 +
αs(µb)
4π
J)U (0)(µb, µW )(1− αs(µW )
4π
J) (6.100)
C(µW ) = 1 +
αs(µW )
4π
(
γ(0)
2
ln
µ2W
M2W
+B
)
(6.101)
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〈Q(µb)〉 = 〈Q〉tree
[
1 +
αs(µb)
4π
(
γ(0)
2
ln
m2b
µ2b
+ r˜
)]
(6.102)
We can now show that the amplitude A in (6.97) is independent of µb and µW in O(αs).
Using the following useful formula
αs(m1)
αs(m2)
= 1 +
αs
4π
β0 ln
m22
m21
(6.103)
and keeping only logarithmic terms we can rewrite (6.100) as
U(µb, µW ) =
(
1 +
αs(µb)
4π
γ(0)
2
ln
µ2b
m2b
)[
αs(MW)
αs(mb)
] γ(0)
2β0
(
1 +
αs(µW )
4π
γ(0)
2
ln
M2W
µ2W
)
(6.104)
Inserting (6.101), (6.102) and (6.104) into (6.97) we find that µb and µW dependences cancel
at O(αs).
This simple example illustrates very clearly the virtue of NLO corrections. They reduce
considerably various µ-dependences present in the LO approximation. On the other hand we
recover the well known fact that at fixed order of perturbation theory there remain unphysical
µ-dependences which are of the order of the neglected higher order contributions. In our
simple example the leftover µb and µW dependences can be investigated numerically by
inserting expressions (6.100)–(6.102) into (6.97) and varying µb and µW say in the ranges
mb/2 ≤ µb ≤ 2mb and MW/2 ≤ µW ≤ 2MW, respectively. By comparing the result of this
exercise with an analogous exercise in LO one can on the one hand appreciate the importance
of NLO calculations. On the other hand the leftover µW and µb dependences at NLO give a
rough estimate of the theoretical uncertainty due to the truncation of the perturbative series.
We will illustrate all this with numerical examples at later stages in these lectures.
The µ–dependences discussed here are related to the renormalization group evolution
of the Wilson coefficients from high to low energy scales. This evolution originates in the
non-vanishing of the anomalous dimensions of the corresponding operators Qi. On the other
hand, as we have seen in section 4, the nonvanishing of the anomalous dimension γm of the
mass operator implies the µ–dependence of the quark masses, in particular mt(µt), mb(µb)
and mc(µc). These µ–dependences and their cancellation in decay amplitudes will be briefly
discussed in section 8 and in the phenomenological sections of these lectures.
6.9 Evanescent Operators
6.9.1 Origin of Evanescent Operators
In evaluating the anomalous dimensions of Q1 and Q2 we have used the Greek Method to
reduce the complicated Dirac structures given in (6.71)–(6.73) to Γ⊗ Γ. Since we were only
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interested in the 1/ε singularity in a one-loop diagram, this reduction has been performed
in D = 4 dimensions. In the case of two-loop calculations, in which the diagrams of fig. 16
are subdiagrams of the diagrams in fig. 17, this reduction has to be performed in arbitrary
D-dimensions. Indeed, in a two-loop diagram, the leading singularity is 1/ε2. The O(ε) terms
arising from reductions like (6.71)–(6.73) in arbitrary D-dimensions, when multiplied by 1/ε2,
will contribute to the 1/ε singularity relevant for the calculation of the two-loop anomalous
dimensions.
The question then is how to find O(ε) corrections to (6.71)–(6.73). I will follow here
the work done almost ten years ago in collaboration with Peter Weisz [48]. In this paper
we have proposed a simple method for finding these terms. Although more general methods
have been developed subsequently, I still think that our method is most useful for practical
purposes. Yet other methods [79, 80, 82, 81], in particular the one of Herrlich and Nierste
[80, 82, 81], give a deeper inside into these matters and I will briefly discuss them at the end
of this subsection.
The simplest method to find the O(ε) terms in question would be to apply the Greek
Method in D–dimensions. That is, evaluate (6.75) in D-dimensions in order to determine the
coefficient A. For instance in the case of (6.72) we would find 16 − 4ε instead of 16 when
using the NDR scheme for γ5. This is what has been done in [76]. Yet as pointed out in
[48], the mere replacement of 16 in (6.72) by 16 − 4ε with analogous replacements in (6.71)
and (6.73) would eventually give incorrect two-loop anomalous dimensions. As demonstrated
in [48] the correct procedure is to supplement the Greek Method in D dimensions by the
addition of other operators to the r.h.s of (6.71)–(6.73) which vanish in D = 4 dimensions.
Such operators are called evanescent operators.
We will explain the role of evanescent operators in the calculation of two-loop anomalous
dimensions below. First, however, we want to give the generalizations of (6.71)–(6.73) to
D 6= 4 dimensions. In the case of the NDR scheme for γ5 they are given as follows [48]
γµγρΓγ
ργµ ⊗ Γ = 4(1 − 2ε)Γ ⊗ Γ (6.105)
Γγργµ ⊗ Γγργµ = 4(4− ε)Γ⊗ Γ + ENDR (6.106)
Γγργµ ⊗ γµγρΓ = 4(1 − 2ε)Γ⊗ Γ− ENDR , (6.107)
where O(ε2) terms have been dropped. Identical results are found for the structures in
the second column of the set (6.71)–(6.73). ENDR stands for the evanescent operator given
explicitly by
ENDR =
1
2
[γµγρΓγ
ργµ ⊗ Γ + Γ⊗ γµγρΓγργµ − Γγργµ ⊗ γµγρΓ− γµγρΓ⊗ Γγργµ] (6.108)
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As one can verify using the Greek Method, ENDR vanishes in D = 4. In the case of HV and
DRED schemes the formulae (6.105)–(6.107) are modified and the evanescent operators have
more complicated structures. They can be found in [48]. It should be noted that there is no
contribution from evanescent operators to (6.105) in the NDR scheme.
From calculational point of view the insertions of evanescent operators into the relevant
diagrams are most efficiently evaluated by defining ENDR simply as the difference between the
structures on the l.h.s of (6.106) and (6.107) and the respective terms on the r.h.s involving
Γ⊗ Γ. We will demonstrate this explicitly below.
6.9.2 Including Evanescent Operators in the Master Formulae
In subsection 6.4 we have derived the master formulae (6.43) and (6.44) for the computation
of two loop anomalous dimensions. This derivation did not take into account the presence
of evanescent operators. Therefore in cases in which the contributions of these operators
matter, our formulae are strictly speaking incomplete. It is the purpose of the next few
pages to correct for it and to derive a procedure for the calculation of two-loop anomalous
dimensions which takes into account the evanescent operators. I follow here again my work
in collaboration with Peter Weisz [48].
Let us go back to the equation (6.49) which invoves the coefficients (F,G) and (FC , GC)
in the singularities of the two-loop diagrams and the corresponding counter-diagrams re-
spectively. The evaluation of F and G is still straightforward. Having the final result for a
two-loop diagram with complicated Dirac structure one can simply project on the space of
physical operators, denoted generically by Γ ⊗ Γ, by using the Greek method. In this way
one can easily deduce the coefficients of the terms proportional to Γ⊗ Γ . As an example let
us consider the Dirac structure resulting from the diagram (f) in fig. 17. Then the projection
by means of the Greek Method gives:
Γγµγνγργτ ⊗ Γγµγνγργτ = 16 (16− 14ε) Γ⊗ Γ . (6.109)
The treatment of counter-diagrams needs more care. After the evaluation of the subdiagrams
the 1/ε contributions are multiplied by the structures in (6.105)–(6.107) i.e. they include E
operators. Making projection onto Γ ⊗ Γ already at this stage would be incorrect. Indeed
inserting E into counter-diagrams of fig. 18, generates back the original operator Γ ⊗ Γ and
introduces a correction to GC and consequently a correction to two-loop anomalous dimension
of the original operator. It is precisely this correction which we have neglected in our master
formulae. We will now find how our method has to be modified in order to include the effects
of E-operators.
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For two-loop computation it is sufficient to consider the effects of mixing with the evanes-
cent operators specified in the previous subsubsection. However, higher loop computations
would require, in the NDR and HV schemes, consideration of an ever increasing number of
independent operators. Thus generally the renormalized operators in generic D- dimensions
are given by,
Oi = (Zˆ
−1)ijO
(0)
j . (6.110)
Let us consider the case where the set O
(0)
i includes the initial bare operators Q+ and Q−
introduced in section 5 which are expected not to mix under renormalization. In what
follows we will denote them by O
(0)
j with j = 1, 2, respectively. All operators Oj with
j > 2 correspond to evanescent operators. It is convenient to choose the basis such that the
operators O
(0)
j with j = 3, 4 respectively are the evanescent operators E
+, E−. As mentioned
above it is, for our purposes, not necessary to specify the basis further nor to give explicit
formulae of E±.
The renormalization matrix Zˆ has a perturbative expansion of the form,
Zˆ = 1ˆ +
αs
4π
Zˆ(1) +
α2s
4π
Zˆ(2) + ... (6.111)
Only the first four columns and first four rows of these (a priori infinite dimensional) matrices
are of interest here. The understanding of the form of the matrices Zˆ(1), Zˆ(2) is crucial. First
we have
Zˆ(1) =

∗ 0 ∗ 0
0 ∗ 0 ∗
∗ ∗ − −
∗ ∗ − −
 (6.112)
where a * denotes non-zero entries and the elements ”–” are of no interest to us. In particular
we have, Z
(1)
12 = Z
(1)
21 = 0. This situation need not, however, continue at higher loops, since
in generic D-dimensions the bare operators Q
(0)
± do not have definite Fierz transformation
properties in the NDR and HV schemes. Hence it can, and in fact does in the NDR and HV
schemes, happen that,
Z
(2)
12 6= 0, Z(2)21 6= 0 . (6.113)
At the same time, at the one-loop level not only do we have Z
(1)
31 6= 0, Z(1)42 6= 0 but to define
renormalized evanescent operators which can really be neglected in precisely 4-dimensions
one must, in general, take into account the mixing with operators of differing ’naive’ Fierz
symmetry i.e. it can happen that
Zˆ
(1)
32 6= 0, Zˆ(1)41 6= 0 . (6.114)
We will soon see that this is necessary so that the renormalized operators when restricted to
precisely 4-dimensions have the correct Fierz symmetry.
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Consider now the renormalization group equations for Green functions containing one
renormalized operator Oj insertion, in the regularized D-dimensional theory. They take the
standard form but due to the mixing with the evanescent bare operators, an anomalous
dimension matrix occurs
γˆ = Zˆ−1µ
∂
∂µ
Zˆ = Zˆ−1(−εg + β(g)) ∂
∂g
Zˆ. (6.115)
Expanding β(g), γˆ and Zˆ in powers of the renormalized coupling g as in the previous sections
we obtain from (6.115)
γˆ(0) = −2εZˆ(1), (6.116)
and at two loops,
γˆ(1) = −4εZˆ(2) − 2β0Zˆ(1) + 2εZˆ(1)Zˆ(1). (6.117)
Expanding the Zˆ(r) in inverse powers of ε,
Zˆ(1) = Zˆ
(1)
0 +
1
ε
Zˆ
(1)
1 Zˆ
(2) = Zˆ
(2)
0 +
1
ε
Zˆ
(2)
1 +
1
ε2
Zˆ
(2)
2 (6.118)
and using the fact that the anomalous dimension matrix has a finite limit for ε→ 0 we must
have the relation,
4Zˆ
(2)
2 + 2β0Zˆ
(1)
1 − 2Zˆ(1)1 Zˆ(1)1 = 0, (6.119)
which has been explicitly checked for the physical ± submatrix in [48]. We also get
γ(1) = −4Zˆ(2)1 − 2β0Zˆ(1)0 + 2(Zˆ(1)1 Zˆ(1)0 + Zˆ(1)0 Zˆ(1)1 ) . (6.120)
Note that we have introduced in (6.118) the nonsingular terms Zˆ
(1)
0 and Zˆ
(2)
0 in order to be
able to incorporate the effects of evanescent operators. In particular the presence of the finite
renormalization Zˆ
(1)
0 allows in the approach of [48] to remove the finite contributions from
evenescent operators to the matrix elements of physical operators. On the other hand, as we
will see in a moment, this finite renormalization has an impact on the two-loop anomalous
dimensions of the physical operators and consequently on their Wilson coefficients. In this
context we note that
(Zˆ
(1)
0 )ij = 0 (i, j = 1, 2) , (Zˆ
(1)
1 )31 = (Zˆ
(1)
1 )42 = 0. (6.121)
The latter property assures that 1/ε2 terms are not affected by the evanescent operators at
the two-loop level. Finally using the properties (6.112) and (6.121) in (6.120) we find
γ
(1)
+ = γ
(1)
11 = −4(Zˆ(2)1 )11 + 2(Zˆ(1)1 )13(Zˆ(1)0 )31 (6.122)
γ
(1)
− = γ
(1)
22 = −4(Zˆ(2)1 )22 + 2(Zˆ(1)1 )24(Zˆ(1)0 )42 (6.123)
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γ
(1)
+− = γ
(1)
12 = −4(Zˆ(2)1 )12 + 2(Zˆ(1)1 )13(Zˆ(1)0 )32 (6.124)
γ
(1)
−+ = γ
(1)
21 = −4(Zˆ(2)1 )21 + 2(Zˆ(1)1 )24(Zˆ(1)0 )41 (6.125)
The first term in (6.122) and (6.123) represents (after addition of wave function renormal-
ization) our master formula (6.43) which was obtained neglecting the mixing with the E-
operators. The remaining terms reflecting the mixing in question are the corrections we were
looking for.
Without these corrections and corresponding corrections in eqs. (6.124) and (6.125) the
renormalized operators Q± would not have the correct Fierz symmetry and they would mix
under renormalization at the two-loop level i.e. γ
(1)
+− and γ
(1)
−+ would be non-zero. The
inclusion of E-operators restores the Fierz symmetry and removes this mixing i.e. γ
(1)
+− =
γ
(1)
−+ = 0. This is explicitly demonstrated in [48].
Looking at the ’extra contribution’ from the evanescent operators, one realizes that it
is proportional to the contribution that the counter-terms involving an evanescent operator
insertion yield to the computation of Zˆ(2). This is precisely what we stated at the beginning
of this subsubsection. Note however, that the correction terms in eq. (6.122) and (6.123) are
by factor 2 smaller than the corresponding counter-terms (involving Q± operators) present
in the main terms. In the language of diagrams the result just means that in calculating
γ(1) the contributions to counter-term diagrams involving an evanescent operator should be
multiplied by a factor 1/2.
6.9.3 How to Use the Improved Master Formulae
We can now summarize the improved procedure for the calculation of the two-loop anomalous
dimensions.
Step 1:
Calculate the full two-loop diagrams and project the Dirac structures onto the physical
operators by means of the Greek Method. This gives in particular the coefficient G in (6.49).
Step 2:
Calculate the usual contribution to the counter-term by taking the relevant subdiagram
of a given two-loop diagram, projecting it on to the physical operators Γ ⊗ Γ by means of
the Greek Method, inserting the result of this projection into the remaining subdiagram of
a given two-loop diagram and projecting the resulting expression again on to the physical
operators by means of the Greek Method. This step gives the first part of GC in (6.49). We
will denote it by GaC .
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Step 3:
Calculate the contribution of the evanescent operator to the counter diagram by simply
inserting the difference of the two structures in (6.106) or (6.107), which define E, into the
remaining one-loop subdiagram of a given two-loop diagram and project the result onto the
physical operators by means of the Greek Method. This step gives the correction to the
counter-term. We will denote the coefficient of 1/ε from this part by GbC .
Then the two loop anomalous dimension matrix is found by calculating
γ
(1)
ij = −4[2a2δij + (G−GaC −
1
2
GbC)ij ]. (6.126)
Note the factor 1/2 in the evanescent contribution. Formula (6.126) generalizes the master
formula (6.43) to include the contributions of evanescent operators.
Let us illustrate this procedure by calculating the contribution of the diagram (f) in fig. 17
and of its counter-diagram (f) in fig. 18 to the two–loop anomalous dimension of the operator
with the Dirac structure γµ(1− γ5)⊗ γµ(1− γ5). We drop the colour factors in what follows.
Step 1:
Calculating the diagram 17f, using the projection (6.109) and multiplying by two (inclu-
sion of the symmetric counterpart) one finds [48]
F = 16 , G = 66 (6.127)
with (F,G) defined in (6.49)
Step 2:
We first calculate the diagram 16b, as in (6.65). We find
D(1)b = −
αs
4π
[
1
4
1
ε
]
(1 + 2ε) [Γγργµ ⊗ Γγργµ] , (6.128)
where (1 + 2ε) is an additional correction to the integral (6.62), which has to be kept now.
In order to find GaC we first project D(1)b on Γ⊗Γ by using the Greek Method and keeping
only the divergent part:
[D(1)b ]div = −
αs
4π
[
1
4
1
ε
]
16 Γ⊗ Γ . (6.129)
Inserting this into diagram 18f gives by means of (6.128)
I
(a)
C =
(
αs
4π
)2 [1
4
1
ε
]2
(1 + 2ε) [Γγργµ ⊗ Γγργµ] . (6.130)
Using next the projection
Γγργµ ⊗ Γγργµ = 4(4− ε)Γ⊗ Γ (6.131)
and including the symmetric counterpart of 18f gives
I
(a)
C =
(
αs
4π
)2 [32
ε2
+
56
ε
]
Γ⊗ Γ (6.132)
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where finite terms have been dropped. Consequently
F aC = 32 , G
a
C = 56 (6.133)
Step 3:
In order to calculate GbC we take first the evanescent part of D(1)b . Dropping the O(ε)
from the integral (it contributes only to finite parts of I
(b)
C ) we have
[D(1)b ]ev = −
αs
4π
[
1
4
1
ε
]
[Γγργµ ⊗ Γγργµ − 4(4− ε)Γ⊗ Γ] , (6.134)
where we have used (6.106). Inserting [D(1)b ]ev into the diagram 18f and multiplying by two
for the symmetric counterpart we get
I
(b)
C = 2
(
αs
4π
)2 [1
4
1
ε
]2
(1+2ε) [Γγργµγνγτ ⊗ Γγργµγνγτ − 4(4− ε)Γγνγτ ⊗ Γγνγτ ] . (6.135)
Projecting on Γ⊗ Γ by means of (6.109) and (6.106) we obtain
I
(b)
C =
(
αs
4π
)2 [
−12
ε
]
Γ⊗ Γ (6.136)
and
F bC = 0 , G
b
C = −12. (6.137)
We observe that the 1/ε2 singularity is unaffected by the evanescent contribution. We can
now calculate the relevant combination in (6.126) to be
G−GaC −
1
2
GbC = 16 , (6.138)
which is precisely the 1/ε singularity given in table 3 (diagram 5) of [48]. Also the 1/ε2
singularity F − F aC = −16 agrees with [48] and FC = 2F as promised after (6.49). Great!
Everything works! I hope you are now motivated to calculate the remaining 26 two–loop
diagrams and corresponding counter-diagrams necessary to reproduce the matrix (6.52). Ac-
tually the calculation of counter-diagrams is rather straightforward. The difficult part is the
calculation of the two–loop diagrams, like the ones in fig. 17.
6.9.4 Evanescent Scheme Dependences
The definition of evanescent operators is not unique as stressed by Dugan and Grinstein [79]
and in particular by Herrlich and Nierste [80]. As an example consider the Dirac structure
on the l.h.s of (6.106). Following [80] we can generalize this formula to
Γγργµ ⊗ Γγργµ = (16 + aε)Γ⊗ Γ + ENDR(a) (6.139)
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where “a” is an arbitrary parameter, which defines the evanescent operator ENDR(a). For
a = −4 the definition in (6.106) is chosen.
Now as the preceeding discussion has shown, the presence of evanescent operators in-
fluences the two-loop anomalous dimensions of physical operators Γ ⊗ Γ. Consequently as
emphasized in [80], the arbitrariness in the definition of the evanescent operators translates
into an additional scheme dependence of two-loop anomalous dimensions which can be ef-
fectively parametrized by “a” in (6.139). Therefore, when giving the results for two-loop
anomalous dimensions, it is not sufficient to state simply that they correspond to NDR,
HV or any other renormalization scheme. One has to specify in addition the definition of
evanescent operators. This is essential as this scheme dependence of two-loop anomalous
dimensions can only be cancelled in physical amplitudes by the corresponding scheme depen-
dences present in the matching conditions (for instance B±) at scales O(MW) and by the one
present in the finite matrix elements of operators at scales O(µ).
This means that the treatment of evanescent operators in the process of matching and in
the calculation of matrix elements of operators at scales O(µ) must be consistent with the
one used in the calculation of two-loop anomalous dimensions. This issue is elaborated at
length in [80, 81, 82] and in the appendix B of [100]. See also the appendix of [102].
There are two virtues of the definition of evanescent operators proposed by Weisz and
myself and discussed in detail above:
• The evanescent operators defined in [48] influence only two-loop anomalous dimensions.
By definition they do not contribute to the matching and to the finite corrections to
matrix elements at scales O(µ). They are simply subtracted away in the process of
renormalization.
• As a consequence of this, the Fierz symmetry is preserved separately in two-loop anoma-
lous dimensions, matching conditions and matrix elements at scales O(µ).
The second property assures that the operators Q+ and Q− do not mix under renormalization
separately in two-loop anomalous dimensions, in the matching conditions and in the matrix
elements so that objects like B+−, B−+, γ
(1)
+−, γ
(1)
−+ are assured to vanish in this scheme. In
other schemes (see [79]) this is not the case and the Fierz symmetry is only recovered after
the two-loop anomalous dimensions are combined with the matching conditions which makes
the calculations unnecessarily rather involved.
Now comes the most important message of this subsection: most of the existing NLO cal-
culations adopt the definition of evanescent operators in [48] and all the two-loop anomalous
dimensions and matching conditions given in these lectures and in the review [17] correspond
to this definition.
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7 The Effective ∆F = 1 Hamiltonian: Current-Current
Operators
7.1 Basic Formalism
Let us summarize the results for the coefficients C1,2(µ) of the current-current operators Q1,2
discussed extensively in the previous two sections and let us evaluate them for the cases of
∆B = 1, ∆C = 1 and ∆S = 1 decays.
To be specific let us consider
Q1 = (b¯αcβ)V −A(u¯βdα)V−A Q2 = (b¯αcα)V−A(u¯βdβ)V−A (7.1)
Q1 = (s¯αcβ)V −A(u¯βdα)V−A Q2 = (s¯αcα)V −A(u¯βdβ)V −A (7.2)
Q1 = (s¯αuβ)V −A(u¯βdα)V−A Q2 = (s¯αuα)V−A(u¯βdβ)V−A (7.3)
for ∆B = 1, ∆C = 1 and ∆S = 1 decays respectively.
The corresponding effective Hamiltonians are given by
Heff(∆B = 1) =
GF√
2
V ∗cbVud[C1(µ)Q1 + C2(µ)Q2] (µ = O(mb)) (7.4)
Heff (∆C = 1) =
GF√
2
V ∗csVud[C1(µ)Q1 + C2(µ)Q2] (µ = O(mc)) (7.5)
Heff (∆S = 1) =
GF√
2
V ∗usVud[C1(µ)Q1 +C2(µ)Q2] (µ = O(1GeV)) (7.6)
In subsequent sections the Hamiltonian (7.6) will be generalized to include also penguin
operators. The Hamiltonians (7.4) and (7.5) having operators built out of four different
flavours are unaffected by penguin contributions. On the other hand there are other ∆B = 1
and ∆C = 1 Hamiltonians which contain important penguin contributions. A well known
example is the Hamiltonian for B → Xsγ decay which will be analyzed in detail in section 12.
However, the inclusion of penguin operators does not change the Wilson coefficients C1,2(µ).
In a numerical analysis it is convenient to work with the operatorsQ± and their coefficients
z± defined by
Q± =
1
2
(Q2 ±Q1) z± = C± = C2 ± C1 . (7.7)
Q+ and Q− do not mix under renormalization and
z±(µ) =
[
1 +
αs(µ)
4π
J±
] [
αs(MW )
αs(µ)
]d± [
1 +
αs(MW )
4π
(B± − J±)
]
(7.8)
with
J± =
d±
β0
β1 − γ
(1)
±
2β0
, d± =
γ
(0)
±
2β0
, (7.9)
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γ
(0)
± = ±12
N ∓ 1
2N
, (7.10)
γ
(1)
± =
N ∓ 1
2N
[
−21± 57
N
∓ 19
3
N ± 4
3
f − 2β0κ±
]
, (7.11)
B± =
N ∓ 1
2N
[±11 + κ±] . (7.12)
The parameters κ±, introduced in [89], distinguish between various renormalization schemes.
In particular
κ± =

0 NDR
∓4 HV
∓6− 3 DRED
. (7.13)
We recall that B±−J± is scheme independent and the scheme dependence of z±(µ) originates
entirely from the scheme dependence of J± at the lower end of the evolution in (7.8). Using
N = 3 one has
J± = (J±)NDR +
3∓ 1
6
κ± = (J±)NDR ±
γ
(0)
±
12
κ± . (7.14)
In order to exhibit the µ dependence at the same footing as the scheme dependence, it is
useful to rewrite (7.8) in the case of B-decays as follows:
z±(µ) =
[
1 +
αs(mb)
4π
J˜±(µ)
] [
αs(MW )
αs(mb)
]d± [
1 +
αs(MW )
4π
(B± − J±)
]
(7.15)
with
J˜±(µ) = (J±)NDR ± γ
(0)
±
12
κ± +
γ
(0)
±
2
ln(
µ2
m2b
) (7.16)
summarizing both the renormalization scheme dependence and the µ–dependence. Note that
in the first parenthesis in (7.15) we have set αs(µ) = αs(mb) as the difference in the scales in
this correction is still of a higher order. We also note that the scheme and the µ–dependent
terms are both proportional to γ
(0)
± . This implies that the change of renormalization scheme
can be compensated by the change in µ. From (7.16) we find generally
µ±i = µNDR exp
∓κ(i)±
12
 (7.17)
where i denotes a given scheme. From (7.13) we have then
µHV = µNDR exp
(
1
3
)
µ±DRED = µNDR exp
(
2± 1
4
)
(7.18)
Evidently whereas the change in µ relating HV and NDR is the same for z+ and z− and
consequently for Ci(µ), the relation between NDR and DRED is more involved. In any case
µHV and µ
±
DRED are larger than µNDR. This discussion shows that a meaningful analysis of
the µ dependence of Ci(µ) can only be made simultaneously with the analysis of the scheme
dependence. This observation will be important for the analysis of two-body B-decays in
section 9.
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7.2 Numerical Results for B-Decays
For B-decays we have simply:
C1(µ) =
z+(µ)− z−(µ)
2
C2(µ) =
z+(µ) + z−(µ)
2
(7.19)
We set f = 5 in the formulae above and use the two-loop αs(µ) of (4.70) with Λ
(5)
MS
. The
results for LO and NLO in NDR and HV schemes are shown in the table 4.
Table 4: The coefficients C1,2(µ) for B-decays at µ = mb(mb) = 4.40GeV
Λ
(5)
MS
= 160MeV Λ
(5)
MS
= 225MeV Λ
(5)
MS
= 290MeV
Scheme LO NDR HV LO NDR HV LO NDR HV
C1 –0.270 –0.169 –0.206 –0.295 –0.184 –0.226 –0.317 –0.198 –0.243
C2 1.119 1.071 1.089 1.132 1.078 1.100 1.144 1.085 1.109
7.3 Numerical Results for D- and K-Decays
In the case of D-decays and K-decays the relevant scales are µ = O(mc) and µ = O(1GeV),
respectively and consequently a more complicated formula with thresholds should in principle
be used. Yet it is possible to use the following trick which avoids these complications. We can
simply use the master formulae given above with Λ
(5)
MS
replaced by Λ
(4)
MS
and an “effective”
number of active flavours f = 4.15. The latter effective value for f allows to obtain an
agreement with the exact results to better than 1.5%. The results are shown in the table
5 for Λ
(4)
MS
= 325MeV. The calculation for different values of Λ
(4)
MS
is left as a homework
problem.
Table 5: C1,2(µ) for K-decays and D-decays and Λ
(4)
MS
= 325MeV.
C1(µ) C2(µ)
µ[GeV] LO NDR HV LO NDR HV
1.00 –0.742 –0.510 –0.631 1.422 1.275 1.358
1.25 –0.636 –0.430 –0.523 1.346 1.221 1.282
1.50 –0.565 –0.378 –0.457 1.298 1.188 1.237
1.75 –0.514 –0.340 –0.410 1.264 1.165 1.207
2.00 –0.475 –0.311 –0.375 1.239 1.148 1.185
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7.4 Discussion
Let us make a few remarks:
• The scheme dependence of the Wilson coefficients is sizable. In particular for C1 which
vanishes in the absence of QCD corrections.
• The differences between LO and NLO results in the case of C1 are large showing the
importance of NLO corrections. Roughly half of this difference is due to the fact
that for the chosen values of ΛMS one has α
(LO)
s (MZ) = 0.135 to be compared with
αs(MZ) = 0.118 ± 0.005 .
• It is important to keep in mind that these features are specific to the schemes chosen.
We will use the results of this section in the analysis of two-body non-leptonic B-decays
in section 9.
8 Generalizations
8.1 Preliminaries
In section 5.7 we have made a strategy for the generalizations of the simple LO effective
Hamiltonian involving only the current-current operators Q1 and Q2. In the previous two
sections we have extended the analysis of section 5 by calculating NLO corrections to the
Wilson coefficients C1,2(µ). The goal of the present section is a description of further gen-
eralizations of weak effective Hamiltonians which will include other operators mentioned in
Section 3. Except for an explicit calculation of one-loop anomalous dimensions of penguin
operators, we will mainly discuss new features skeeping often derivations. Indeed, this section
should be considered as a guide to the weak effective Hamiltonians. Further details can be
found in the cited literature and in the phenomenological sections of these lectures.
8.2 K+ → pi+νν¯
Let us begin with the rare decay K+ → π+νν¯. It proceeds through penguin and box diagrams
with internal charm and top exchanges. The internal u-quark contribution is needed only for
the GIM mechanism but can otherwise be neglected. Let us concentrate here on the internal
top contribution. We will briefly discuss the charm contribution in sections 8.9 and 13.
The relevant effective Hamiltonian without QCD corrections has been constructed already
in Section 3. It is given in (3.47). Since the relevant operator is a product of a quark and
a leptonic current, its anomalous dimension vanishes. This simplifies the QCD analysis
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considerably. There is no renormalization group evolution from high-energy scales to low
energy scales and the calculation of the relevant Wilson coefficient amounts to the matching
of the full to the effective theory at scales O(MW,mt). The most difficult task here is
the calculation of gluon corrections to the Z0-penguin and the relevant box diagram. It
is a two-loop calculation with massive W± and top quark propagators. In order to keep
gauge invariance, fictitious φ± Goldstone bosons, in place of W± propagators have to be
also included. Moreover, looking back at the Feynman rules (2.14) and (2.15), it is evident
that for a heavy top quark these are precisely the dominant contributions. Examples of
contributing two-loop diagrams are given in fig. 19. This calculation, involving roughly 40
two-loop diagrams, is rather tedious, but can be done analytically due to the fact that the
presence of heavy internal propagators allows to set the external quark momenta and masses
to zero. The infrared divergences can then be regulated dimensionally.
The effect of the inclusion of QCD corrections to the effective Hamiltonian (3.47) amounts
to the replacement of the function X0(xt) by a corrected function X(xt) given below. We
have then
Heff = GF√
2
α
2π sin2ΘW
∑
l=e,µ,τ
V ∗tsVtdX(xt) Q(νν¯) (8.1)
where
Q(νν¯) = (s¯d)V−A(ν¯lνl)V−A (8.2)
and
X(xt) = X0(xt) +
αs
4π
X1(xt) (8.3)
with
xt =
m2t (µt)
M2W
, µt = O(mt). (8.4)
Here m2t (µt) is the running top quark mass defined at the scale µt. Next [45]
X0(xt) =
xt
8
[
xt + 2
xt − 1 +
3xt − 6
(xt − 1)2 lnxt
]
(8.5)
is the leading contribution considered before and [65, 98]
X1(xt) = − 23xt + 5x
2
t − 4x3t
3(1− xt)2 +
xt − 11x2t + x3t + x4t
(1− xt)3 lnxt
+
8xt + 4x
2
t + x
3
t − x4t
2(1 − xt)3 ln
2 xt − 4xt − x
3
t
(1− xt)2L2(1− xt)
+ γ(0)m xt
∂X0(xt)
∂xt
ln
µ2t
M2W
(8.6)
with
L2(1− x) =
∫ x
1
dt
ln t
1− t . (8.7)
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Figure 19: Examples of two-loop diagrams contributing to K+ → π+νν¯.
results from the two-loop calculation discussed briefly above.
The µt–dependence of the last term in (8.6) cancels at O(αs) the µt–dependence of the
leading term X0(xt(µt)). Varying µt in the range 100GeV ≤ µt ≤ 300GeV gives a theoretical
uncertainty of ±10% in Br(K+ → π+νν¯) at LO which is reduced to ±1% when the QCD
correction in (8.3) is included. For µt = mt, the complete function X(xt) can be written as
X(xt) = ηX ·X0(xt), ηX = 0.985, (8.8)
with the QCD factor ηX practically independent of mt and ΛMS. Thus for this choice of µt
the QCD corrections turn out to be small. They are larger for µt = O(MW) without changing
the final result. That is, the contributions of X0 and X1 to the full function X depend on
the particular value of µt but the full result is practically independent of µt after the NLO
corrections have been included. We will return to the phenomenological aspects of this decay
in section 13, where we will derive the expression for Br(K+ → π+νν¯).
8.3 B0d − B¯0d Mixing
8.3.1 Preliminaries
The next generalization on our list is the B0d − B¯0d mixing, which proceeds to an excellent
approximation only through box diagrams with internal top quark exchanges. The contribu-
tions of the internal u and c quarks are only needed for GIM mechanism. Otherwise they can
be set to zero due to the smallness of mu and mc relative to mt. The effective Hamiltonian
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Heff(∆B = 2) for B0d − B¯0d mixing, relevant for scales µb = O(mb) is given by
H∆B=2eff =
G2F
16π2
M2W (V
∗
tbVtd)
2 CQ(µb)Q(∆B = 2) + h.c. (8.9)
where
Q(∆B = 2) = (b¯αdα)V−A(b¯βdβ)V−A . (8.10)
(8.9) can be easily derived by using the rules of Section 3. In the absence of QCD corrections
one finds
CQ = S0(xt) (8.11)
where
S0(xt) =
4xt − 11x2t + x3t
4(1− xt)2 −
3x3t lnxt
2(1 − xt)3 (8.12)
is a function analogous to X0(xt) in (8.5).
8.3.2 LO Analysis
The study of QCD corrections to B0d − B¯0d mixing is more involved than in the case of the
top contribution to K+ → π+νν¯ as the operator Q(∆B = 2), in contrast to Q(νν¯), carries
a non-vanishing anomalous dimension γQ. This anomalous dimension can be shown to be
equal to the anomalous dimension of the operator Q+ considered in the previous sections.
Indeed, in the case at hand the Q1 and Q2 operators are given by
Q1(∆B = 2) = (b¯αdβ)V −A(b¯βdα)V−A, Q2(∆B = 2) = Q(∆B = 2) . (8.13)
and using Fierz symmetry we have
Q1(∆B = 2) = Q(∆B = 2). (8.14)
Consequently
Q+ =
Q2 +Q1
2
= Q(∆B = 2) , Q− =
Q2 −Q1
2
= 0 (8.15)
and γQ = γ+. In particular, in LO
γQ = γ
(0)
Q
αs
4π
, γ
(0)
Q = γ
(0)
+ = 4 . (8.16)
This in turn implies
CQ(µb) = U
(0)(µb, µW )CQ(µW ), (8.17)
U (0)(µb, µW ) =
[
αs(µW )
αs(µb)
] γ(0)Q
2β0
, CQ(µW ) = S0(xt) (8.18)
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where β0 = 23/3. Thus in LO the Wilson coefficient CQ(µb) is given by
CQ(µb) =
[
αs(µW )
αs(µb)
]6/23
S0(xt). (8.19)
Before going to the NLO case, let us calculate the matrix element
〈B¯0|H∆B=2eff |B0〉 =
G2F
16π2
M2W (V
∗
tbVtd)
2 CQ(µb)〈B¯0|Q(∆B = 2)(µb)|B0〉 (8.20)
where
〈B¯0|Q(∆B = 2)(µb)|B0〉 ≡ 8
3
BB(µb)F
2
Bm
2
B (8.21)
and FB is the B-meson decay constant. (8.20) will be an important quantity in Section 10.
The µb–dependent parameter BB(µb) parametrizes the non-perturbative effects in the
hadronic matrix element of the operator Q(∆B). Its value is O(1). In phenomanological
applications it is useful to define two µb–independent quantities:
η
(0)
B = [αs(µW )]
6/23 , Bˆ
(0)
B = BB(µb) [αs(µb)]
−6/23 . (8.22)
Then:
〈B¯0|H∆B=2eff |B0〉 =
G2F
6π2
M2W (V
∗
tbVtd)
2 Bˆ
(0)
B F
2
Bm
2
Bη
(0)
B S0(xt) (8.23)
We note that there is a left over µW –dependence in ηB and µt dependence in S0(xt(µt). In
order to reduce these dependences we have to include NLO corrections.
8.3.3 NLO Analysis
Applying the standard procedure of matching one finds [90]
CQ(µW ) = S0(xt) +
αs(µW )
4π
[S1(xt) + F (µW , µt)S0(xt) +BtS0(xt)] (8.24)
F (µW , µt) =
γ
(0)
Q
2
ln
µ2W
M2W
+ γ(0)m xt
∂S0(xt)
∂xt
ln
µ2t
M2W
(8.25)
Bt = 5
N − 1
2N
+ 3
N2 − 1
2N
(NDR) (8.26)
S1(xt) = Complicated Function (8.27)
The function S1(xt) given in (XII.12) of ref. [17] is a result of a two-loop calculation [90]
involving gluon corrections to the box diagrams. Typical diagrams are shown in fig. 20. The
interested reader should consult the detailed analysis in [90] where a spectacular cancellation
of infrared divergences and gauge dependences present in the diagrams of the full theory is
achieved by the corresponding diagrams in the effective theory.
102
WW
b d
d b
t tg
(a)
W
W
b d
d b
t t
g
(b)
Figure 20: Examples of two-loop diagrams contributing to B0d − B¯0d mixing.
The second log in F (µW , µt) cancels the µt dependence in S0(xt) in analogy to a similar
logarithm in (8.6). The first logarithm in (8.25) cancels the µW dependence present in
U (0)(µb, µW ). For µW = µt the formulae given above reduce to the ones given in [90] and
[17]. But as discussed already there, µW and µt can differ from each other and for pedagogical
reasons we do not put them equal here.
The NLO evolution function is given simply by
U(µb, µW ) =
[
1 +
αs(µb)
4π
J5
]
U (0)(µb, µW )
[
1− αs(µW )
4π
J5
]
(8.28)
with
J5 = J+ = 1.627 (NDR, f = 5). (8.29)
We can now define µb and µW independent quantities at the NLO level, which moreover
are renormalization scheme independent:
ηB = [αs(µW )]
6/23
[
1 +
αs(µW )
4π
(
S1(xt)
S0(xt)
+ F (µW , µt) +Bt − J5
)]
, (8.30)
BˆB = BB(µb)
[
α(5)s (µb)
]−6/23 [
1 +
α
(5)
s (µb)
4π
J5
]
. (8.31)
Then:
〈B¯0|H∆B=2eff |B0〉 =
G2F
6π2
M2W (V
∗
tbVtd)
2 BˆBF
2
Bm
2
BηBS0(xt) . (8.32)
It should be noted that both ηB and S0(xt) depend on µt but the product ηB · S0(xt)
is µt-independent in O(αs) as the second logarithm in (8.25) cancels the µt dependence in
S0(xt(µt)). If one varies µt in the range 100 GeV ≤ µt ≤ 300 GeV, the µt dependence of
〈B¯0|H∆B=2eff |B0〉 amounts in LO to ±9% and is reduced to ±1% in NLO.
It is customary to evaluate ηB at µt = µW = mt, then practically ηB is independent of
mt and the full mt dependence of B
0
d − B¯0d mixing resides in S0(xt) with mt(mt). Then for
αs(MZ) = 0.118 ± 0.03 one has
ηB = 0.55 ± 0.01 (8.33)
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where the error includes also the leftover scale uncertainties, which can only be reduced by
calculating O(α2s) corrections.
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Figure 21: One loop penguin and box diagrams in the full theory.
8.4 QCD Penguins
8.4.1 Operators
The next generalization involves the inclusion of penguin operators in ∆F = 1 transitions.
They originate in the QCD penguin diagram (a) of fig. 21. Evaluating this diagram one can
clearly see that there are two colour structures as in the case of Q1 and Q2. They follow
simply from the decomposition
T aαβT
a
γρ = −
1
2N
δαβδγδ +
1
2
δαδδγβ (8.34)
The upper effective FCNC vertex in the penguin diagram has V − A structure as seen in
the rules of Section 3. The lower vertex is vectorial (V ). It turns out however that the
renormalization of the operators with the Dirac structure (V −A)⊗V requires the introduction
of two new operators with the Dirac structure (V −A)⊗A and the colour structures as the
(V −A)⊗ V operators. Indeed, when the (V −A)⊗ V operators are inserted into the Green
functions of fig. 22 two new operators in question are generated. The full set of operators
which closes under renormalization consists then of two current-current operators (Q1, Q2)
and the four penguin operators. It is customery to work with the (V − A) ⊗ (V − A) and
(V − A) ⊗ (V + A) penguin operators rather than with the (V − A) ⊗ V and (V − A) ⊗ A
structures. Then the basis of the operators necessary for the description of ∆B = 1 decays
with ∆S = 1 is given (in the limit α ≡ αQED = 0) as follows:
Current–Current:
Q1 = (c¯αbβ)V−A (s¯βcα)V −A Q2 = (c¯b)V −A (s¯c)V−A (8.35)
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QCD–Penguins :
Q3 = (s¯b)V−A
∑
q=u,d,s,c,b
(q¯q)V−A Q4 = (s¯αbβ)V−A
∑
q=u,d,s,c,b
(q¯βqα)V−A (8.36)
Q5 = (s¯b)V −A
∑
q=u,d,s,c,b
(q¯q)V+A Q6 = (s¯αbβ)V−A
∑
q=u,d,s,c,b
(q¯βqα)V+A (8.37)
The corresponding operators for other B–decays and the D- and K-decays can be obtained
from this basis by an appropriate change of flavours.
8.4.2 Effective Hamiltonian
The effective Hamiltonian for ∆B = 1 decays with ∆S = 1 is given then by
Heff (∆B = 1) =
GF√
2
[
λu(C1(µb)Q
u
1 + C2(µb)Q
u
2) + λc(C1(µb)Q
c
1 + C2(µb)Q
c
2)
−λt
6∑
i=3
Ci(µ)Qi
]
, (8.38)
where
λq = V
∗
qsVqb (8.39)
and
Qq1 = (q¯αbβ)V −A(s¯βqα)V−A , Q
q
2 = (q¯αbα)V−A(s¯βqβ)V−A . (8.40)
In particular Qci = Qi in (8.35).
8.4.3 Wilson Coefficients
The calculation of the Wilson coefficients Ci(µb) of the QCD penguin operators proceeds as
outlined in Section 6.3.
The matching at µW =MW gives, in the presence of the penguin diagrams, the values of
~C(MW). In the NDR scheme they are given by:
C1(MW) =
11
2
αs(MW)
4π
, (8.41)
C2(MW) = 1− 11
6
αs(MW)
4π
, (8.42)
C3(MW) = −αs(MW)
24π
E˜0(xt) , (8.43)
C4(MW) =
αs(MW)
8π
E˜0(xt) , (8.44)
C5(MW) = −αs(MW)
24π
E˜0(xt) , (8.45)
C6(MW) =
αs(MW)
8π
E˜0(xt) , (8.46)
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where
E0(xt) = −2
3
lnxt +
xt(18 − 11xt − x2t )
12(1 − xt)3 +
x2t (15− 16xt + 4x2t )
6(1− xt)4 lnxt , (8.47)
E˜0(xt) = E0(xt)− 2
3
(8.48)
with
xt =
m2t
M2W
. (8.49)
C1,2(MW) are simply obtained using (6.3) and (7.12). We will derive the QCD penguin
coefficients Ci(MW) (i = 4−6) two pages below. The constant −2/3 in (8.48) is characteristic
for the NDR scheme. It is absent in the HV scheme. In LO C2(MW) = 1 with all remaining
coefficients set to zero. We observe that the mt-dependence in the case at hand enters first
at the NLO level.
The anomalous dimension matrix is 6× 6:
γˆs(αs) = γˆ
(0)
s
αs
4π
+ γˆ(1)s
(
αs
4π
)2
. (8.50)
The one loop coefficient γˆ
(0)
s is given for N = 3 by [84]
γˆ(0)s =

−2 6 0 0 0 0
6 −2 −29 23 −29 23
0 0 −229
22
3
−4
9
4
3
0 0 6− 2f9 −2 + 2f3 −2 f9 2f3
0 0 0 0 2 −6
0 0 −2f9
2f
3
−2f
9 −16 + 2f3

(8.51)
The explicit calculation of this matrix is given in subsection 8.5.
The two-loop anomalous dimension matrix γˆ
(1)
s in the NDR scheme looks truly horrible:
−212 − 2 f9 72 + 2 f3 799 −73 −659 −73
7
2 +
2 f
3 −212 − 2 f9 −202243 135481 −1192243 90481
0 0 −5911486 + 71 f9 5983162 + f3 −2384243 − 71 f9 180881 − f3
0 0 37918 +
56 f
243 −916 + 808 f81 −1309 − 502 f243 −143 + 646 f81
0 0 −61 f9
−11 f
3
71
3 +
61 f
9 −99 + 11 f3
0 0 −682 f243
106 f
81 −2252 + 1676 f243 −13436 + 1348 f81

(8.52)
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The corresponding matrix in the HV scheme can be found in [68]. These two loop matrices
have been first calculated in [68, 74, 75]. The result in the NDR scheme has been confirmed
subsequently in [110].
With all these results at hand one can now evaluate Ci(µb) by using
~C(µb) = Uˆ5(µb,MW) ~C(MW) (8.53)
with Uˆ5(µb,MW) given in (6.26). With the help of Mathematica we find
Cj(µb) = C
(0)
j (µb) +
αs(µb)
4π
C
(1)
j (µb) (8.54)
where
C
(0)
j (µb) =
8∑
i=3
kjiη
ai (8.55)
C
(1)
j (µb) =
8∑
i=3
[ejiηE0(xt) + fji + gjiη]η
ai (8.56)
with
η =
[
αs(MW)
αs(µb)
]
. (8.57)
The magic numbers ai, kij , eij , fij and gij are collected in tables 6 and 7. The indices i = 1, 2
in these tables are reserved for magnetic penguin operators discussed in sections 8.7 and 12.
These tables have been calculated by means of the methods developed in sections 6 and 7.
Table 6: Magic Numbers.
i 3 4 5 6 7 8
ai
6
23 −1223 0.4086 −0.4230 −0.8994 0.1456
k1i
1
2 −12 0 0 0 0
k2i
1
2
1
2 0 0 0 0
k3i − 114 16 0.0510 −0.1403 −0.0113 0.0054
k4i − 114 −16 0.0984 0.1214 0.0156 0.0026
k5i 0 0 −0.0397 0.0117 −0.0025 0.0304
k6i 0 0 0.0335 0.0239 −0.0462 −0.0112
8.4.4 Matching Conditions for QCD Penguins
It is instructive to derive the matching conditions for QCD penguin operators in (8.43)–
(8.46). In particular it is useful to see how the scheme dependent constant −2/3 is generated.
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Table 7: More Magic Numbers.
i 3 4 5 6 7 8
ai
6
23 −1223 0.4086 −0.4230 −0.8994 0.1456
e1i 0 0 0 0 0 0
f1i 0.8136 0.7142 0 0 0 0
g1i 1.0197 2.9524 0 0 0 0
e2i 0 0 0 0 0 0
f2i 0.8136 −0.7142 0 0 0 0
g2i 1.0197 −2.9524 0 0 0 0
e3i 0 0 0.1494 −0.3726 0.0738 −0.0173
f3i −0.0766 −0.1455 −0.8848 0.4137 −0.0114 0.1722
g3i −0.1457 −0.9841 0.2303 1.4672 0.0971 −0.0213
e4i 0 0 0.2885 0.3224 −0.1025 −0.0084
f4i −0.2353 −0.0397 0.4920 −0.2758 0.0019 −0.1449
g4i −0.1457 0.9841 0.4447 −1.2696 −0.1349 −0.0104
e5i 0 0 −0.1163 0.0310 0.0162 −0.0975
f5i 0.0397 0.0926 0.7342 −0.1262 −0.1209 −0.1085
g5i 0 0 −0.1792 −0.1221 0.0213 −0.1197
e6i 0 0 0.0982 0.0634 0.3026 0.0358
f6i −0.1191 −0.2778 −0.5544 0.1915 −0.2744 0.3568
g6i 0 0 0.1513 −0.2497 0.3983 0.0440
Afterall we stated in section 3 that all mass independent constants in the evaluation of
penguin vertices involving mt-dependent functions like E0(xt) can be dropped because of
GIM mechanism. Yet as we will see in a moment such statements are valid only in the full
theory. In the effective theory the top quark is absent as a dynamical degree of freedom,
GIM is no longer true and constants like −2/3 remain.
In order to demonstrate this explicitly let us consider first the tree level Hamiltonian for
∆B = 1 decays:
H
(0)
eff (∆B = 1) =
GF√
2
[
λuQ
u
2 + λcQ
c
2 + λtQ
t
2
]
(8.58)
where λq and Q
q
2 are defined in (8.39) and (8.40) respectively. Note the appearance of the
operator Qt2.
Next let us include QCD corrections and performmatching of the full theory to an effective
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five quark theory in which the top quark is no longer a dynamical degree of freedom. Since
we are only interested in the penguin coefficients we can leave out the QCD corrections to Qq2
operators and also drop the Qq1 operators. Calculating then the usual QCD penguin diagram
21a with full W± and internal u, c, t quarks and adding the result to the tree level matrix
element of the Hamiltonian (8.58) we find the amplitude in the full theory:
Afull = GF√
2
(
λu
[
〈Qu2 〉0 −
αs(MW)
8π
Gu(mu)〈QP 〉0
]
+ λc
[
〈Qc2〉0 −
αs(MW)
8π
Gc(mc)〈QP 〉0
]
+ λt
[
− αs(MW)
8π
E0(xt)〈QP 〉0
])
. (8.59)
Note that as a preparation for the matching we have already removed the tree level matrix
element of Qt2 in which the top quark field is a dynamical degree of freedom. Next
QP = Q4 +Q6 − 1
3
(Q3 +Q5) (8.60)
where Qi with i = 3− 6 are the penguin operators defined in (8.36) and (8.37).
The functions Gi(mi) result from calculating penguin diagrams with internal u and c
quarks. They are given explicitly in the appendix of the first paper in [68]. As we will see
in a moment they will cancel out in the process of matching and their analytic expression is
not needed here.
Now the effective theory involves only Qu2 , Q
c
2 and QP . Calculating the insertions of Q
u
2
and Qc2 into QCD penguin diagrams of fig. 22 and adding the tree level contributions of Q
q
2
operators as in the full theory, we find
Aeff = GF√
2
(
λu
[
〈Qu2〉0 −
αs(MW)
8π
(Gu(mu)− r)〈QP 〉0
]
+ λc
[
〈Qc2〉0 −
αs(MW)
8π
(Gc(mc)− r)〈QP 〉0
]
− λtCP 〈QP 〉0
])
, (8.61)
where CP is the coefficient we are looking for. The minus sign in front of λt is a convention
which has no impact on physics. Next r is a scheme dependent constant equal to 2/3 and
0 for NDR and HV schemes respectively. Finally it should be remarked that the insertions
of penguin operators into penguin diagrams contribute only at O(α2s) to (8.61) and do not
contribute at this order.
109
Comparing (8.59) and (8.61) and using the unitarity relation λu+λc = −λt, we determine
CP to be
CP =
αs(MW)
8π
[E0(xt)− r] (8.62)
Inserting this result into (8.61), using the expression for QP in (8.60) and comparing the
coefficient of λt with the one of (8.38) we derive the matching conditions (8.43)–(8.46).
8.4.5 Numerical Values for Ci(µb)
In table 8 we give numerical values of the coefficients Ci(µb) in LO and the two NLO schemes
in question.
Table 8: ∆B = 1 Wilson coefficients at µ = mb(mb) = 4.40GeV for mt = 170GeV.
Λ
(5)
MS
= 160MeV Λ
(5)
MS
= 225MeV Λ
(5)
MS
= 290MeV
Scheme LO NDR HV LO NDR HV LO NDR HV
C1 -0.270 -0.169 -0.206 -0.295 -0.184 -0.226 -0.317 -0.198 -0.243
C2 1.119 1.071 1.089 1.132 1.078 1.100 1.144 1.085 1.109
C3 0.012 0.012 0.011 0.013 0.013 0.012 0.015 0.014 0.013
C4 -0.028 -0.032 -0.026 -0.030 -0.035 -0.029 -0.032 -0.038 -0.031
C5 0.008 0.008 0.008 0.008 0.009 0.009 0.009 0.009 0.010
C6 -0.034 -0.037 -0.029 -0.038 -0.041 -0.033 -0.041 -0.044 -0.035
Let us make just a few observations:
• Penguin coefficients are much smaller than C1 and C2.
• The largest penguin coefficients are C4 and C6. In the NDR and HV schemes their
values are by a factor of 6-7 smaller than the coefficient C1.
• A numerical analysis shows that in the range mt = (170± 15)GeV the mt dependence
of the QCD penguin coefficients can be neglected.
8.4.6 Threshold Effects in the Presence of Penguins
In (6.33) we have given a formula for ~C(µ) in the presence of flavour thresholds. This formula
implies in particular that ~Cf−1(µf ) = ~Cf (µf ) where µf is the threshold between an effective
f -flavour theory and an effective theory with f − 1 flavours. In the presence of penguin
operators the matching is more involved. One finds now
~Cf−1(µf ) = Mˆ(µf ) ~Cf (µf ) (8.63)
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where Mˆ(µf ) is a matching matrix given by
Mˆ(µf ) = 1ˆ +
αs(µf )
4π
δrˆT (8.64)
The matrix δrˆT can be found in section VID of [17]. With (8.63) the formula (6.33) generalizes
to
~C(µ) = Uˆ3(µ, µc)Mˆ (µc)Uˆ4(µc, µb)Mˆ(µb)Uˆ5(µb, µW ) ~C(µW ). (8.65)
8.5 Explicit Calculation of 6× 6 Anomalous Dimension Matrix
8.5.1 Preliminaries
It is time to do a real climb by calculating the matrix (8.51). This involves the operator
insertions into the penguin diagrams and into the current-current diagrams. Since master
formulae for the latter insertions have already been derived and applied for the case of (Q1, Q2)
in section 6.5, we begin our climb by discussing the penguin insertions.
8.5.2 Penguin Insertions: Generalities
The two diagrams contributing to the anomalous dimension matrix of (Q1, ....Q6) through
the penguin insertions are given in fig. 22. We observe that two types of insersions of a given
operator into a penguin diagram are possible. Type A insertions represented by the diagram
(a) are constructed by joining two quarks belonging to two different disconnected parts of
an operator and attaching the gluon to the resulting internal quark line. For instance in the
case of (c¯b)V−A(s¯c)V −A one can join c¯ and c into one line. Type B insertions represented
by the diagram (b) are constructed by joining two quarks belonging to the same part of a
given operator and attaching the gluon to the resulting quark loop. For instance in the case
of (c¯c)V −A(s¯b)V−A we have a c-quark loop. Since qluons conserve flavour, penguin insertions
are only possible if a given operator contains at least two quarks with the same flavour. Note
that in the case of (s¯b)V−A(s¯s)V−A both types of insertions are possible and have to be taken
into account. Finally the bottom quark line attached to the lower end of the gluon represents
any quark present in the effective theory. In calculating the contribution of a given diagram
one has to sum over all quark flavours. In this manner the penguin operators are generated
from insertions into penguin diagrams. It is clear from the last statement that the insertion
of any operator (Q1, ....Q6) into the penguin diagrams of fig. 22 always results in a linear
combination of penguin operators. That is penguin operators mix under renormalization
among themselves and the current-current operators mix into penguin operators but the
mixing of penguin operators into Q1 and Q2 does not take place. This last feature is not
affected by the insertions of penguin operators into the current-current diagrams of fig. 16
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Figure 22: One loop penguin diagrams in the effective theory.
as we will see explicitly few pages below. Consequently without any calculation we can state
that
(γˆ)i1 = (γˆ)i2 = 0 i = 3, ..6 (8.66)
and this is also true for the electroweak penguins discussed in subsection 8.6.
After these general remarks let us derive two master formulae for penguin insertions
which are analogous to the three master formulae for current-current insertions given in
(6.64)–(6.66).
As in the case of current-current insertions, we consider an arbitrary operator with the
colour structure Vˆ1⊗ Vˆ2 and the Dirac structure Γ1⊗Γ2. Dropping the external spinors, the
insertion of this operator into the penguin vertex of fig. 22a gives
Wλ = −igµεVˆ1T aVˆ2IµνT λµν (8.67)
where
T λµν = Γ1γνγλγµΓ2 (8.68)
and
Iµν =
∫
dDk
(2π)D
kν(k − q)µ
k2(k − q)2 = −
i
16π2
[
1
ε
] [
1
6
qµqν + q2
gµν
12
]
(8.69)
with q being the gluon momentum. In evaluating Iµν we have kept only the divergent part.
The master formula for type A insertions is then obtained by including the gluon propa-
gator and the lower vertex in the penguin diagram (a) of fig. 22. We find
PA = −CAαs
4π
[
1
ε
] [
1
6
qµqν
q2
+
gµν
12
]
Γ1γνγλγµΓ2 ⊗ γλ , (8.70)
where the colour factor is given by
CA = Vˆ1T aVˆ2 ⊗ T a . (8.71)
It is understood that the Dirac and colour structures on the l.h.s of ⊗ are sandwiched between
free spinors belonging to the inserted operator and γλT a standing on the r.h.s of ⊗ between
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the spinors representing the bottom line of the penguin diagram. Formula (8.70) serves
to calculate the coefficients (b1)ij in the master formula (6.43). We will demonstrate this
explicitly below.
The master formula for type B insertions can be derived in an analogous manner. We
find
PB = CB αs
4π
[
1
ε
] [
1
6
qµqν
q2
+
gµν
12
]
Tr(Γ1γµγλγν)Γ2 ⊗ γλ (8.72)
where
CB = Tr(Vˆ1T a)Vˆ2 ⊗ T a (8.73)
with “Tr” in (8.73) standing for the trace in the colour space. Note that in this formula
we have closed the part Vˆ1Γ1 of the inserted operator in the loop. If the part Vˆ2Γ2 is closed
instead, the indices “1” and “2” in (8.72) and (8.73) should be interchanged. The rules for the
incorporation of the external spinors into (8.72) should be evident in view of the comments
made after (8.71). The difference in the overall sign compared to (8.70) is a consequence of
“−1” for the fermion loop.
8.5.3 Explicit Calculation of Penguin Insertions
Let us apply our master formulae to the case of the operator
Q2 = (c¯αbα)V −A(s¯βcβ)V−A (8.74)
for which we have
Vˆ1 ⊗ Vˆ2 = 1 Γ1 = Γ2 = γτ (1− γ5) (8.75)
The flavour structure in (8.74) tells us that only type A insertions are possible. We use
therefore the master formula (8.70). As we are only interested in the coefficient of 1/ε, we
calculate all Dirac structures in D=4 dimensions. This gives[
1
6
qµqν
q2
+
gµν
12
]
Γ1γνγλγµΓ2 =
4
3
[
γλ − qλ 6q
q2
]
(8.76)
where we have used the identity
6qγλ 6q = 2qλ 6q − q2γλ. (8.77)
The term qλ 6q/q2 does not contribute here as using the Dirac equation one has s¯ 6qb = 0
for massless quarks. More care is needed when magnetic penguins of sections 8.7 and 12 are
considered and mb has to be kept.
Dropping then the second term on the r.h.s of (8.76), using
CA = T a ⊗ T a = 1
2
[
1˜− 1
N
1
]
(8.78)
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with 1˜ defined in (6.57) and inserting the relevant spinors we arrive at
PA(Q2) = −αs
4π
[
1
ε
] [
2
3
] [
1˜− 1
N
1
]
[s¯αγλ(1− γ5)bβ]⊗
∑
q
q¯γγ
λqδ (8.79)
Next we decompose γλ on the r.h.s of ⊗ into V −A and V +A parts
γλ =
1
2
γλ(1− γ5) + 1
2
γλ(1 + γ5) (8.80)
which allows to express (8.79) in terms of the penguin operators
PA(Q2) = −αs
4π
[
1
ε
] [
1
3
] [
Q4 +Q6 − 1
N
(Q3 +Q5)
]
(8.81)
The contribution of penguin insertions to the coefficients (b1)2j relevant for the master
formula (6.43) are consequently given by
(b1)
P
23 = (b1)
P
25 =
1
3N
, (b1)
P
24 = (b1)
P
26 = −
1
3
. (8.82)
We next consider Q1 and rewrite it using Fierz reordering as
Q1 = (c¯αcα)V−A(s¯βbβ)V−A (8.83)
so that the colour and Dirac structures are again given by (8.75). This time only type B
insertions are possible. However, Tr(T a) = 0 and consequently the colour factor in (8.73)
vanishes. Thus
PB(Q1) = 0 (8.84)
implying
(b1)
P
13 = (b1)
P
14 = (b1)
P
15 = (b1)
P
16 = 0. (8.85)
In the case of Q3, the type B insertion vanishes as in the case of Q1 but now two type-
A insertions are possible. One involves the internal b-quark, the other the s-quark. Since
gluons are flavour-blind and Q3 has the same colour and Dirac structures as Q2 we can find
immediately
PA(Q3) = 2PA(Q2) (8.86)
Consequently using (8.82) we find
(b1)
P
33 = (b1)
P
35 =
2
3N
, (b1)
P
34 = (b1)
P
36 = −
2
3
. (8.87)
Next comes Q4. Performing Fierz reordering we have
Q4 =
∑
q
(s¯αqα)V −A(q¯βbβ)V−A. (8.88)
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The type B insertions involving s and b quarks vanish as in the case of Q1. On the other
hand we have f type A insertions involving all quark flavours. Thus
PA(Q4) = fPA(Q2) (8.89)
and
(b1)
P
43 = (b1)
P
45 =
f
3N
, (b1)
P
44 = (b1)
P
46 = −
f
3
. (8.90)
The penguin insertions of Q5 vanish. The type B insertions vanish because of Tr(T
a) = 0.
The type A insertions vanish because now
Γ1 = γτ (1− γ5) , Γ2 = γτ (1 + γ5) (8.91)
and the Dirac structure in the master formula (8.70) vanishes. Thus
(b1)
P
53 = (b1)
P
54 = (b1)
P
55 = (b1)
P
56 = 0 . (8.92)
Finally the insertions of Q6 have to be considered. Performing Fierz reordering we have
Q6 = −2
∑
q
(s¯α(1 + γ5)qα)(q¯β(1− γ5)bβ), (8.93)
implying
Vˆ1 ⊗ Vˆ2 = 1 Γ1 = (1 + γ5) Γ2 = (1− γ5) (8.94)
Again as in the case of Q4 the type B insertions vanish. The type A insertion of Q6 is
expected at first sight to give different result than the one of Q4 because of the different
Dirac structure. However, application of the master formula (8.70) gives
PA(Q6) = PA(Q4) (8.95)
and consequently
(b1)
P
63 = (b1)
P
65 =
f
3N
(b1)
P
64 = (b1)
P
66 = −
f
3
. (8.96)
8.5.4 Explicit Calculation of Current-Current Insertions
In section 6.5 we have calculated the 2× 2 anomalous dimension matrix for the pair (Q1, Q2)
by inserting these operators into the current-current diagrams of fig. 16. Using the master
formulae (6.64)–(6.66) for these diagrams together with the basic formula (6.43) we have
found the matrix (5.77) which as seen in the left upper corner of (8.51) constitutes a part of
the 6× 6 matrix we are trying to reproduce.
What remains to be done are the insertions of the penguin operators into the current-
current diagrams. The case of the pair (Q3, Q4) is simple. From the point of view of current-
current insertions the pair (Q3, Q4) behaves as (Q1, Q2) and we can write immediately
115
(b1)
cc
33 = 2CF +
3
N
, (b1)
cc
34 = −3, (8.97)
(b1)
cc
43 = −3, (b1)cc44 = 2CF +
3
N
. (8.98)
The case of Q5 and Q6 operators is different as they have the (V −A)⊗(V +A) structure.
Let us consider Q5 first. Using master formulae (6.64)–(6.66) for
Vˆ1 ⊗ Vˆ2 = 1, Γ1 = γτ (1− γ5), Γ2 = γτ (1 + γ5) , (8.99)
we arrive at
∑
i
Di(Q5) = αs
4π
1
ε
Γ1 ⊗ Γ2
[
C(1)a + C(2)a − (C(1)b + C(2)b ) + 4(C(1)c + C(2)c )
]
(8.100)
with colour factors C(j)i given in (6.77) and (6.78).
In order to perform the reduction of Dirac structures in the master formulae (6.64)–(6.66)
we had to generalize the Greek Method to the (V − A) ⊗ (V + A) operators. In this case
⊗ should be replaced by 1 as otherwise the Dirac structures would identically vanish. Now
the coefficients (4,16,4) in (6.71)–(6.72) are replaced by (4,4,16) respectively, which implies
a different weighting of the colour factors in (8.100) relative to (6.76). Noting that Q5 is
represented by 1 and Q6 by 1˜ we obtain from (8.100)
(b1)
cc
55 = 2CF −
3
N
, (b1)
cc
56 = 3. (8.101)
Finally we consider Q6. Here it is useful to use the form (8.93). As Γi are now given
by (8.94) one easily finds that the usual Greek Method with ⊗ = γτ applies. The master
formulae (6.64)–(6.66) then give
∑
i
Di(Q6) = αs
4π
1
ε
[−2Γ1 ⊗ Γ2]
[
4(C(1)a + C(2)a )− (C(1)b + C(2)b ) + (C(1)c + C(2)c )
]
. (8.102)
The weighting of colour factors differs from the cases Q2 and Q5. In particular using (6.78)
we find that the two last terms in the square bracket cancel each other. Effectively then only
the insertions of Q6 into the diagrams (a) of fig. 16 and its symmetric counterpart contribute.
However, contrary to the case of the operators Q1−5 this contribution will not be canceled
by the δij term in (6.43) as now C(j)a are multiplied by 4 instead of 1. Consequently noting
that in this case Q6 is represented by 1 and Q5 by 1˜ we find
(b1)
cc
65 = 0, (b1)
cc
66 = 8CF . (8.103)
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8.5.5 Putting Things together
Let us add the results for penguin and current-current insertions obtained above. Setting
N = 3 we find the matrix bˆ1 in (6.43):
bˆ1 =

2CF + 1 −3 0 0 0 0
− 3 2CF + 1 19 −13 19 −13
0 0 2CF +
11
9 −113 29 −23
0 0 −3 + f9 2CF + 1− f3 f9 − f3
0 0 0 0 2CF − 1 3
0 0 f9 − f3 f9 8CF − f3

(8.104)
Inserting this matrix into the one-loop master formula (6.43) we reproduce the full 6 × 6
matrix in (8.51). Fantastic! We have reproduced all the magic numbers in this matrix. This
is almost like reaching the top of Mont Blanc.
8.5.6 An Advice
I hope that this long exercise and the exercise in subsection 6.5 were useful for those students
who have never calculated anomalous dimension matrices. But there is another lesson from
these exercises. The corresponding two-loop calculations of current-current and penguin
insertions involving many more diagrams, more complicated colour factors and evanescent
operators are truly horrible. They are not like climbing Mont Blanc but rather Mount Everest.
They take several months rather than a day or two. Consequently it is advisable for beginners
to take an experienced guide in order to climb these Himalayas. Fortunately the guides in
physics, as opposed to those in the real Himalayas, are doing it for free.
Yet one useful advice is mandatory here. In our field there are unfortunately sponsors
(thesis supervisors) who send their students to climb “Mount Everest” without having the
slightest idea how difficult this climb is. Moreover they are of little help once the student
gets stuck in the middle of the climb. Here is my advice. If you are not experienced in
such Mount Everest calculations and your sponsor is as described above, there are only two
solutions: either your sponsor has to provide you with a strong sherpa who has climbed
Everest at least once, or you have to find another sponsor before it is too late [103]!
8.6 Electroweak Penguins
8.6.1 Operators
The inclusion of the electroweak penguins and box diagrams of fig. 21 generates two additional
operators Q7 and Q9. With respect to the colour structure they are analogous to Q5 and
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Q3 operators, respectively. When QCD effects are also taken into account, two additional
operators Q8 and Q10 are needed to close the system under renormalization. They are
analogous to Q6 and Q4, respectively. The full set of operators necessary for the description of
∆F = 1 decays including electroweak effects consists then of 10 operators. The 4 electroweak
penguin operators relevant for ∆B = 1 decays with ∆S = 1 are given by
Q7 =
3
2
(s¯b)V −A
∑
q=u,d,s,c,b
eq (q¯q)V+A (8.105)
Q8 =
3
2
(s¯αbβ)V−A
∑
q=u,d,s,c,b
eq(q¯βqα)V+A (8.106)
Q9 =
3
2
(s¯b)V−A
∑
q=u,d,s,c,b
eq(q¯q)V−A (8.107)
Q10 =
3
2
(s¯αbβ)V−A
∑
q=u,d,s,c,b
eq (q¯βqα)V−A (8.108)
The overall factor 3/2 is introduced for convenience. The charge eq is the charge of the quark
coupled to the lower vertex of the photon or Z0-propagator.
8.6.2 Wilson Coefficients
In order to generate the electroweak penguin operators Q7−Q10 it is sufficient to include the
photon penguin together with the relevant QCD renormalization. However, in order to keep
the gauge invariance also Z0-penguins and box-diagrams have to be included at the NLO level.
The latter two sets of diagrams involving only heavy fields (W±, Z0, t) contribute only to the
Wilson coefficients at µ = O(MW) and have no impact on the renormalization group evolution
down to low energy scales. On the other hand the inclusion of Z0-penguins introduces a strong
mt-dependence into Wilson coefficients of the electroweak penguin operators, which in several
cases has important phenomenological implications. We will discuss several of them in the
phenomenological sections of these lectures. Here we give some information on the Wilson
coefficients of electroweak penguin operators.
The matching at µW = MW gives in the presence of the electroweak penguin and box
diagrams the values of Ci(MW) with i = 1, ..10. In the NDR scheme they are given by:
C1(MW) =
11
2
αs(MW)
4π
, (8.109)
C2(MW) = 1− 11
6
αs(MW)
4π
− 35
18
α
4π
, (8.110)
C3(MW) = −αs(MW)
24π
E˜0(xt) +
α
6π
1
sin2 θW
[2B0(xt) + C0(xt)] , (8.111)
C4(MW) =
αs(MW)
8π
E˜0(xt) , (8.112)
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C5(MW) = −αs(MW)
24π
E˜0(xt) , (8.113)
C6(MW) =
αs(MW)
8π
E˜0(xt) , (8.114)
C7(MW) =
α
6π
[
4C0(xt) + D˜0(xt)
]
, (8.115)
C8(MW) = 0 , (8.116)
C9(MW) =
α
6π
[
4C0(xt) + D˜0(xt) +
1
sin2 θW
(10B0(xt)− 4C0(xt))
]
, (8.117)
C10(MW) = 0 , (8.118)
We recall (see Section 3) that
B0(xt) =
1
4
[
xt
1− xt +
xt lnxt
(xt − 1)2
]
, (8.119)
C0(xt) =
xt
8
[
xt − 6
xt − 1 +
3xt + 2
(xt − 1)2 lnxt
]
, (8.120)
D0(xt) = −4
9
lnxt +
−19x3t + 25x2t
36(xt − 1)3 +
x2t (5x
2
t − 2xt − 6)
18(xt − 1)4 lnxt , (8.121)
D˜0(xt) = D0(xt)− 4
9
. (8.122)
B0(xt) results from the evaluation of the box diagrams, C0(xt) from the Z
0-penguin, D0(xt)
from the photon penguin and E0(xt) discussed already in the previous subsection from the
gluon penguin diagram. The constant −4/9 in (8.122) is characteristic for the NDR scheme.
It is absent in the HV scheme. We note that the presence of electroweak effects modifies the
values of C2(MW) and C3(MW) by small O(α) corrections. We also note that C8(MW) =
C10(MW) = 0. For µ 6=MW non-vanishing C8 and C10 are generated through QCD effects.
The anomalous dimension matrices are 10× 10:
γˆ(αs, α) = γˆ
(0)
s
αs
4π
+ γˆ(0)e
α
4π
+ γˆ(1)s
(
αs
4π
)2
+ γˆ(1)se
αs
4π
α
4π
(8.123)
with γ
(0)
s and γ
(1)
s being 10×10 generalizations of the corresponding 6×6 matrices considered
previously. Since now O(α) effects are included in the coefficients at scales O(MW), the
anomalous dimension matrix must also include O(α) contributions which are represented by
γˆ
(0)
e and γˆ
(1)
se at LO and NLO respectively. The four matrices in (8.123) can be found in [17],
where the references to the original literature is given. See also table 10.
The calculation of the 6× 6 submatrix of γˆ(0)s has been presented in detail in section 8.5.
The evaluation of γˆ
(0)
e proceeds in an analogous manner except that the colour factors have to
be properly replaced by electric charges and the closed fermion loops coupled to the photon
have to be multiplied by N=3. Any reader, who succeeded in calculating γˆ
(0)
s should have
no difficulties in calculating within two hours the matrix γˆ
(0)
e . This is a very nice exercise
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indeed. The calculations of γˆ
(1)
s and γˆ
(1)
se are even nicer but take more time. Typically six
months for γˆ
(1)
s and then a month for γˆ
(1)
se .
Due to the simultaneous apperance of α and αs, the RG analysis is more involved than
the one discussed until now. In particular the evolution matrix takes now the general form
Uˆ(m1,m2, α) = Uˆ(m1,m2) +
α
4π
Rˆ(m1,m2). (8.124)
Here Uˆ(m1,m2) represents the pure QCD evolution matrix given in (6.26). Rˆ(m1,m2) de-
scribes the additional evolution in the presence of electromagnetic interactions. It includes
both LO and NLO corrections. Let us recall that Uˆ(m1,m2) sums the logarithms (αst)
n and
αs(αst)
n with t = ln(m22/m
2
1). On the other hand Rˆ(m1,m2) sums the logarithms t(αst)
n
and (αst)
n. The expresion for Rˆ(m1,m2) is rather complicated. It can be found in [17, 73].
The Wilson coefficients are then found by using
~C(µb) = Uˆ5(µb,MW, α) ~C(MW) (8.125)
with ~C(MW) given in (8.109)–(8.109).
8.6.3 Numerical Values
In table 9 we give numerical values of the coefficients Ci(µb) in LO and the two NLO schemes
in question. Let us make just a few observations:
Table 9: ∆B = 1 Wilson coefficients at µ = mb(mb) = 4.40GeV for mt = 170GeV.
Λ
(5)
MS
= 160MeV Λ
(5)
MS
= 225MeV Λ
(5)
MS
= 290MeV
Scheme LO NDR HV LO NDR HV LO NDR HV
C1 -0.283 -0.171 -0.209 -0.308 -0.185 -0.228 -0.331 -0.198 -0.245
C2 1.131 1.075 1.095 1.144 1.082 1.105 1.156 1.089 1.114
C3 0.013 0.013 0.012 0.014 0.014 0.013 0.016 0.016 0.014
C4 -0.028 -0.033 -0.027 -0.030 -0.035 -0.029 -0.032 -0.038 -0.032
C5 0.008 0.008 0.008 0.009 0.009 0.009 0.009 0.009 0.010
C6 -0.035 -0.037 -0.030 -0.038 -0.041 -0.033 -0.041 -0.045 -0.036
C7/α 0.043 -0.003 0.006 0.045 -0.002 0.005 0.047 -0.002 0.005
C8/α 0.043 0.049 0.055 0.048 0.054 0.060 0.053 0.059 0.065
C9/α -1.268 -1.283 -1.273 -1.280 -1.292 -1.283 -1.290 -1.300 -1.293
C10/α 0.302 0.243 0.245 0.328 0.263 0.266 0.352 0.281 0.284
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• Electroweak penguin coefficients being O(α) are smaller than C1−6 coefficients. Notable
exception is the coefficient C9 which is in the ball park of the smallest QCD penguin
coefficients C3 and C5. It is the operator Q9 which is the dominant electroweak penguin
in B-decays [83]. With decreasing µ the coefficient C8 increases considerably. While its
role in B-decays can be fully neglected, it plays considerable role in the CP violation in
K → ππ decays where also its hadronix matrix element is large.
• A numerical analysis shows that in contrast to C1, . . . , C6, the additional coefficients
C7, . . . , C10 increase strongly with mt. This strong mt dependence originates in the
Z0-penguin represented by the function C0(xt) in (8.120). Even in the range mt =
(170 ± 15)GeV with in/decreasing mt there is a relative variation of O(±19%) and
O(±10%) for the absolute values of C8 and C9,10, respectively.
8.7 Magnetic Penguins
The inclusive decay B → Xsγ with an on-shell γ is governed by the operator Q7γ which
originates in the photon-penguin vertex with q2 = 0, where qµ is the momentum of the
emitted photon. In order to obtain a non-vanishing result one has to keep external b-quark
mass as well as external momenta. This mass insertion together with the expansion to second
order in external momenta generates Q7γ , which due to the appearance of σ
µν is known
under the name of a magnetic photon penguin. The corresponding gluon–penguin vertex
with q2 = 0 results in a magnetic gluon penguin operator Q8G which plays the dominant role
in the inclusive B → Xs gluon decay. The magnetic penguins are given by
Q7γ =
e
8π2
mbs¯ασ
µν(1 + γ5)bαFµν Q8G =
g
8π2
mbs¯ασ
µν(1 + γ5)T
a
αβbβG
a
µν . (8.126)
The renormalization group analysis of B → Xsγ involves in addition to Q7γ and Q8G also the
operators Q1...Q6 discussed previously. The peculiar feature of this analysis is the vanishing
of the mixing under renormalization between the sets (Q7γ , Q8G) and (Q1...Q6) at the one
loop level. That is in order to calculate the leading entry (LO), representing this mixing,
in the relevant anomalous dimension matrix one is forced to perform two-loop calculations.
At NLO the corresponding three loop calculations are necessary. Because this mixing has a
very important impact on the resulting decay rate, these calculations are mandatory before
a meaningful theoretical prediction for B → Xsγ can be obtained.
The decay B → Xsγ is one of the central decays in the rare decays phenomenology.
Therefore, we will devote to it section 12 where both technical and phenomenological aspects
of B → Xsγ will be reviewed.
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8.8 Semi-Leptonic Operators
In the case of K+ → π+νν¯ we have encountered the operator Q(νν¯) = (s¯d)V−A(ν¯ν)V−A.
This operator governs also the decay KL → π0νν¯. An analogous operator
QB(νν¯) = (s¯b)V−A(ν¯ν)V−A (8.127)
governs the inclusive decay B → Xsνν¯. We will briefly discuss this decay in section 13. Q(νν¯)
and QB(νν¯) have no anomalous dimensions and the RG analysis of their Wilson coefficients
in the case of internal top contributions is very simple. We have discussed this in the case of
K+ → π+νν¯ at the beginning of this section. This simplification is caused by the fact that
neutrinos do not couple neither to gluons nor photons.
Now, in the case of B → Xsµ+µ− and KL → π0e+e− the following operators play the
dominant role:
Q9V = (s¯b)V−A(µ¯µ)V Q10A = (s¯b)V −A(µ¯µ)A (8.128)
and
Q7V = (s¯d)V −A(e+e−)V Q7A = (s¯d)V−A(e+e−)A (8.129)
respectively. We will discuss here briefly Q9V and Q10A. The analysis of Q7V and Q7A is
analogous, but more involved because of lower renormalization scales involved and related
threshold effects. Detailed expositions of NLO analyses of B → Xsµ+µ− and KL → π0e+e−
can be found in [101, 78] and [100] respectively.
W
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W W
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b l
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Figure 23: One loop diagrams in the full theory contributing to rare decays with charged
leptons in the final state.
As in the case of Q(νν¯) and QB(νν¯), the semi-leptonic operators Q9V and Q10A have
vanishing anomalous dimensions. However, the fact that charged leptons couple to photons
makes the RG analysis of their coefficients more involved. Indeed these operators originate in
the diagrams of fig. 23. Moreover, in the effective theory the diagrams in fig. 24 have to be
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Figure 24: One loop diagrams in the effective theory contributing to rare decays with charged
leptons in the final state.
considered, where the inserted operators are our good friends (Q1, ....Q6). The operator Q10A
involving the γµγ5 current is uneffected by the diagrams involving photons and its Wilson
coefficient can be calculated in the same manner as for the case of Q(νν¯). Including gluon
corrections to the one-loop diagrams in fig. 23 one finds:
C10A(MW) = − α
2π
Y (xt)
sin2ΘW
(8.130)
where
Y (xt) = Y0(xt) +
αs
4π
Y1(xt) (8.131)
with the one-loop function given by [45]
Y0(xt) =
xt
8
[
4− xt
1− xt +
3xt
(1− xt)2 lnxt
]
(8.132)
and
Y1(xt) =
4xt + 16x
2
t + 4x
3
t
3(1− xt)2 −
4xt − 10x2t − x3t − x4t
(1− xt)3 lnxt
+
2xt − 14x2t + x3t − x4t
2(1 − xt)3 ln
2 xt +
2xt + x
3
t
(1− xt)2L2(1− xt)
+ 8x
∂Y0(x)
∂x
ln
µ2t
M2W
(8.133)
resulting from two-loop calculations [98].
The µt-dependence of the last term in (8.133) cancels to the considered order the µt-
dependence of the leading term Y0(xt(µt)). The leftover µt dependence in Y (xt) is below 1%.
For µt = mt, the complete function Y (xt) can be written as
Y (xt) = ηY · Y0(xt), ηY = 1.026 ± 0.006, (8.134)
with the QCD factor ηY practically independent of mt. The range in (8.134) corresponds to
150 GeV ≤ mt ≤ 190 GeV. The dependence on ΛMS can be neglected.
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The fate of the operator Q9V is different. Now the diagrams with photon exchanges
contribute in an important way. The presence of the photon penguin diagrams in the full
theory brings in the function D0(xt) of (8.120). On the other hand, the presence of Q1 −Q6
insertions into the photon penguin diagrams of fig. 24 introduces the mixing between Q1, ...Q6
operators and Q9V under renormalization. That is the insertion of any of the four-quark
operators into the diagrams in fig. 24 results in Q9V multiplied by a certain coefficient. From
these coefficients the entries γ
(0)
i9 with i = 1, ...6 in a 7 × 7 anomalous dimension matrix
involving (Q1, ....Q6, Q9V ) can be found. Including gluon corrections to fig. 24 gives γ
(1)
i9 .
Now, γ
(0)
i9 and γ
(1)
i9 are coefficients of α and ααs respectively. On the other hand the entries
γ
(0)
ij and γ
(1)
ij with i, j = 1, ...6 are the coefficients of αs and α
2
s respectively. In order to work
with an anomalous dimension matrix which has a usual expansion in αs, it is convenient to
introduce a new operator
Q′9V =
α
αs(µ)
Q9V , C
′
9V (µ) =
αs(µ)
α
C9V (µ) (8.135)
and perform the RG evolution for the set (C1, ...C6, C
′
9V ). Once C
′
9V (µ) has been calculated
by means of the standard method developed in sections 5 and 6, the coefficient C9V (µ) can
be obtained by using (8.135).
That the rescaling trick in (8.135) works at all, is related to the fact that Q9V cannot mix
back into the set (Q1, ....Q6). That is γ
(0)
9i = γ
(1)
9i = 0 for i = 1, ...6. This trick cannot be used
in the case of electroweak penguin contributions to ∆F = 1 decays discussed in subsection
8.6. There the mixing between the QCD penguin and electroweak penguin operators takes
place in both directions and one does not gain anything by making a rescaling of electroweak
four-quark operators. Fortunately the electroweak penguin operators in (8.105) and (8.107)
contribute to B → Xsµ+µ− and KL → π0e+e− first at O(α2) and consequently they can be
fully neglected in these decays.
The anomalous dimensions γ
(0)
i9 and γ
(1)
i9 can be found in the formulae (VIII.11) and
(VIII.12) of ref. [17]. One should note that, in contrast to Q9V , the rescaled operator Q
′
9V
has effectively a non-vanishing anomalous dimension resulting from the presence of αs(µ) in
(8.135):
γ
(0)
99 = −2β0, γ(1)99 = −2β1 . (8.136)
For completeness we give the result for C9V (µb) including NLO corrections in the NDR
scheme:
CNDR9 (µb) =
α
2π
[
PNDR0 +
Y0(xt)
sin2ΘW
− 4Z0(xt)
]
, (8.137)
where a negligible contribution proportional to E0(xt) has been omitted. P
NDR
0 is a mt-
independent constant which for µb = 5.0GeV and αs(MZ) = 0.118 equals 2.59. The renor-
malization group improved perturbative expansion for PNDR0 and C
NDR
9 (µb) has the structure
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1/αs+O(1)+O(αs)..., as seen explicitly in the analytic formula (X.6) in [17]. For this reason
in an NLO analysis of B → Xsµµ¯ and also KL → π0e−e+ only the leading terms in Y (xt)
and Z(xt), i.e. Y0(xt) and Z0(xt), contribute.
8.9 Charm Quarks in Electroweak Loops
Our discussion of QCD effects in penguin and box diagram contributions to rare decays
concentrated on diagrams with internal top quark propagators. In the process of matching of
the full theory onto effective five quark theory the top quark is integrated out together with
W± and Z0 bosons and the resulting operators are local. The evolution of their coefficients
down to low energy scales proceeds in the standard manner as discussed in the preceeding
sections.
In the case of penguin and box diagrams with internal charm quarks the situation is more
complicated. After the matching at scales O(MW) charm quarks remain as dynamical degrees
of freedom and afterW± and Z0 bosons have been integrated out one has to deal with bi-local
structures rather than with local operators. An example is shown for the case of K+ → π+νν¯
in fig. 25a. It results from Z0-penguin contributing to K+ → π+νν¯. These structures have,
in contrast to Q(νν¯), anomalous dimensions which makes the renormalization group analysis
non-trivial. Another important example are box diagram contributions to K0 − K¯0 mixing
where two internal charm propagators (see fig. 25b) or one charm propagator and one top
propagator may appear simultaneously.
(a)
s d
c c
ν ν
s d
c c
d s
(b)
Figure 25: Bilocal Structures.
In all these cases the RG evolution from scales µW = O(MW ) down to µc = O(mc) is
more involved than the one presented sofar. In the process of matching of four-quark theory
onto three-quark theory charm is integrated out and the effective theory below µc involves
only local operators which can be analized in the standard manner. The renormalization
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group analysis of bi-local structures is beyond the scope of these lectures. On the other
hand the tools collected in this and preceeding sections are sufficient for following detailed
expositions of this subject without great difficulties. The internal charm contributions to
K+ → π+νν¯ are calculated in detail in [91] where the full two-loop renormalization group
evolution is performed. A brief account of this analysis can be found in chapter XIB of the
review [17]. We will use the numerical results obtained there in section 13. Similarly the
contributions of charm to K0− K¯0 mixing are analyzed in detail in [92, 93]. A brief account
of these papers can be found in chapters XIIC and XIID of the review [17]. The issue of
internal charm contributions to non-leptonic two-body B-decays in the form of the so-called
“charming penguins” is discussed in [104, 105].
8.10 Penguin–Box Expansion from OPE
In section 3 prior to the discussion of QCD effects we have formulated the FCNC decays in
terms of effective vertices corresponding to various penguin and box diagrams. These effective
vertices depend on a set of basic universal (process independent) mt-dependent functions
Fr(xt) listed in (3.29). We have also stated that any decay amplitude can be written as
A(decay) = P0(decay) +
∑
r
Pr(decay)Fr(xt), (8.138)
where the coefficients Pr are process dependent. It is straightforward to derive these Penguin-
Box Expansion [16] from OPE. To this end we use OPE and and rewrite a given decay
amplitude A(M → F ) as follows
A(M → F ) = GF√
2
VCKM
∑
i,k
〈F | Ok(µ) |M〉 Uˆki (µ,MW) Ci(MW), (8.139)
where Uˆkj(µ,MW ) is the renormalization group transformation from MW down to µ given
already at several places in these lectures.
Now, as we have seen in several examples in this section, Ci(MW) are linear combinations
of the basic functions Fr(xt) so that we can write
Ci(MW) = ci +
∑
r
hirFr(xt) (8.140)
where ci and hir are mt-independent constants. Inserting (8.140) into (8.139) and summing
over i and k we recover (8.138) with
P0(decay) =
∑
i,k
〈F | Ok(µ) |M〉 Uˆki (µ,MW)ci , (8.141)
Pr(decay) =
∑
i,k
〈F | Ok(µ) |M〉 Uˆki (µ,MW)hir , (8.142)
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where we have suppressed the overall factor (GF /
√
2)VCKM .
The process dependence of P0 and Pr enters through 〈F | Ok(µ) |M〉. In certain cases like
K → πνν¯ these matrix elements are very simple implying simple formulae for the coefficients
P0 and Pr. In other situations, like ε
′/ε discussed in section 11, this is not the case.
From the perspective of the formula (8.139) the relation between the usual OPE and its
PBE-version is clear. OPE puts the last two factors together by summing over ”i” to obtain
Ck(µ). The PBE is realized on the other hand by putting the first two factors together
through the summation over ”k” and subsequent rewriting of Ci(MW) in terms of Fr(xt) as
explicitly shown in (6.59). Equivalently PBE is obtained by setting µ = MW in (8.139) as
Uˆki (µ,MW) = δki.
PBE is very well suited for the study of the extentions of the Standard Model in which
new particles are exchanged in the loops. We know already that these particles are heavier
than W-bosons and consequently they can be integrated out together with the weak bosons
and the top quark. If there are no new local operators the mere change is to modify the
functions Fr(xt) which now acquire the dependence on the masses of new particles such as
charged Higgs particles and supersymmetric particles. The process dependent coefficients
P0 and Pr remain unchanged unless new effective operators with different Dirac and colour
structures have to be introduced. Examples of the applications of PBE to physics beyond
the Standard Model can be found in [86, 87, 88].
The universality of the functions Fr(xt) listed in (3.29) can be violated partly when QCD
corrections to one loop penguin and box diagrams are included. For instance in the case of
semi-leptonic FCNC transitions there is no gluon exchange in a Z0-penguin diagram parallel
to the Z0-propagator but such an exchange takes place in non-leptonic decays in which the
bottom line is a quark-line. Thus the general universality of Fr(xt) present at one loop level
is reduced to two universality classes relevant for semi-leptonic and non-leptonic transitions.
However, as we have seen in the case of K → πνν¯, the O(αs) corrections to the function
X0(xt) could be absorbed into an overall QCD factor ηX which moreover with a proper
definition of mt turned out to be essentially mt-independent. Similar situations take place
in other decays so that to a very good approximation the top mass dependence is governed
even at the two-loop level through the one-loop functions and the inclusion of QCD effects
plays mainly the role in reducing the µt-dependences.
8.11 Status of NLO Calculations
We end this section by listing all existing NLO calculations for weak decays in table 10.
Further details on these calculations can be found in the orignal papers and in the review
[17]. Some of the implications of these calculations will be analyzed in detail in subsequent
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sections.
Table 10: References to NLO Calculations
Decay Reference
∆F = 1 Decays
current-current operators [53, 48]
QCD penguin operators [68, 73, 74, 75]
electroweak penguin operators [69, 73, 74, 75]
magnetic penguin operators [94, 110]
Br(B)SL [53, 95, 96]
inclusive ∆S = 1 decays [97]
Particle-Antiparticle Mixing
η1 [92]
η2, ηB [90]
η3 [93]
Rare K- and B-Meson Decays
K0L → π0νν¯, B → l+l−, B → Xsνν¯ [65, 98]
K+ → π+νν¯, KL → µ+µ− [91]
K+ → π+µµ¯ [99]
KL → π0e+e− [100]
B → Xsµ+µ− [101, 78]
B → Xsγ [106]-[112], [66, 67]
8.12 Final Remarks
We are roughly half way through these lectures. The last seven sections dealt with the
basic formalism of weak decays. The next seven sections will present some phenomenological
applications of this formalism.
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9 Non-Leptonic Two-body Decays and Factorization
9.1 Preliminaries
We will begin the applications of the formalism developed in the previous seven sections
by discussing two-body non-leptonic decays. Although our discussion will concentrate on
two-body B-decays, it can be generalized in a straightforward manner to D-decays.
I should state from the beginning that it is not my intention to give here a review of
two-body decays and present detailed comparision with the available data. My intention is
rather to reanalyze critically the concepts of the factorization hypothesis and in particular of
the generalized factorization hypothesis discussed in the literature. As we will see soon, it is
an excellent battle field for the formalism developed in previous sections.
Now comes a rather unfortunate move. In this and only this section we have to modify
slightly our notation by interchanging the indices 1 and 2 in current-current operators. This
we have to do in order to conform to the notation used in the literature on two–body non–
leptonic decays. Thus we introduce the operators
O1 = Q2, O2 = Q1, (9.1)
and their respective coefficients
C¯1(µ) = C2(µ), C¯2(µ) = C1(µ). (9.2)
Correspondingly
O± =
O1 ±O2
2
, z± = C¯1(µ)± C¯2(µ), (9.3)
and
C¯1(µ) =
z+(µ) + z−(µ)
2
, C¯2(µ) =
z+(µ)− z−(µ)
2
, (9.4)
with all formulae (7.8)–(7.14) unchanged. We have introduced a “bar”, omitted in the liter-
ature, in order to avoid possible confusion.
This section is based on [89] and the recent collaboration with Luca Silvestrini [113]. We
do not cover here more dynamical approaches to non-leptonic decays like QCD sum reles.
A very nice review of the applications of QCD sum rules to non-leptonic decays has been
presented this year by Khodjamirian and Ru¨ckl [114] and is strongly recommended.
9.2 Factorization
In the factorization approach to non-leptonic meson decays [115, 116] one can distinguish
three classes of decays for which the amplitudes have the following general structure [117, 118]:
AI =
GF√
2
VCKMa1(µ)〈O1〉F (Class I), (9.5)
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AII =
GF√
2
VCKMa2(µ)〈O2〉F (Class II), (9.6)
AIII =
GF√
2
VCKM [a1(µ) + xa2(µ)]〈O1〉F (Class III). (9.7)
Here VCKM denotes symbolically the CKM factor characteristic for a given decay. 〈Oi〉F are
factorized hadronic matrix elements of the operators Oi given as products of matrix elements
of quark currents and x is a non-perturbative factor equal to unity in the flavour symmetry
limit. Finally ai(µ) are QCD factors which are given as follows
a1(µ) = C¯1(µ) +
1
N
C¯2(µ), a2(µ) = C¯2(µ) +
1
N
C¯1(µ). (9.8)
We will soon give explicit examples and we will rederive these formulae as limiting cases of
the generalized factorization hypothesis. First, however, we would like to make a few general
comments on the weak points of this approach.
At first sight the simplicity of this approach is very appealing. Once the matrix elements
〈Oi〉F have been expressed in terms of various meson decay constants and generally model
dependent formfactors, predictions for non-leptonic heavy meson decays can be made. More-
over relations between non-leptonic and semi-leptonic decays can be found which allow to
test factorization in a model independent manner. An incomplete list of analyses of this type
is given in [124, 118] and will be extended below.
On the other hand, it is well known that non-factorizable contributions must be present
in the hadronic matrix elements of the current–current operators O1 and O2 in order to
cancel the µ dependence of C¯i(µ) or ai(µ) so that the physical amplitudes do not depend on
the arbitrary renormalization scale µ. 〈Oi〉F being products of matrix elements of conserved
currents are µ–independent and the cancellation of the µ dependence in (9.5)–(9.7) does not
take place. Consequently from the point of view of QCD the factorization approach can be at
best correct at a single value of µ, the so-called factorization scale µf . Although the approach
itself does not provide the value of µf , the proponents of factorization expect µf = O(mb)
and µf = O(mc) for B-decays and D-decays respectively.
Here we would like to point out that beyond the leading logarithmic approximation for
C¯i(µ) a new complication arises. As we have discussed in previous sections, at next to leading
level in the renormalization group improved perturbation theory the coefficients C¯i(µ) depend
on the renormalization scheme for operators. Again only the presence of non-factorizable
contributions in 〈Oi〉 can remove this scheme dependence in the physical amplitudes. However
〈Oi〉F are renormalization scheme independent and the factorization approach is of course
unable to tell us whether it works better with an anti-commuting γ5 in D 6= 4 dimensions
(NDR scheme) or with another definition of γ5 such as used in HV or DRED schemes.
Moreover there are other renormalization schemes parametrized by κ± in (7.11)–(7.14). The
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renormalization scheme dependence emphasized here is rather annoying from the factorization
point of view as it precludes a unique phenomenological determination of µf as we will show
explicitly below.
On the other hand, arguments have been given [119, 120, 118], that factorization approach
could be approximately true in the case of two-body decays with high energy release [119], or
in certain kinematic regions [120, 122, 123]. We will not repeat here these arguments, which
can be found in the original papers. Needless to say the issue of factorization does not only
involve the short distance gluon corrections discussed here but also final state interactions as
stressed in particular in [123].
It is difficult to imagine that factorization can hold even approximately in all circum-
stances. In spite of this, it became fashonable these days to test this idea, to some extent, by
using certain set of formfactors to calculate 〈Oi〉F and by making global fits of the formulae
(9.5)–(9.7) to the data treating a1 and a2 as free independent parameters. As an example we
give the result of a recent analysis of this type for non-leptonic two-body B-decays [121]
a1 ≈ 1.08 ± 0.04 a2 ≈ 0.21 ± 0.05 (9.9)
which is compatible with other analyses [125, 126, 124, 127, 128]. At the level of accuracy
of the existing experimental data and because of strong model dependence in the relevant
formfactors it is not yet possible to conclude on the basis of these analyses whether the
factorization approach is a useful approximation in general or not. It is certainly conceivable
that factorization may apply better to some non-leptonic decays than to others [118]-[122]
and using all decays in a global fit may misrepresent the true situation.
The fact that 〈Oi〉F are µ-independent but ai(µ) are µ-dependent, which is clearly in-
consistent, inspired a number of authors [125, 126, 121, 127, 128] to generalize the concept
of factorization. The presentation given in the next subsection, done in collaboration with
Silvestrini [113], follows closely the generalization due to Neubert and Stech [121] which deals
exclusively with the operators O1 and O2. The generalization presented in [125, 127, 128] are
similar in spirit but includes also the penguin contributions. I will discuss it briefly at the
end of this section. In particular the very recent analysis of Ali, Kramer and Lu¨ [128] is very
informative.
9.3 Generalized Factorization
In the generalized factorization framework the formulae (9.5)–(9.7) are simply replaced by
AI =
GF√
2
VCKMa
eff
1 〈O1〉F (Class I), (9.10)
AII =
GF√
2
VCKMa
eff
2 〈O2〉F (Class II), (9.11)
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AIII =
GF√
2
VCKM [a
eff
1 + xa
eff
2 ]〈O1〉F (Class III), (9.12)
where aeffi are µ-independent and renormalization scheme independent parameters to be ex-
tracted from experimental data. From phenomenological point of view there is no change
here relative to the standard factorization as only ai(µ) have been replaced by a
eff
i . On the
other hand, as stressed in particular in [121], the new formulation should allow in principle
some insight into the importance of non-factorizable contributions.
In this context I should remark that in the recent literature mainly the µ-dependence of
the non-factorizable contributions has been emphasized. Their scheme dependence has been
only discussed in [89]. It is the latter issue which will be important in the discussion below.
Let us then derive the formulae for aeffi including NLO corrections.
In order to describe generalized factorization in explicit terms let us consider the decay
B¯0 → D+π−. Then the relevant effective Hamiltonian is given by
Heff =
GF√
2
VcbV
∗
ud[C¯1(µ)O1 + C¯2(µ)O2] , (9.13)
where
O1 = (d¯αuα)V−A(c¯βbβ)V−A O2 = (d¯αuβ)V−A(c¯βbα)V−A . (9.14)
C¯1(µ) and C¯2(µ) are computed at the renormalization scale µ = O(mb). Since all four quark
flavours entering the operators in (9.14) are different from each other, no penguin operators
contribute to this decay.
Using Fierz reordering and colour identities one can rewrite the amplitude for B¯0 → D+π−
as
A(B¯0 → D+π−) = GF√
2
VcbV
∗
uda
eff
1 〈O1〉F (9.15)
where
〈O1〉F = 〈π− | (d¯u)V−A | 0〉〈D+ | (c¯b)V −A | B¯0〉 (9.16)
is the factorized matrix element of the operator O1 and summation over colour indices in
each current is understood.
The effective parameter aeff1 is then given by [121]
aeff1 =
(
C¯1(µ) +
1
N
C¯2(µ)
)
[1 + ε
(BD,π)
1 (µ)] + C¯2(µ)ε
(BD,π)
8 (µ). (9.17)
ε
(BD,π)
1 (µ) and ε
(BD,π)
8 (µ) are two hadronic parameters defined by
ε
(BD,π)
1 (µ) ≡
〈π−D+|(d¯u)V −A(c¯b)V−A|B¯0〉
〈O1〉F − 1 (9.18)
and
ε
(BD,π)
8 (µ) ≡ 2
〈π−D+|(d¯T au)V −A(c¯T ab)V−A|B¯0〉
〈O1〉F (9.19)
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with T a denoting the colour matrices in the standard Feynman rules. εi(µ) parametrize the
non-factorizable contributions to the hadronic matrix elements of operators. In the case of
strict factorization εi vanish and a
eff
1 reduces to a1(µ).
It should be emphasized that no approximation has been made in (9.15). Since the matrix
element 〈O1〉F is scale and renormalization scheme independent this must also be the case
for the effective coefficient aeff1 . Indeed the scale and scheme dependences of the coefficients
C¯1(µ) and C¯2(µ) are cancelled by those present in the hadronic parameters εi(µ). We will
give explicit formulae for the latter dependences below.
A similar exercise with the amplitude for B¯0 → D0π0 gives
A(B¯0 → D0π0) = GF√
2
VcbV
∗
uda
eff
2 〈O2〉F , (9.20)
where
〈O2〉F = 〈D0 | (c¯u)V−A | 0〉〈π0 | (d¯b)V−A | B¯0〉 (9.21)
is the factorized matrix element of the operator O2.
The effective parameter aeff2 is given by [121]
aeff2 =
(
C¯2(µ) +
1
N
C¯1(µ)
)
[1 + ε
(Bπ,D)
1 (µ)] + C¯1(µ)ε
(Bπ,D)
8 (µ). (9.22)
ε
(Bπ,D)
1 (µ) and ε
(Bπ,D)
8 (µ) are two hadronic parameters defined by
ε
(Bπ,D)
1 (µ) ≡
〈π0D0|(c¯u)V−A(d¯b)V−A|B¯0〉
〈O2〉F − 1 (9.23)
and
ε
(Bπ,D)
8 (µ) ≡ 2
〈π0D0|(c¯T au)V−A(d¯T ab)V−A|B¯0〉
〈O2〉F . (9.24)
Again the µ and scheme dependences of εi in (9.23) and (9.24) cancel the corresponding
dependences in C¯i(µ) so that the effective coefficient a
eff
2 is µ and scheme independent. Sim-
ilarly one can derive the formula (9.12) by using B− → D0K− or other decay belonging to
class III.
Following section 5.1 of [73] and using the experience accumulated in previous sections it
is straightforward to find the explicit µ and scheme dependences of the hadronic parameters
εi(µ). To this end we note that the µ dependence of the matrix elements of the operators
O± is given by
〈O±(µ)〉 = U±(mb, µ)〈O±(mb)〉 , (9.25)
where the evolution function U±(mb, µ) including NLO QCD corrections is given as in (6.6)
by
U±(mb, µ) =
[
1 +
αs(mb)
4π
J±
] [
αs(µ)
αs(mb)
]d± [
1− αs(µ)
4π
J±
]
(9.26)
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with J± and d± in (7.9). Note the different ordering of scales in (9.25) from the one in the
evolution of Wilson coefficients in (8.53).
Having these formulae at hand it is straightforward to show that the µ-dependence of
ε1(µ) and ε8(µ) is governed by the following equations:
1 + ε1(µ) =
1
2
[(
1 +
1
N
)
[1 + ε1(mb)] + ε8(mb)
]
U+(mb, µ) (9.27)
+
1
2
[(
1− 1
N
)
[1 + ε1(mb)]− ε8(mb)
]
U−(mb, µ),
ε8(µ) =
1
2
[(
1− 1
N
)
ε8(mb) +
(
1− 1
N2
)
[1 + ε1(mb)]
]
U+(mb, µ) (9.28)
+
1
2
[(
1 +
1
N
)
ε8(mb)−
(
1− 1
N2
)
[1 + ε1(mb)]
]
U−(mb, µ).
It is a very good exercise to derive these formulae and any student who wants to test her
(his) skills in this field should try it.
These formulae reduce to the ones given in [121] when J± in (9.26) are set to zero.
They give both the µ-dependence and renormalization scheme dependence of εi. The latter
dependence has not been considered in [121]. We will return to these expressions in a moment.
First, however, we would like to formulate the generalized factorization in a more transparent
manner.
9.4 A Different Formulation
In order to be able to discuss the relation of our presentation [113] to the one of [121] we
have used until now, as in [121], the hadronic parameters ε1(µ) and ε8(µ) to describe non-
factorizable contributions. It appears to us that it is more convenient to work instead with
two other parameters defined simply by [113]
aeff1 = a1(µ) + ξ
NF
1 (µ), a
eff
2 = a2(µ) + ξ
NF
2 (µ), (9.29)
where ai(µ) are defined in (9.8). Comparison with (9.17) and (9.22) gives
ξNF1 (µ) = ε1(µ)a1(µ) + ε8(µ)C¯2(µ), (9.30)
ξNF2 (µ) = ε¯1(µ)a2(µ) + ε¯8(µ)C¯1(µ), (9.31)
where
ε1(µ) = ε
(BD,π)
1 , ε8(µ) = ε
(BD,π)
8 , (9.32)
ε¯1(µ) = ε
(Bπ,D)
1 , ε¯8(µ) = ε
(Bπ,D)
8 . (9.33)
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In the framework of the strict factorization hypothesis ξNFi (µ) are set to zero. Their µ
and scheme dependences can in principle be found by using the dependences of C¯i(µ) given in
section 7 and of εi(µ) in (9.27) and (9.28). To this end, however, one needs the determination
of the non-perturbative parameters εi(µ) and ε¯i(µ) at a single value of µ. If, as done in [121],
aeffi are universal parameters, the determination of εi(µ) and ε¯i(µ) is only possible if one also
makes the following universality assumptions:
ε1(µ) = ε¯1(µ), ε8(µ) = ε¯8(µ). (9.34)
In [121] such an assumption was unnecessary as ε1(µ) has been set to zero and only ε8(µ)
has been extracted from the data.
With the assumptions in (9.34), ε1(µ) and ε8(µ) can indeed be found once the effective
parameters aeffi have been determined experimentally. Using (9.17) and (9.22) together with
(9.34) we find
ε1(µ) =
C¯1(µ)a
eff
1 − C¯2(µ)aeff2
C¯21 (µ)− C¯22 (µ)
− 1 , (9.35)
ε8(µ) =
aeff2
C¯1(µ)
−
(
C¯2(µ)
C¯1(µ)
+
1
N
)
[1 + ε1(µ)] . (9.36)
On the other hand ξNFi (µ) can be determined without the universality assumption (9.34)
from two decays simply as follows
ξNF1 (µ) = a
eff
1 − a1(µ) , ξNF2 (µ) = aeff2 − a2(µ) . (9.37)
Formulae in (9.37) make it clear that the strict factorization in which ξNFi (µ) vanish can
be at best correct at a single value of µ, the so-called factorization scale µf . In the first
studies of factorization µf = mb has been assumed. It has been concluded that such a choice
is not in accord with the data. The idea of the generalized factorization as formulated in
[125, 126, 121] is to allow µf to be different from mb and to extract first non-factorizable
parameters εi(mb) from the data. Subsequently factorization scale µf can be found by
requiring these parameters to vanish.
In the numerical analysis of this procedure done in [121] one additional assumption has
been made. Using large N arguments it has been argued that ε1(µ) can be set to zero while
ε8(µ) can be sizable. The resulting expressions for a
eff
i are then
aeff1 = C¯1(mb), a
eff
2 = a2(mb) + C¯1(mb)ε8(mb) , (9.38)
where additional small terms have been dropped in order to obtain the formula for aeff1 . Using
subsequently the extracted value aeff2 = 0.21 ± 0.05 together with the coefficients C¯i(mb)
135
from [48] one finds ε8(mb) = 0.12 ± 0.05 [121]. Next assuming ε8(µf ) = 0 one can find the
factorization scale µf by inverting the formula [121]
ε8(mb) = −4αs(mb)
3π
ln
mb
µf
, (9.39)
which follows from (9.28) with ε8(µf ) = 0 and ε1(mb) = 0. Thus
µf = mb exp
[
3πε8(mb)
4αs(mb)
]
. (9.40)
Taking mb = 4.8 GeV and αs(mb) = 0.21 (corresponding to αs(MZ) = 0.118) we find using
ε8(mb) = 0.12 ± 0.05 a rather large factorization scale µf = (15.9 + 11.3 − 6.6) GeV, by
roughly a factor of 3-4 higher than mb. This implies that non-factorizable contributions in
hadronic matrix elements at scales close to mb are sizable. This is also signalled by the value
of ε8(mb) ≈ 0.12 which is larger than the factorizable contribution a2(mb) = 0.09 to the
effective parameter aeff2 = 0.21 ± 0.05.
We would like to emphasize that such an interpretation of the analysis of Neubert and
Stech [121] would be misleading. As stressed in [89] the coefficient a2(µ) is very strongly de-
pendent on the renormalization scheme. Consequently for a given value of aeff2 also ξ
NF
2 (mb)
and ε8(mb) are strongly scheme dependent. This shows, that a meaningful analysis of the
µ-dependences in non-leptonic decays, such as the search for the factorization scale µf , can-
not be be made without simultaneously considering the scheme dependence. This is evident
if one recalls that any variation of µf in the leading logarithm is equivalent to a shift in con-
stant non-logarithmic terms. The latter represent NLO contributions in the renormalization
group improved perturbation theory and must be included for a meaningful extraction of µf
or any other scale like ΛMS. However, once the NLO contributions are taken into account,
the renormalization scheme dependence enters the analysis and consequently the factoriza-
tion scale µf at which the non-factorizable hadronic parameters ξ
NF
i (µf ) or εi(µf ) vanish is
renormalization scheme dependent. Formula (7.16) exhibits all these statements very clearly.
From this discussion it becomes clear that for any chosen scale µf = O(mb), it is always
possible to find a renormalization scheme for which
ξNF1 (µf ) = ξ
NF
2 (µf ) = 0 . (9.41)
Indeed as seen in (9.37) ξNFi (µ) depend through ai(µ) on κ± (see section 7) which charac-
terize a given renormalization scheme. The choice of κ± corresponds to a particular finite
renormalization of the operators O± in addition to the renormalization in the NDR scheme.
It is then straightforward to find the values of κ± which assure that for a chosen scale µf the
conditions in (9.41) are satisfied. We find [113]
κ+ = 3
[
3
4
aeff1 + a
eff
2
W+(µf )
− 1
]
4π
αs(µf )
− 3(J+)NDR , (9.42)
136
κ− =
3
2
[
3
2
aeff1 − aeff2
W−(µf )
− 1
]
4π
αs(µf )
− 3
2
(J−)NDR , (9.43)
where
W±(µf ) =
[
αs(MW )
αs(µf )
]d± [
1 +
αs(MW )
4π
(B± − J±)
]
(9.44)
with (J±)NDR being the values of J± in the NDR scheme. W±(µf ) are clearly renormalization
scheme independent as B± − J± and d± are scheme independent.
9.5 Numerical Analysis
Before presenting the numerical analysis of the formulae derived in the preceding subsections,
it is important to clarify the difference between the Wilson coefficients in (9.4) used by us
and the ones employed in [121]. In [121] scheme independent coefficients z˜±(µ) of [48] instead
of z±(µ) have been used. These are obtained by multiplying z±(µ) by (1− B±αs(µ)/4π) so
that
z˜±(µ) =
[
αs(MW )
αs(µ)
]d± [
1 +
αs(MW )− αs(µ)
4π
(B± − J±)
]
. (9.45)
These coefficients are clearly not the coefficients of the operators O±. In order to be consistent,
the matrix elements 〈O±〉 should then be replaced by
〈O˜±〉 = (1 +B±αs(µ)/4π)〈O±〉. (9.46)
This, however, has not been done in [121]. This explains, to a large extent, why our re-
sults for ε8(mb) differ considerably from the ones quoted in [121]. We strongly advice the
practitioners of non-leptonic decays not to use the scheme independent coefficients of [48] in
phenomenological applications. These coefficients have been introduced to test the compati-
bility of different renormalization schemes and can only be used for phenomenology together
with 〈O˜±〉. This would however unnecessarily complicate the analysis and it is therefore
advisable to work with the true coefficients C¯i(µ) of the operators Oi as given in (9.4).
In [121] the values of aeffi given in (9.9) have been extracted from existing data on two-body
B–decays. In order to illustrate various points made until now, we take the central values of
aeffi in (9.9) and calculate εi(µ) and ξ
NF
i (µ) as functions of µ in the range 2.5 GeV ≤ µ ≤
10 GeV for the NDR and HV schemes. The results are shown in fig. 26 and fig. 27. We
observe that ε1(µ) and ξ
NF
1 (µ) are only weakly µ and scheme dependent in accordance with
the findings in [89], where these dependences have been studied for ai(µ) defined in (9.8).
The strong µ and scheme dependences of a2(µ) found there translate into similar strong
dependences of ε8(µ) and ξ
NF
2 (µ).
We make the following observations:
• ε1(µ) and ξNF1 (µ) are non-zero in the full range of µ considered.
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Figure 26: ε1,8(µ) in the NDR and HV schemes.
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Figure 27: ξNF1,2 (µ) in the NDR and HV schemes.
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• ε8(µ) and ξNF2 (µ) vary strongly with µ and vanish in the NDR scheme for µ = 5.5 GeV
and µ = 6.3 GeV respectively. The corresponding values in the HV scheme are µ =
7.5 GeV and µ = 8.6 GeV.
• There is no value of µ = µf in the full range considered for which ε1(µ) and ε8(µ) or
equivalently ξNF1 (µ) and ξ
NF
2 (µ) simultaneously vanish. We also observe contrary to
expectations in [121] that ε1(µ) is not necessarily smaller than ε8(µ). In fact the large
N arguments presented in [121] that ε1(µ) = O(1/N2) and ε8(µ) = O(1/N), imply
strictly speaking only that the µ-dependence of ε8(µ) is much stronger than that of
ε1(µ), which we indeed see in figs. 26 and 27. The hierarchy of their actual values
is a dynamical question. Even if the large N -counting-rules ε1(µ) = O(1/N2) and
ε8(µ) = O(1/N) are true independently of the factorization hypothesis [129, 130], it
follows from our analysis that once the generalized factorization hypothesis is made,
the extracted values of εi violate for some range of µ the large-N rule ε1 ≪ ε8.
We can next investigate for which renormalization scheme characterized by κ± the fac-
torization is exact at µf = mb = 4.8 GeV. We call this choice the “factorization scheme”
(FS). Using the central values in (9.9) and Λ
(5)
MS
= 225MeV we find by means of (9.42) and
(9.43)
κ+ = 13.5 , κ− = 3.9 (FS). (9.47)
These values deviate considerably from the NDR values κ± = 0 and the HV values κ± = ∓4.
Yet one can verify that for these values J+ = 6.13 and J− = 1.17 and consequently in this
scheme the NLO corrections at µ = mb remain perturbative. In table 11 we give the values
of ξNFi (µ) for the NDR,HV and FS schemes.
The discussion of this subsection casts some doubts on the usefulness of the formulation
in [121] with respect to the study of non-factorizable contributions to non-leptonic decays.
Table 11: ξNF1,2 (µ) as functions of µ for different schemes and Λ
(5)
MS
= 225MeV.
ξNF1 (µ) ξ
NF
2 (µ)
µ[GeV] NDR HV FS NDR HV FS
2.5 0.046 0.035 –0.033 0.102 0.144 0.075
5.0 0.065 0.059 0.001 0.022 0.055 –0.004
7.5 0.071 0.067 0.014 –0.016 0.013 –0.041
10.0 0.074 0.071 0.021 –0.039 -0.013 –0.064
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9.6 Generalized Factorization and N eff
The generalized factorization presented in [125, 127, 128] is similar in spirit but includes more
dynamics than the formulation in [121]. Unfortunately, as we will demonstrate below, also
this approach has its weak points. Let us then briefly describe the basic idea.
As pointed sometime ago in [68, 131] and recently discussed in [125, 127, 128], it is always
possible to calculate the scale and scheme dependence of the hadronic matrix elements in
perturbation theory by simply calculating the matrix elements of the relevant operators
between the quark states. Combining these scheme and scale dependent contributions with
the Wilson coefficients Ci(µ) one obtaines the effective coefficients C
eff
i which are free from
these dependences. If one neglects in addition final state interactions and other possible
non-factorizable contributions the decay amplitudes can be generally written as follows
A = 〈Heff 〉 = GF√
2
VCKM [C
eff
1 〈O1〉tree + Ceff2 〈O2〉tree] , (9.48)
where 〈Oi〉tree denote tree level matrix elements. The proposal in [125, 127, 128] is to use
(9.48) and to apply the idea of the factorization to the tree level matrix elements. In this
approach then the effective parameters aeff1,2 are given by
aeff1 = C
eff
1 +
1
N eff
Ceff2 a
eff
2 = C
eff
2 +
1
N eff
Ceff1 (9.49)
with analogous expressions for aeffi (i = 3 − 10) parametrizing penguin contributions. Here
N eff is treated as a phenomenological parameter which models those non-factorizable contri-
butions to the hadronic matrix elements which have not been included in Ceffi . In particular
it has been suggested in [125, 127, 128] that the values for N eff extracted from the data on
two-body non-leptonic decays should teach us about the pattern of non-factorizable contri-
butions.
In particular when calculating the effective coefficients Ceffi , the authors of [127, 128] have
included a subset of contributions to the perturbative matrix elements, which is sufficient to
cancel the scale and scheme dependence of the Wilson coefficients. Unfortunately the results
of such calculations are generally gauge dependent and suffer from the dependence on the
infrared regulator and generally on the assumptions about the external momenta. We have
discussed this already in detail in section 6 but it is instructive to discuss this briefly once
more in the context of the analyses in [125, 127, 128].
The Green function of the renormalized operator O, for a given choice of the ultraviolet
regularization (NDR or HV for example), a choice of the external momenta p and of the
gauge parameter λ, is given by
ΓλO(p) = 1 +
αs
4π
(
−γ
(0)
2
ln(
−p2
µ2
) + rˆ
)
, (9.50)
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with
rˆ = rˆNDR,HV + λrˆλ. (9.51)
The matrices rˆNDR,HV depend on the choice of the external momenta and on the ultraviolet
regularization, while rˆλ is regularization- and gauge-independent, but depends on the exter-
nal momenta. It is clearly possible to define a renormalization scheme in which, for given
external momenta and gauge parameter, ΓλO(p) = 1, or in other words 〈O〉p,λ = 〈O〉tree (this
corresponds to the RI scheme discussed in [131]). However, the definition of the renormal-
ized operators will now depend on the choice of the gauge and of the external momenta. If
one were able, for example by means of lattice QCD, to compute the matrix element of the
operator using the same renormalization prescription, the dependences on the gauge and on
the external momenta would cancel between the Wilson coefficient and the matrix element.
If, on the contrary, the matrix elements are estimated using factorization, no trace is kept of
the renormalization prescription and the final result is gauge and infrared dependent.
In [127, 128] scale- and scheme-independent effective Wilson coefficients Ceffi have been ob-
tained by adding to Ci(µ) the contributions coming from vertex-type quark matrix elements,
denoted by rˆV and γˆV . In particular
Ceff1 = C1(µ) +
αs
4π
(
rTV + γ
T
V log
mb
µ
)
1j
Cj(µ),
Ceff2 = C2(µ) +
αs
4π
(
rTV + γ
T
V log
mb
µ
)
2j
Cj(µ) (9.52)
where the index j runs through all contributing operators, also penguin operators considered
in [125, 127, 128].
It is evident from the above discussion that rˆV depends not only on the external momenta,
but also on the gauge chosen. For example, in [127, 128] the following result for rˆV is quoted:
rˆV =

7
3 −7 0 0 0 0
−7 73 0 0 0 0
0 0 73 −7 0 0
0 0 −7 73 0 0
0 0 0 0 −13 1
0 0 0 0 −3 353

. (9.53)
This result is valid in the Landau gauge (λ = 0); in an arbitrary gauge, with the same choice
of external momenta used to obtain (9.53) one would get
rˆV = rˆV (λ = 0) + λr
λ
V , (9.54)
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with rˆV (λ = 0) given in (9.53) and
rλV =

−56 −32 0 0 0 0
−32 −56 0 0 0 0
0 0 −56 −32 0 0
0 0 −32 −56 0 0
0 0 0 0 −116 32
0 0 0 0 0 83

. (9.55)
The expressions for the full 10 × 10 rˆ matrices in the NDR and HV schemes and in the
Feynman and Landau gauges are given in [131], for a different choice of the external momenta.
The results for the Landau gauge are given in [68], where also penguin diagrams have been
included.
Equation (9.54) shows that the definition of the effective coefficients advocated in [125,
127, 128] is gauge-dependent. In addition, it also depends on the choice of the external
momenta. This implies that the effective number of colors extracted in [125, 127, 128] is
also gauge-dependent, and therefore it cannot have any physical meaning. This finding casts
some doubts on the usefulness of the formulation in [125, 127, 128] with respect to the study
of non-factorizable contributions to non-leptonic decays.
The gauge dependences and infrared dependences discussed here appear in any calculation
of matrix elements of operators between quark states necessary in the process of matching of
the full theory onto an effective theory as we have seen in section 6. Another example can be
found in [90] where the full gauge dependence of the quark matrix element of the operator
(s¯d)V−A(s¯d)V −A has been calculated. However, in the process of matching such unphysical
dependences in the effective theory are cancelled by the corresponding contributions in the
full theory so that the Wilson coefficients are free of such dependences. Similarly in the
case of inclusive decays of heavy quarks, where the spectator model can be used, they are
cancelled by gluon bremsstrahlung. In exclusive hadron decays there is no meaningful way to
include such effects in a perturbative framework and one is left with the gauge and infrared
dependences in question.
9.7 Summary
In this section we have critically analyzed the hypothesis of the generalized factorization.
While the parametrization of the data in terms of a set of effective parameters discussed
in [121, 125, 127, 128], may appear to be useful, we do not think that this approach offers
convincing means to analyze the physics of non-factorizable contributions to non-leptonic
decays. In particular:
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• The renormalization scheme dependence of the non-factorizable contributions to hadronic
matrix elements precludes the determination of the factorization scale µf .
• Consequently for any chosen value of µ = O(mb) it is possible to find a renormalization
scheme for which the non-perturbative parameters ε1,8 used in [121] to characterize the
size of non-factorizable contributions vanish. The same applies to ξNF1,2 (µ) introduced in
(9.37).
• We point out that the recent extractions of the effective number of coloursN eff from two-
body non-leptonic B-decays, presented in [125, 127, 128], while µ and renormalization
scheme independent suffer from gauge dependences and infrared regulator dependences.
Our analysis [113] demonstrates clearly the need for an approach to non-leptonic decays
which goes beyond the generalized factorization discussed recently in the literature. Some
possibilities are offered by dynamical approaches like QCD sum rules as recently reviewed
in [114]. However, even a phenomenological approach which does not suffer from the weak
points of factorization discussed here, would be a step forward. Some ideas in this direction
will be presented in [132].
10 εK, B
0-B¯0 Mixing and the Unitarity Triangle
10.1 Preliminaries
Let us next discuss particle–antiparticle mixing which in the past has been of fundamental
importance in testing the Standard Model and often has proven to be an undefeatable chal-
lenge for suggested extensions of this model. Particle–antiparticle mixing is responsible for
the small mass differences between the mass eigenstates of neutral mesons. Being an FCNC
process it involves heavy quarks in loops and consequently it is a perfect testing ground for
heavy flavour physics. Let us just recall that from the calculation of the KL − KS mass
difference, Gaillard and Lee [133] were able to estimate the value of the charm quark mass
before charm discovery. On the other hand B0d − B¯0d mixing [134] gave the first indication of
a large top quark mass. Finally, particle–antiparticle mixing in the K0 − K¯0 system offers
within the Standard Model a plausible description of CP violation in KL → ππ discovered
in 1964 [135].
In this section we will predominantly discuss the parameter ε describing the indirect CP
violation in theK system and the mass differences ∆Md,s which describe the size of B
0
d,s−B¯0d,s
mixings. In the Standard Model all these phenomena appear first at the one–loop level and
as such they are sensitive measures of the top quark couplings Vti(i = d, s, b) and of the top
quark mass.
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We have seen in section 2 that tree level decays and the unitarity of the CKM matrix give
us already a good information about Vtb and Vts: Vtb ≈ 1 and | Vts | ≈ | Vcb |. Similarly the
value of the top quark mass measured by CDF and D0 (see below) is known within ±4%.
Consequently the main new information to be gained from the quantities discussed here are
the values of |Vtd| and of the phase δ = γ in the CKM matrix. This will allow us to construct
the unitarity triangle which has been introduced in subsection 2.3.
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s d
d s
u,c,t u,c,t
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s d
d s
W W
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Figure 28: Box diagrams contributing to K0 − K¯0 mixing in the Standard Model.
First, however, let us briefly recall the formalism of particle–antiparticle mixing. We will
begin with the K–system. Subsequently we will give some formulae for B0d,s − B¯0d,s mixings,
necessary for the analysis of the unitarity triangle. A very detailed discussion of B0d,s − B¯0d,s
mixings can be found in section 8 of a review by Robert Fleischer and myself [18] and in his
review [136]. The following subsection borrows a lot from [137] and [138].
10.2 Express Review of K0 − K¯0 Mixing
K0 = (s¯d) and K¯0 = (sd¯) are flavour eigenstates which in the Standard Model may mix via
weak interactions through the box diagrams in fig. 28. We will choose the phase conventions
so that
CP |K0〉 = −|K¯0〉, CP |K¯0〉 = −|K0〉. (10.1)
In the absence of mixing the time evolution of |K0(t)〉 is given by
|K0(t)〉 = |K0(0)〉 exp(−iHt) , H =M − iΓ
2
, (10.2)
where M is the mass and Γ the width of K0. Similar formula for K¯0 exists.
On the other hand, in the presence of flavour mixing the time evolution of the K0 − K¯0
system is described by
i
dψ(t)
dt
= Hˆψ(t) ψ(t) =
 |K0(t)〉
|K¯0(t)〉
 (10.3)
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where
Hˆ = Mˆ − i Γˆ
2
=
 M11 − iΓ112 M12 − iΓ122
M21 − iΓ212 M22 − iΓ222
 (10.4)
with Mˆ and Γˆ being hermitian matrices having positive (real) eigenvalues in analogy with M
and Γ. Mij and Γij are the transition matrix elements from virtual and physical intermediate
states respectively. Using
M21 =M
∗
12 , Γ21 = Γ
∗
12 , (hermiticity) (10.5)
M11 =M22 ≡M , Γ11 = Γ22 ≡ Γ , (CPT) (10.6)
we have
Hˆ =
 M − iΓ2 M12 − iΓ122
M∗12 − iΓ
∗
12
2 M − iΓ2
 . (10.7)
We can next diagonalize the system to find:
Eigenstates:
KL,S =
(1 + ε¯)K0 ± (1− ε¯)K¯0√
2(1+ | ε¯ |2) (10.8)
where ε¯ is a small complex parameter given by
1− ε¯
1 + ε¯
=
√√√√M∗12 − i12Γ∗12
M12 − i12Γ12
. (10.9)
Eigenvalues:
ML,S =M ± ReQ ΓL,S = Γ∓ 2ImQ (10.10)
where
Q =
√
(M12 − i1
2
Γ12)(M∗12 − i
1
2
Γ∗12). (10.11)
Consequently we have
∆M =ML −MS = 2ReQ ∆Γ = ΓL − ΓS = −4ImQ. (10.12)
It should be noted that the mass eigenstates KS and KL differ from CP eigenstates
K1 =
1√
2
(K0 − K¯0), CP |K1〉 = |K1〉 , (10.13)
K2 =
1√
2
(K0 + K¯0), CP |K2〉 = −|K2〉 , (10.14)
by a small admixture of the other CP eigenstate:
KS =
K1 + ε¯K2√
1+ | ε¯ |2 , KL =
K2 + ε¯K1√
1+ | ε¯ |2 (10.15)
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with ε¯ defined in (10.9). ε¯ can also be written as
1− ε¯
1 + ε¯
=
∆M − i12∆Γ
2M12 − iΓ12 ≡ r exp(iκ) . (10.16)
It should be stressed that the small parameter ε¯ depends on the phase convention chosen
for K0 and K¯0. Therefore it may not be taken as a physical measure of CP violation. On
the other hand Reε¯ and r are independent of phase conventions. In particular the departure
of r from 1 measures CP violation in the K0 − K¯0 mixing:
r = 1 +
2|Γ12|2
4|M12|2 + |Γ12|2 Im
(
M12
Γ12
)
. (10.17)
Since ε¯ is O(10−3), we find, using (10.9), that
ImM12 ≪ ReM12, ImΓ12 ≪ ReΓ12 . (10.18)
Consequently to a very good approximation:
∆MK = 2ReM12, ∆ΓK = 2ReΓ12 , (10.19)
where we have introduced the subscript K to stress that these formulae apply only to the
K0 − K¯0 system.
The KL −KS mass difference is experimentally measured to be
∆MK =M(KL)−M(KS) = (3.491 ± 0.009) · 10−15GeV . (10.20)
In the Standard Model roughly 70% of the measured ∆MK is described by the real parts of
the box diagrams with charm quark and top quark exchanges, wherby the contribution of the
charm exchanges is by far dominant. This is related to the smallness of the real parts of the
CKM top quark couplings compared with the corresponding charm quark couplings. Thus
even if the function S0(xt) is by a factor of 1600 larger than S0(xc), it cannot compensate for
the smallness of the real top quark couplings. Some non-negligible contribution comes from
the box diagrams with simultaneous charm and top exchanges. The u-quark contribution is
needed only for GIM mechanism but otherwise can be neglected. The remaining 30% of the
measured ∆MK is attributed to long distance contributions which are difficult to estimate
[139]. It is a useful exercise to check these statements by using ∆MK in (10.12) and the
expression for M12 given in (10.41). Further information with the relevant references can be
found in [92].
The situation with ∆ΓK is rather different. It is fully dominated by long distance effects.
Experimentally one has
∆ΓK = Γ(KL)− Γ(KS) = −7.4 · 10−15GeV (10.21)
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and consequently ∆ΓK ≈ −2∆MK .
With all this information at hand and using the experimentally observed dominance of
∆I = 1/2 transitions in K → ππ, it is possible to derive an important formula for ε¯
ε¯ =
i
1 + i
ImM12
∆MK
+
ξ
1 + i
, ξ =
ImA0
ReA0
, (10.22)
with the isospin amplitude A0 defined below. An explicit derivation of (10.22) can be found
in a review by Chau [137]. A recent review by Belusevic [140] is also useful in this respect.
Finally I recommend strongly excellent lectures by Yossi Nir [141], where the issues of phase
conventions are discussed in detail.
10.3 The First Look at ε and ε′
Let us next move to two important CP violating parameters which can be measured experi-
mentally. The route to them proceeds as follows. It involves the decays K → ππ.
Since a two pion final state is CP even while a three pion final state is CP odd, KS and
KL preferably decay to 2π and 3π, respectively via the following CP conserving decay modes:
KL → 3π (via K2), KS → 2π (via K1). (10.23)
This difference is responsible for the large disparity in their life-times. A factor of 579.
However, KL and KS are not CP eigenstates and may decay with small branching fractions
as follows:
KL → 2π (via K1), KS → 3π (via K2). (10.24)
This violation of CP is called indirect as it proceeds not via explicit breaking of the CP
symmetry in the decay itself but via the admixture of the CP state with opposite CP parity
to the dominant one. The measure for this indirect CP violation is defined as
ε =
A(KL → (ππ)I=0)
A(KS → (ππ)I=0) , (10.25)
where ε is, contrary to ε¯ in (10.22), independent of the phase conventions. Following the
derivation in [137] one finds
ε = ε¯+ iξ . (10.26)
The phase convention dependence of the term iξ cancells the convention dependence of ε¯.
We will write down a nicer formula for ε below.
While indirect CP violation reflects the fact that the mass eigenstates are not CP eigen-
states, so-called direct CP violation is realized via a direct transition of a CP odd to a CP
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Figure 29: Indirect versus direct CP violation in KL → ππ.
even state or vice versa (see fig. 29). A measure of such a direct CP violation in KL → ππ is
characterized by a complex parameter ε′ defined as
ε′ =
1√
2
Im
(
A2
A0
)
eiΦ, Φ = π/2 + δ2 − δ0, (10.27)
where the isospin amplitudes AI in K → ππ decays are introduced through
A(K+ → π+π0) =
√
3
2
A2e
iδ2 (10.28)
A(K0 → π+π−) =
√
2
3
A0e
iδ0 +
√
1
3
A2e
iδ2 (10.29)
A(K0 → π0π0) =
√
2
3
A0e
iδ0 − 2
√
1
3
A2e
iδ2 . (10.30)
Here the subscript I = 0, 2 denotes states with isospin 0, 2 equivalent to ∆I = 1/2 and
∆I = 3/2 transitions, respectively, and δ0,2 are the corresponding strong phases. The weak
CKM phases are contained in A0 and A2. The strong phases δ0,2 cannot be calculated, at
least, at present. They can be extracted from ππ scattering. Then Φ ≈ π/4.
The isospin amplitudes AI are complex quantities which depend on phase conventions.
On the other hand, ε′ measures the difference between the phases of A2 and A0 and is a
physical quantity.
Experimentally ε and ε′ can be found by measuring the ratios
η00 =
A(KL → π0π0)
A(KS → π0π0) , η+− =
A(KL → π+π−)
A(KS → π+π−) . (10.31)
Indeed, assuming ε and ε′ to be small numbers one finds
η00 = ε− 2ε
′
1−√ω ≃ ε− 2ε
′, η+− = ε+
ε′
1 + ω/
√
2
≃ ε+ ε′ (10.32)
where experimentally ω = ReA2/ReA0 = 0.045.
In the absence of direct CP violation η00 = η+−. The ratio ε′/ε can then be measured
through ∣∣∣∣ η00η+−
∣∣∣∣2 ≃ 1− 6 Re(ε′ε ) . (10.33)
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10.4 Basic Formula for ε
With all this information at hand let us derive a formula for ε which can be efficiently used in
pheneomenological applications. Using (10.22) and (10.26) we first find the general formula
ε =
exp(iπ/4)√
2∆MK
(ImM12 + 2ξReM12) , ξ =
ImA0
ReA0
. (10.34)
The two terms in (10.34) are separately phase convention dependent but there sum is free
from this dependence. The off-diagonal element M12 in the neutral K-meson mass matrix
represents K0-K¯0 mixing. It is given by
2mKM
∗
12 = 〈K¯0|Heff(∆S = 2)|K0〉 , (10.35)
where Heff(∆S = 2) is the effective Hamiltonian for the ∆S = 2 transitions. That M∗12 and
not M12 stands on the l.h.s of this formula, is evident from (10.7). The factor 2mK reflects
our normalization of external states.
To lowest order in electroweak interactions ∆S = 2 transitions are induced through the
box diagrams of fig. 28. Including QCD corrections in the manner analogous to the one
already discussed for ∆B = 2 transitions in Section 8.3 one has [90]
H∆S=2eff =
G2F
16π2
M2W
[
λ2cη1S0(xc) + λ
2
tη2S0(xt) + 2λcλtη3S0(xc, xt)
]
×
×
[
α(3)s (µ)
]−2/9 [
1 +
α
(3)
s (µ)
4π
J3
]
Q(∆S = 2) + h.c. (10.36)
where λi = V
∗
isVid. Here µ < µc = O(mc). In (10.36), the relevant operator
Q(∆S = 2) = (s¯d)V −A(s¯d)V−A, (10.37)
is multiplied by the corresponding coefficient function. This function is decomposed into a
charm-, a top- and a mixed charm-top contribution. This form is obtained upon eliminating
λu by means of the unitarity of the CKM matrix and setting xu = 0. The functions S0 are
given in (3.17)–(3.19).
Short-distance QCD effects are described through the correction factors η1, η2, η3 and the
explicitly αs-dependent terms in (10.36). η2 is the analogue of ηB discussed in Section 8.3.
The calculation of η1 and η3 is more involved and is discussed in [92, 93]. η1−3 are defined
in analogy to (8.30). This means that in O(αs) they are independent of the renormalization
scales and the renormalization scheme for the operator Q(∆S). The NLO values of ηi are
given as follows [92, 90, 93]:
η1 = 1.38 ± 0.20, η2 = 0.57± 0.01, η3 = 0.47 ± 0.04 . (10.38)
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The quoted errors reflect the remaining theoretical uncertainties due to leftover µ-dependences
at O(α2s) and ΛMS . The factor η1 plays only a minor role in the analysis of ε but its enhanced
value through NLO corrections is essential for the KL −KS mass difference. We refer to [92]
for the discussion of ∆MK .
Defining, in analogy to (8.31), the renormalization group invariant parameter BˆK by
BˆK = BK(µ)
[
α(3)s (µ)
]−2/9 [
1 +
α
(3)
s (µ)
4π
J3
]
(10.39)
〈K¯0|(s¯d)V −A(s¯d)V −A|K0〉 ≡ 8
3
BK(µ)F
2
Km
2
K (10.40)
and using (10.36) one finds
M12 =
G2F
12π2
F 2KBˆKmKM
2
W
[
λ∗c
2η1S0(xc) + λ
∗
t
2η2S0(xt) + 2λ
∗
cλ
∗
t η3S0(xc, xt)
]
, (10.41)
where FK is the K-meson decay constant and mK the K-meson mass.
To proceed further we neglect the last term in (10.34) as it constitutes at most a 2%
correction to ε. This is justified in view of other uncertainties, in particular those connected
with BK . Inserting (10.41) into (10.34) we find
ε = CεBˆKImλt {Reλc [η1S0(xc)− η3S0(xc, xt)]− Reλtη2S0(xt)} exp(iπ/4) , (10.42)
where we have used the unitarity relation Imλ∗c = Imλt and have neglected Reλt/Reλc =
O(λ4) in evaluating Im(λ∗cλ∗t ). The numerical constant Cε is given by
Cε =
G2FF
2
KmKM
2
W
6
√
2π2∆MK
= 3.78 · 104 . (10.43)
To this end we have used the experimental value of ∆MK in (10.20). In principle we could
use the theoretical value for ∆MK but in view of the presence of long distance contributions
it is safer to use the experimental value. In this context it should be stressed that the
parameter ε being related to CP violation and top quark physics should be dominated by short
distance contributions and well approximated by the imaginary parts of the box diagrams.
Consequently the only non-perturbative uncertainty in (10.42) resides in BˆK .
Using the standard parametrization of (2.18) to evaluate Imλi and Reλi, setting the values
for s12, s13, s23 and mt in accordance with experiment and taking a value for BˆK (see below),
one can determine the phase δ by comparing (10.42) with the experimental value for ε
εexp = (2.280 ± 0.013) · 10−3 eiπ4 . (10.44)
Once δ has been determined in this manner one can find the apex (¯̺, η¯) of the unitarity
triangle in fig. 5 by using
̺ =
s13
s12s23
cos δ, η =
s13
s12s23
sin δ (10.45)
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and
¯̺ = ̺(1− λ
2
2
), η¯ = η(1 − λ
2
2
). (10.46)
For a given set (s12, s13, s23, mt, BˆK) there are two solutions for δ and consequently two
solutions for (¯̺, η¯). This will be evident from the analysis of the unitarity triangle discussed
in detail below.
Finally we have to say a few words about the non-perturbative parameter BˆK . There is
a long history of evaluating this parameter in various non-perturbative approaches. A short
review of older results can be found in [18]. The present status of quenched lattice calculations
has been recently reviewed by Gupta [142]. The most accurate result for BK(2 GeV) using
lattice method is obtained by JLQCD collaboration [143]: BK(2 GeV) = 0.628 ± 0.042. A
similar result has been published by Gupta, Kilcup and Sharpe [144] last year. The APE
collaboration [146] finds BK(2 GeV) = 0.66 ± 0.11 which is consistent with JLQCD and
GKS. In order to convert these values into BˆK by means of (10.39) one has to face the issue
of the choice of the number of flavours f . Fortunately the values for BˆK for f = 0 and
f = 3 corresponding to the JLQCD result, turn out to be very similar: BˆK = 0.87 ± 0.06
and BˆK = 0.84 ± 0.06, respectively. The final present lattice value given by Gupta is then
(BˆK)Lattice = 0.86 ± 0.06 ± 0.06 (10.47)
where the second error is attributed to quenching. The corresponding result from APE is
BˆK = 0.93 ± 0.16. On the other hand a recent analysis in the chiral quark model gives
surprisingly a value as high as BˆK = 1.1 ± 0.2 [147]. In our numerical analysis presented
below we will use
BˆK = 0.75± 0.15 . (10.48)
which is in the ball park of various lattice estimates and BˆK = 0.70 ± 0.10 from the 1/N
approach [148, 149]. These values are higher than those found using QCD Hadronic Duality
approach (BˆK = 0.39 ± 0.10) [150] or using the SU(3) symmetry and PCAC (BˆK = 1/3)
[151].
As we will see below, BˆK ≤ 0.75 requires simultaneously high values of |Vub/Vcb| and |Vcb|
in order to be able to fit the experimental value of ε.
10.5 Basic Formula for B0-B¯0 Mixing
The strength of the B0d,s − B¯0d,s mixings is described by the mass differences
∆Md,s =M
d,s
H −Md,sL (10.49)
with “H” and “L” denoting Heavy and Light respectively. In contrast to ∆MK , in this
case the long distance contributions are estimated to be very small and ∆Md,s is very well
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approximated by the relevant box diagrams. Moreover, due mu,c ≪ mt only the top sector
can contribute significantly to B0d,s − B¯0d,s mixings. The charm sector and the mixed top-
charm contributions are entirely negligible. This can be easily verified and is left as an useful
exercise.
∆Md,s can be expressed in terms of the off-diagonal element in the neutral B-meson mass
matrix by using the formulae developed previously for the K-meson system. One finds
∆Mq = 2|M (q)12 |, q = d, s. (10.50)
This formula differs from ∆MK = 2ReM12 because in the B-system Γ12 ≪M12.
Equivalently, the mixing can be described by
xq ≡ ∆Mq
ΓBq
, (10.51)
where ΓBq = 1/τBq with τBq being the corresponding lifetimes. However, working with ∆Mq
instead of xq avoids the experimental errors in lifetimes.
The off-diagonal termM12 in the neutral B-meson mass matrix is then given by a formula
analogous to (10.35)
2mBq |M (q)12 | = |〈B¯0q |Heff(∆B = 2)|B0q 〉|, (10.52)
where in the case of B0d − B¯0d mixing
H∆B=2eff =
G2F
16π2
M2W (V
∗
tbVtd)
2 ηBS0(xt)×
×
[
α(5)s (µb)
]−6/23 [
1 +
α
(5)
s (µb)
4π
J5
]
Q(∆B = 2) + h.c. (10.53)
Here µb = O(mb),
Q(∆B = 2) = (b¯d)V −A(b¯d)V−A (10.54)
and [90]
ηB = 0.55 ± 0.01. (10.55)
Finally J5 = 1.627 in the NDR scheme. In the case of B
0
s − B¯0s mixing one should simply
replace d→ s in (10.53) and (10.54) with all other quantities unchanged.
We next reapeat what we have done already in Section 8.3. Defining the renormalization
group invariant parameters Bˆq by
BˆBq = BBq(µ)
[
α(5)s (µ)
]−6/23 [
1 +
α
(5)
s (µ)
4π
J5
]
(10.56)
〈B¯0q |(b¯q)V−A(b¯q)V−A|B0q 〉 ≡
8
3
BBq(µ)F
2
Bqm
2
Bq , (10.57)
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where FBq is the Bq-meson decay constant and using (10.53) one finds
∆Mq =
G2F
6π2
ηBmBq(BˆBqF
2
Bq)M
2
WS0(xt)|Vtq|2, (10.58)
which implies two useful formulae
∆Md = 0.50/ps ·

√
BˆBdFBd
200MeV
2 [ mt(mt)
170GeV
]1.52 [ |Vtd|
8.8 · 10−3
]2 [ ηB
0.55
]
(10.59)
and
∆Ms = 15.1/ps ·

√
BˆBsFBs
240MeV
2 [ mt(mt)
170GeV
]1.52 [ |Vts|
0.040
]2 [ ηB
0.55
]
. (10.60)
There is a vast literature on the calculations of FBd and Bˆd. The most recent world
averages from lattice are [152, 153]
FBd = (175 ± 25)MeV , BˆBd = 1.31 ± 0.03 . (10.61)
This result for FBd is compatible with the results obtained with the help of QCD sum rules
[154]. In our numerical analysis we will use
FBd
√
BˆBd = (200 ± 40)MeV. (10.62)
The experimental situation on ∆Md taken from Gibbons [39] is given in table 12.
10.6 Standard Analysis of the Unitarity Triangle
With all these formulae at hand we can now summarize the standard analysis of the unitarity
triangle in fig. 5. It proceeds in five steps.
Step 1:
From b → c transition in inclusive and exclusive B meson decays one finds |Vcb| and
consequently the scale of the unitarity triangle:
|Vcb| =⇒ λ|Vcb| = λ3A (10.63)
Step 2:
From b→ u transition in inclusive and exclusive B meson decays one finds |Vub/Vcb| and
consequently the side CA = Rb of the unitarity triangle:∣∣∣∣VubVcb
∣∣∣∣ =⇒ Rb = √ ¯̺2 + η¯2 = 4.44 · ∣∣∣∣VubVcb
∣∣∣∣ (10.64)
Step 3:
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From experimental value of ε (10.44) and the formula (10.42) one derives, using the
approximations (2.37)–(2.39), the constraint
η¯
[
(1− ¯̺)A2η2S0(xt) + P0(ε)
]
A2BˆK = 0.226, (10.65)
where
P0(ε) = [η3S0(xc, xt)− η1xc] 1
λ4
, xt =
m2t
M2W
. (10.66)
P0(ε) = 0.31 ± 0.05 summarizes the contributions of box diagrams with two charm quark
exchanges and the mixed charm-top exchanges. The error in P0(ε) is dominated by the
uncertainties in η3 andmc. However, the P0(ε) term contributes only 25% to (10.65) and these
uncertainties constitute only a few percent uncertainty in the constraint (10.65). Recalling
that mt and the relevant QCD factors η2 and η3 are rather precisely known, we conclude that
the main uncertainties in the constraint (10.65) reside in BˆK and to some extent in A
4 which
multiplies the leading term.
0
0
ρ
η
_
_
Bd
0 Bd
0
-
_
Vub
Vcb
ε
Figure 30: Schematic determination of Unitarity Triangle.
Equation (10.65) specifies a hyperbola in the (¯̺, η¯) plane. This hyperbola intersects the
circle found in step 2 in two points which correspond to the two solutions for δ mentioned
earlier. This is illustrated in fig. 30. The position of the hyperbola (10.65) in the (¯̺, η¯) plane
depends on mt, |Vcb| = Aλ2 and BˆK . With decreasing mt, |Vcb| and BˆK the ε-hyperbola
moves away from the origin of the (¯̺, η¯) plane. When the hyperbola and the circle (10.64)
touch each other lower bounds consistent with εexpK can be found [155]:
(mt)min = MW
[
1
2A2
(
1
A2BˆKRb
− 1.4
)]0.658
(10.67)
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∣∣∣∣VubVcb
∣∣∣∣
min
=
λ
1− λ2/2
[
A2BˆK
(
2x0.76t A
2 + 1.4
)]−1
(10.68)
(BˆK)min =
[
A2Rb
(
2x0.76t A
2 + 1.4
)]−1
. (10.69)
Step 4: From the observed B0d − B¯0d mixing parametrized by ∆Md the side BA = Rt of
the unitarity triangle can be determined:
Rt =
1
λ
|Vtd|
|Vcb| = 1.0 ·
[ |Vtd|
8.8 · 10−3
] [
0.040
|Vcb|
]
(10.70)
with
|Vtd| = 8.8 · 10−3
 200MeV√
BˆBdFBd
 [170 GeV
mt(mt)
]0.76 [ ∆Md
0.50/ps
]0.5√0.55
ηB
. (10.71)
Since mt, ∆Md and ηB are already rather precisely known, the main uncertainty in the
determination of |Vtd| from B0d− B¯0d mixing comes from FBd
√
BBd . Note that Rt suffers from
additional uncertainty in |Vcb|, which is absent in the determination of |Vtd| this way. The
constraint in the (¯̺, η¯) plane coming from this step is illustrated in fig. 30.
Step 5:
The measurement of B0s − B¯0s mixing parametrized by ∆Ms together with ∆Md allows
to determine Rt in a different way. Using (10.58) and setting ∆M
max
d = 0.482/ps and
|Vts/Vcb|max = 0.993 one finds a useful formula [156]:
(Rt)max = 1.0 · ξ
√
10.2/ps
∆Ms
, ξ =
FBs
√
BˆBs
FBd
√
BˆBd
, (10.72)
where ξ = 1 in the SU(3)–flavour limit. One should note that mt and |Vcb| dependences have
been eliminated this way and that ξ should in principle contain much smaller theoretical
uncertainties than the hadronic matrix elements in ∆Md and ∆Ms separately. The most
recent values relevant for (10.72) are:
∆Ms > 10.2/ps (95% C.L.) ξ = 1.15± 0.05 (10.73)
The first number is the improved lower bound from ALEPH [157]. The second number comes
from quenched lattice calculations summarized in [152] and [153]. A similar result has been
obtained using QCD sum rules [158].
The fate of the usefulness of the bound (10.72) depends clearly on both ∆Ms and ξ as
well as on the type of the error analysis. We will return to this point soon. For ξ = 1.2
the lower bound on ∆Ms in (10.73) implies Rt ≤ 1.20 which, as we will see, has a moderate
impact on the unitarity triangle obtained using the scanning method and the first four steps
alone.
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Finally, I would like to point out that whereas step 5 can give, in contrast to step 4, the
value for Rt free of the |Vcb| uncertainty, it does not provide at present a more accurate value
of |Vtd| if the scanning method, discussed below, is used. The point is, that having Rt, one
determines |Vtd| by means of the relation (10.70) which, in contrast to (10.71), depends on
|Vcb|. In fact as we will see below, the inclusion of step 5 has, with ξ = 1.2, a visible impact on
Rt without essentially any impact on the range of |Vtd| obtained using the scanning method
and the first four steps alone.
10.7 Numerical Results
10.7.1 Input Parameters
The input parameters needed to perform the standard analysis using the first four steps alone
are given in table 12. We list here the ”present” errors based on what we have discussed above,
as well as the ”future” errors. The latter are a mere guess, but as we will see in sections 13
and 14, these are the errors one should aim at, in order that the standard analysis could be
competitive in the CKM determination with the cleanest rare decays and the CP asymmetries
in B-decays.
mt in table 12 refers to the running current top quark mass normalized at µ = mt: mt(mt)
and is obtained from the value mPolet = 175± 6GeV measured by CDF and D0 by means of
the relation.
mt(mt) = m
Pole
t
[
1− 4
3
αs(mt)
π
]
. (10.74)
Thus for mt = O(170GeV), mt(mt) is typically by 8GeV smaller than mPolet . In principle
known O(α2s) corrections to the relation (10.74) could also be included which would decrease
the value of mt(mt) by roughly 1 GeV. Yet this would not be really consistent with the rest
of the analysis which does not include the next–to–NLO corrections.
Table 12: Collection of input parameters.
Quantity Central Present Future
|Vcb| 0.040 ±0.003 ±0.001
|Vub/Vcb| 0.080 ±0.020 ±0.005
BˆK 0.75 ±0.15 ±0.05√
BˆdFBd 200MeV ±40MeV ±10MeV
mt 167GeV ±6GeV ±3GeV
∆Md 0.464 ps
−1 ±0.018 ps−1 ±0.006 ps−1
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10.7.2 |Vub/Vcb|, |Vcb| and εK
The values for |Vub/Vcb| and |Vcb| in table 12 are not correlated with each other. On the other
hand such a correlation is present in the analysis of the CP violating parameter ε which is
roughly proportional to the fourth power of |Vcb| and linear in |Vub/Vcb|. It follows that not
all values in table 12 are simultaneously consistent with the observed value of ε. This has
been emphasized in particular by Herrlich and Nierste [93] and in [17]. Explicitly one has
using (10.68):
∣∣∣∣VubVcb
∣∣∣∣
min
=
0.225
BˆKA2(2x0.76t A
2 + 1.4)
. (10.75)
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Figure 31: Lower bound on |Vub/Vcb| from εK .
This bound is shown as a function of |Vcb| for different values of BˆK and mt = 173GeV
in fig. 31. We observe that simultaneously small values of |Vub/Vcb| and |Vcb|, although still
consistent with the ones given in table 12, are not allowed by the size of indirect CP violation
observed in K → ππ.
10.7.3 Output of the Standard Analysis
The output of the standard analysis depends to some extent on the error analysis. This should
be always remembered in view of the fact that different authors use different procedures. In
157
Table 13: Present output of the Standard Analysis. λt = V
∗
tsVtd.
Quantity Scanning Gaussian
| Vtd | /10−3 6.9− 11.3 8.6± 1.1
| Vts/Vcb | 0.959 − 0.993 0.976 ± 0.010
| Vtd/Vts | 0.16 − 0.31 0.213 ± 0.034
sin(2β) 0.36 − 0.80 0.66 ± 0.13
sin(2α) −0.76 − 1.0 0.11 ± 0.55
sin(γ) 0.66− 1.0 0.88 ± 0.10
Imλt/10
−4 0.86 − 1.71 1.29 ± 0.22
order to illustrate this I show in tables 13 (”present”) and 14 (”future”) the results for various
quantities of interest using two types of error analyses:
• Scanning: Both the experimentally measured numbers and the theoretical input pa-
rameters are scanned independently within the errors given in table 12.
• Gaussian: The experimentally measured numbers and the theoretical input parameters
are used with Gaussian errors.
Clearly the ”scanning” method is a bit conservative. On the other hand using Gaussian
distributions for theoretical input parameters can be certainly questioned. I think that at
present the conservative ”scanning” method should be preferred, although one certainly would
like to have a better method. Interesting new methods have been presented in [159, 160].
They provide more stringent bounds on the apex of the unitarity triangle than presented
here. I must admitt that I did not find time yet to analyze these papers to the extend that I
could say anything profound about them here. I hope to do it soon. The analysis discussed
here has been done in collaboration with Matthias Jamin and Markus Lautenbacher [161].
In figs. 32 and 33 we show the ranges for the upper corner A of the UT in the case of
the ”present” input and ”future” input respectively. The circles correspond to Rmaxt from
(10.72) using ξ = 1.20 and (∆M)s = 10/ps, 15/ps and 25/ps, respectively. The present
bound (10.73) is represented by the first of these circles. This bound has not been used in
obtaining the results in tables 13 and 14. Its impact will be analysed separately below. The
circles from B0d − B¯0d mixing are not shown explicitly for reasons to be explained below. The
impact of ∆Md can however be easily seen by comparing the shaded area with the area one
would find by using the lower ε-hyperbola and the Rb-circles alone. The allowed region has a
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Figure 32: Unitarity Triangle 1998.
typical ”banana” shape which can be found in many other analyses [34, 162, 93, 163, 159, 160].
The size of the banana and its position depends on the assumed input parameters and on the
error analysis which varies from paper to paper. The results in figs. 32 and 33 correspond
to a simple independent scanning of all parameters within one standard deviation. I should
remark that the plots in [160] give substantially smaller allowed ranges in the (¯̺, η¯) plane
and look more like potatoes than bananas.
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Figure 33: Unitarity Triangle 2008.
159
As seen in fig. 32 our present knowledge of the unitarity triangle is still rather poor.
Fig. 33 demonstrates very clearly that this situation may change dramatically in the future
provided the errors in the input parameters will be decreased as anticipated in our ”future”
scenario.
Comparing the results for |Vtd| given in table 13 with the ones obtained on the basis of
unitarity alone (2.53) we observe that the inclusion of the constraints from ε and ∆Md had
a considerable impact on the allowed range for this CKM matrix element. This impact will
be amplified in the future as seen in table 14. An inspection shows that with our input
parameters the lower bound on |Vtd| is governed by εK , whereas the upper bound by ∆Md.
Next we observe that whereas the angle β is rather constrained, the uncertainties in α
and γ are huge:
35◦ ≤ α ≤ 115◦ , 11◦ ≤ β ≤ 27◦ , 41◦ ≤ γ ≤ 134◦ . (10.76)
The situation will improve when the ”future” scenario will be realized:
70◦ ≤ α ≤ 93◦ , 19◦ ≤ β ≤ 22◦ , 65◦ ≤ γ ≤ 90◦ . (10.77)
Finally we would like to comment on the impact of the bound on ∆Ms given in (10.73) if
the scanning method is used. This impact is still rather small except for the upper limits for
|Vtd|/|Vts| and γ which are lowered in the ”scanning” version to 0.27 and 129◦ respectively.
Larger impact of the bound on ∆Ms on various parameters is found by using the methods in
[159, 160].
10.7.4 Correlation between εK and ∆Md
Now, why did we omitt the explicit circles from B0d − B¯0d mixing in the plots of unitarity
triangles above ? I have to answer this question because some of my colleagues suspected
that a plot similar to the one in fig. 32 and shown already at the Rochester conference in
Warsaw was wrong. At first one would expect that the left border of the allowed area coming
from B0d − B¯0d mixing should have a shape similar to the circles coming from ∆Md/∆Ms
and shown in the figures above. This expectation is correct at fixed values of mt and |Vcb|.
Yet once these two parameters are varied in the allowed ranges, this is no longer true. In
fact one can easily convince oneself that the uncertainties coming from mt and |Vcb| in the
analyses of εK and ∆Md cannot be represented simultaneously in the (¯̺, η¯) plane in terms
of nice hyperbolas and nice circles. This is simply related to the correlation between εK and
∆Md due to mt and |Vcb|. Neglecting this correlation one finds for instance that the most
negative value of ¯̺ corresponds to the maximal values of (mt, |Vcb|) in the case of εK and to
the minimal values of (mt, |Vcb|) in the case of B0d−B¯0d which is of course inconsistent. In figs.
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32 and 33 we have decided to show the εK -hyperbolas. Consequently the impact of B
0
d − B¯0d
mixing had to be found numerically and as seen it is not described by a circle. Since mt is
already very well known, this discussion mainly applies to the |Vcb| dependence. Finally it
should be stressed that similar correlations have to be taken into account in the future when
various rare decays discussed in subsequent sections will enter the game of the determination
of the unitarity triangle. Needless to say, the radius Rmaxt determined through (10.72) and
shown in the UT plots, being independent of (mt, |Vcb|), is not subject to the correlation in
question.
Table 14: Future output of the Standard Analysis. λt = V
∗
tsVtd.
Quantity Scanning Gaussian
| Vtd | /10−3 8.1 − 9.2 8.6± 0.3
| Vts/Vcb | 0.969 − 0.983 0.976 ± 0.004
| Vtd/Vts | 0.20 − 0.24 0.215 ± 0.010
sin(2β) 0.61 − 0.70 0.67± 0.03
sin(2α) −0.11 − 0.66.0 0.21± 0.21
sin(γ) 0.90− 1.0 0.96± 0.03
Imλt/10
−4 1.21 − 1.41 1.29± 0.06
10.8 Final Remarks
In this section we have completed the determination of the CKM matrix. It is given by the
values of |Vus|, |Vcb| and |Vub| in (2.51) and (2.52), the results in table 13 and the unitarity
triangle shown in fig. 32. Clearly the accuracy of this determination is not impressive. We
have stressed, however, that in ten years from now the standard analysis may give the results
shown in table 14 and fig. 33. Moreover a single precise measurement of ∆Ms in the future
will have a very important impact on the allowed area in the (¯̺, η¯) plane. Such a measurement
should come from SLD and later from LHC.
Having the values of CKM parameters at hand, we can use them to predict various
branching ratios of radiative, rare and CP-violating decays. This we will do in the subsequent
three sections. We will see there, that the poor knowledge of CKM parameters precludes
precise predictions of a number of interesting branching ratios at present. This may change
in the next decade as stressed above.
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11 ε′/ε in the Standard Model
11.1 Preliminaries
Direct CP violation remains one of the important targets of contemporary particle physics.
In this respect the search for direct CP violation in K → ππ decays plays a special role as
already sixteen years have been devoted to this enterprise. In this case, a non-vanishing value
of the ratio Re(ε′/ε) defined in (10.27) would give the first signal for direct CP violation ruling
out superweak models [166]. The experimental situation of Re(ε′/ε) is, however, unclear at
present:
Re(ε′/ε) =
 (23± 7) · 10−4 [164](7.4 ± 5.9) · 10−4 [165]. (11.1)
While the result of the NA31 collaboration at CERN [164] clearly indicates direct CP
violation, the value of E731 at Fermilab [165] is compatible with superweak models in which
ε′/ε = 0. Hopefully, during the next two years the experimental situation concerning ε′/ε
will be clarified through the improved measurements by the two collaborations at the 10−4
level and by the KLOE experiment at DAΦNE. A recent discussion of superweak models can
be found in [167]. I will not consider them here.
There is no question about that direct CP violation is present in the Standard Model.
Yet accidentally it could turn out that it will be difficult to see it in K → ππ decays. Indeed
as we will discuss in detail below, in the Standard Model ε′/ε is governed by QCD penguins
and electroweak (EW) penguins. We have met them already in connection with B-decays
in Section 8. In spite of being suppressed by α/αs relative to QCD penguin contributions,
electroweak penguin contributions have to be included because of the additional enhancement
factor ReA0/ReA2 = 22 (see (11.2)–(11.4)) relative to QCD penguins. With increasingmt the
EW penguins become increasingly important [168, 169] and, entering ε′/ε with the opposite
sign to QCD penguins, suppress this ratio for large mt. For mt ≈ 200 GeV the ratio can
even be zero [169]. Because of this strong cancellation between two dominant contributions
and due to uncertainties related to hadronic matrix elements of the relevant local operators,
a precise prediction of ε′/ε is not possible at present. We will discuss this in detail below.
11.2 History of ε′/ε
The first calculations of ε′/ε for mt ≪ MW and in the leading order approximation can
be found in [170]. For mt ≪ MW only QCD penguins play a substantial role. Over the
eighties these calculations were refined through the inclusion of isospin braking in the quark
masses [171, 172, 173], the inclusion of QED penguin effects for mt ≪ MW [175, 171, 172],
and through improved estimates of hadronic matrix elements in the framework of the 1/N
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approach [176]. This era of ε′/ε culminated in the analyses in [168, 169], where QCD penguins,
electroweak penguins (γ and Z0 penguins) and the relevant box diagrams were included for
arbitrary top quark masses. The strong cancellation between QCD penguins and electroweak
penguins for mt > 150 GeV found in these papers was confirmed by other authors [177].
All these calculations were done in the leading logarithmic approximation (e.g. one-loop
anomalous dimensions of the relevant operators) with the exception of the mt-dependence
which in the analyses [168, 169, 177] has been already included at the NLO level. While
such a procedure is not fully consistent, it allowed for the first time to exhibit the strong
mt-dependence of the electroweak penguin contributions, which is not seen in a strict leading
logarithmic approximation.
During the nineties considerable progrees has been made by calculating complete NLO
corrections to ε′ [68, 69, 73, 74, 75]. Together with the NLO corrections to ε and B0 −
B¯0 mixing discussed in the previous section, this allows a complete NLO analysis of ε′/ε
including constraints from the observed indirect CP violation (ε) and B0d,s − B¯0d,s mixings
(∆Md,s). The improved determination of the Vub and Vcb elements of the CKM matrix, the
improved estimates of hadronic matrix elements using the lattice approach as well as other
non-perturbative approaches and in particular the determination of the top quark mass mt
had of course also an important impact on ε′/ε.
After these general remarks let us discuss ε′/ε in explicit terms. Other reviews of ε′/ε
can be found in [178, 179].
11.3 Basic Formulae
The direct CP violation in K → ππ is described by the parameter ε′ defined in (10.27). The
latter formula can be rewritten in terms of the real and imaginary parts of the amplitudes
A0 ≡ A(K → (ππ)I=0) and A2 ≡ A(K → (ππ)I=2) as follows:
ε′ = − ω√
2
ξ(1− Ω) exp(iΦ) , (11.2)
where
ξ =
ImA0
ReA0
, ω =
ReA2
ReA0
, Ω =
1
ω
ImA2
ImA0
(11.3)
and Φ ≈ π/4. Let us immediately emphasize the most important features of various terms
in (11.2):
• ImA0 is dominated by QCD penguins and is very weakly dependent on mt.
• ImA2 increases strongly withmt and for largemt is dominated by electroweak penguins.
It receives also a sizable contribution from isospin braking (mu 6= md) which conspires
with electroweak penguins to cancel substantially the QCD penguin contribution in
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ImA0. The factor 1/ω ≈ 22 in Ω giving a large enhancement is to a large extend
responsible for this cancellation.
When using (11.2) and (11.3) in phenomenological applications one usually takes ReA0
and ω from experiment, i.e.
ReA0 = 3.33 · 10−7GeV, ReA2 = 1.50 · 10−8GeV, ω = 0.045, (11.4)
where the last relation reflects the so-called ∆I = 1/2 rule. The main reason for this strategy
is the unpleasant fact that until today nobody succeded in fully explaining this rule which to
a large extent is believed to originate in the long-distance QCD contributions [180]. On the
other hand the imaginary parts of the amplitudes in (11.3) being related to CP violation and
the top quark physics should be dominated by short-distance contributions. Therefore ImA0
and ImA2 are usually calculated using the effective Hamiltonian for ∆S = 1 transitions:
Heff(∆S = 1) = GF√
2
V ∗usVud
10∑
i=1
(zi(µ) + τ yi(µ))Qi(µ) (11.5)
with τ = −V ∗tsVtd/(V ∗usVud).
The operators Qi are the analogues of the ones given in (8.35)-(8.37) and (8.105)-(8.108).
They are given explicitly as follows:
Current–Current :
Q1 = (s¯αuβ)V−A (u¯βdα)V −A Q2 = (s¯u)V−A (u¯d)V −A (11.6)
QCD–Penguins :
Q3 = (s¯d)V −A
∑
q=u,d,s
(q¯q)V−A Q4 = (s¯αdβ)V−A
∑
q=u,d,s
(q¯βqα)V−A (11.7)
Q5 = (s¯d)V −A
∑
q=u,d,s
(q¯q)V+A Q6 = (s¯αdβ)V−A
∑
q=u,d,s
(q¯βqα)V+A (11.8)
Electroweak–Penguins :
Q7 =
3
2
(s¯d)V−A
∑
q=u,d,s
eq (q¯q)V+A Q8 =
3
2
(s¯αdβ)V−A
∑
q=u,d,s
eq(q¯βqα)V+A (11.9)
Q9 =
3
2
(s¯d)V −A
∑
q=u,d,s
eq(q¯q)V−A Q10 =
3
2
(s¯αdβ)V−A
∑
q=u,d,s
eq (q¯βqα)V−A . (11.10)
Here, eq denotes the electrical quark charges reflecting the electroweak origin of Q7, . . . , Q10.
The Wilson coefficient functions zi(µ) and yi(µ) were calculated including the complete
next-to-leading order (NLO) corrections in [68, 69, 73, 74, 75]. The details of these cal-
culations can be found there and in the review [17]. Only the coefficients yi(µ) enter the
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Table 15: ∆S = 1 Wilson coefficients at µ = mc = 1.3GeV for mt = 170GeV and f = 3
effective flavours. |z3|, . . . , |z10| are numerically irrelevant relative to |z1,2|. y1 = y2 ≡ 0.
Λ
(4)
MS
= 245MeV Λ
(4)
MS
= 325MeV Λ
(4)
MS
= 405MeV
Scheme LO NDR HV LO NDR HV LO NDR HV
z1 -0.550 -0.364 -0.438 -0.625 -0.415 -0.507 -0.702 -0.469 -0.585
z2 1.294 1.184 1.230 1.345 1.216 1.276 1.399 1.251 1.331
y3 0.029 0.024 0.027 0.034 0.029 0.033 0.039 0.034 0.039
y4 -0.054 -0.050 -0.052 -0.061 -0.057 -0.060 -0.068 -0.065 -0.068
y5 0.014 0.007 0.014 0.015 0.005 0.016 0.016 0.002 0.018
y6 -0.081 -0.073 -0.067 -0.096 -0.089 -0.081 -0.113 -0.109 -0.097
y7/α 0.032 -0.031 -0.030 0.039 -0.030 -0.028 0.045 -0.029 -0.026
y8/α 0.100 0.111 0.120 0.121 0.136 0.145 0.145 0.166 0.176
y9/α -1.445 -1.437 -1.437 -1.490 -1.479 -1.479 -1.539 -1.528 -1.528
y10/α 0.588 0.477 0.482 0.668 0.547 0.553 0.749 0.624 0.632
evaluation of ε′/ε. Examples of their numerical values are given in table 15. Extensive tables
for yi(µ) can be found in [17].
Using the Hamiltonian in (11.5) and the experimental values for ε, ReA0 and ω the ratio
ε′/ε can be written as follows:
ε′
ε
= Imλt ·
[
P (1/2) − P (3/2)
]
, (11.11)
where
P (1/2) = r
∑
yi〈Qi〉0(1− Ωη+η′) , (11.12)
P (3/2) =
r
ω
∑
yi〈Qi〉2 , (11.13)
with
r =
GFω
2|ε|ReA0 , 〈Qi〉I ≡ 〈(ππ)I |Qi|K〉. (11.14)
One should note that the overall strong phases in ε′ and ε cancel in the ratio to an excellent
approximation. The sum in (11.12) and (11.13) runs over all contributing operators. P (3/2) is
fully dominated by electroweak penguin contributions. P (1/2) on the other hand is governed
by QCD penguin contributions which are suppressed by isospin breaking in the quark masses
(mu 6= md). The latter effect is described by
Ωη+η′ =
1
ω
(ImA2)I.B.
ImA0
. (11.15)
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For Ωη+η′ we will take
Ωη+η′ = 0.25 ± 0.05 , (11.16)
which is in the ball park of the values obtained in the 1/N approach [172] and in chiral
perturbation theory [171, 173]. Ωη+η′ is independent of mt.
The main source of uncertainty in the calculation of ε′/ε are the hadronic matrix elements
〈Qi〉I . They depend generally on the renormalization scale µ and on the scheme used to
renormalize the operators Qi. These two dependences are canceled by those present in the
Wilson coefficients yi(µ) so that the resulting physical ε
′/ε does not (in principle) depend
on µ and on the renormalization scheme of the operators. Unfortunately the accuracy of
the present non-perturbative methods used to evalutate 〈Qi〉I , like lattice methods, the 1/N
expansion, chiral quark models and chiral effective lagrangians, is not sufficient to obtain the
required µ and scheme dependences of 〈Qi〉I . A brief review of the existing methods including
most recent developments will be given below.
In view of this situation it has been suggested in [73] to determine as many matrix elements
〈Qi〉I as possible from the leading CP conserving K → ππ decays, for which the experimental
data are summarized in (11.4). To this end it turned out to be very convenient to determine
〈Qi〉I at the scale µ = mc. Using the renormalization group evolution one can then find 〈Qi〉I
at any other scale µ 6= mc. The details of this procedure can be found in [73]. We will briefly
summarize the most important results of this work below.
11.4 Hadronic Matrix Elements
11.4.1 Preliminaries
It is customary to express the matrix elements 〈Qi〉I in terms of non-perturbative parameters
B
(1/2)
i and B
(3/2)
i as follows:
〈Qi〉0 ≡ B(1/2)i 〈Qi〉(vac)0 , 〈Qi〉2 ≡ B(3/2)i 〈Qi〉(vac)2 . (11.17)
The label “vac” stands for the vacuum insertion estimate of the hadronic matrix elements in
question. The full list of 〈Qi〉I is given in [73]. It suffices to give here only a few examples:
〈Q1〉0 = − 1
9
XB
(1/2)
1 , (11.18)
〈Q2〉0 = 5
9
XB
(1/2)
2 , (11.19)
〈Q6〉0 = − 4
√
3
2
[
m2K
ms(µ) +md(µ)
]2
Fπ
κ
B
(1/2)
6 , (11.20)
〈Q1〉2 = 〈Q2〉2 = 4
√
2
9
XB
(3/2)
1 , (11.21)
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〈Qi〉2 = 0 , i = 3, . . . , 6 , (11.22)
〈Q8〉2 = −
[
κ
2
√
2
〈Q6〉0 +
√
2
6
X
]
B
(3/2)
8 , (11.23)
〈Q9〉2 = 〈Q10〉2 = 3
2
〈Q1〉2 , (11.24)
where
κ =
Fπ
FK − Fπ , X =
√
3
2
Fπ
(
m2K −m2π
)
, (11.25)
and
〈Q6〉0 = 〈Q6〉0
B
(1/2)
6
. (11.26)
In the vacuum insertion method Bi = 1 independent of µ. In QCD, however, the hadronic pa-
rameters Bi generally depend on the renormalization scale µ and the renormalization scheme
considered.
11.4.2 (V −A)⊗ (V −A) Operators
Let us now extract some matrix from the data on ReA0 and ReA2 in (11.4). To this end we
follow [73]. One notes first that in view of the smallness of τ = O(10−4) entering (11.5), the
real amplitudes in (11.4) are governed by the coefficients zi(µ). The method of extracting
some of the matrix elements from the data as proposed in [73] relies then on the fact that due
to the GIM mechanism for µ ≥ mc the coefficients zi(µ) of the penguin operators (i=3....10)
vanish at the matching scale µc (between the four-quark and three-quark effective theories)
in the HV scheme and are negligible in the NDR scheme. However, it should be remembered
that the smallness or even vanishing of zi(µ) for µ ≥ mc is characteristic for mass independent
renormalization schemes. In other schemes, in which the disparity of mu and mc is felt well
above µ = mc, the GIM cancellation is incomplete and zi(mc) for penguin operators are
larger than in the HV and NDR schemes. Examples of the leading order calculations of this
type can be found in [174].
Staying within the NDR and HV schemes, we can however set zi(mc) = 0 for i 6= 1, 2 to
find
〈Q1(mc)〉2 = 〈Q2(mc)〉2 = 10
6GeV2
1.77
ReA2
z+(mc)
=
8.47 · 10−3GeV3
z+(mc)
(11.27)
with z+ = z1 + z2 and
〈Q1(mc)〉0 = 10
6GeV2
1.77
ReA0
z1(mc)
− z2(mc)
z1(mc)
〈Q2(mc)〉0 . (11.28)
These formulae are easy to derive and are left as a useful homework problem.
Comparing next (11.27) with (11.21) one finds immediately
B
(3/2)
1 (mc) =
0.363
z+(mc)
, (11.29)
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which using table 15 gives for mc = 1.3GeV and Λ
(4)
MS
= 325MeV
B
(3/2)
1,NDR(mc) = 0.453 , B
(3/2)
1,HV (mc) = 0.472 . (11.30)
The extracted values for B
(3/2)
1 are by more than a factor of two smaller than the vacuum
insertion estimate. They are compatible with the 1/Nc value B
(3/2)
1 (1GeV) ≈ 0.55 [176]
and are somewhat smaller than the lattice result B
(3/2)
1 (2GeV) ≈ 0.6 [162]. As analyzed in
[73], B
(3/2)
1 (µ) decreases slowly with increasing µ. As seen in (11.24), this analysis gives also
〈Q9(mc)〉2 and 〈Q10(mc)〉2.
In order to extract B
(1/2)
1 (mc) andB
(1/2)
2 (mc) from (11.28) one can make the very plausible
assumption, valid in known non-perturbative approaches, that 〈Q−(mc)〉0 ≥ 〈Q+(mc)〉0 ≥ 0,
where Q± = (Q2 ±Q1)/2. This gives for Λ(4)MS = 325MeV
B
(1/2)
2,NDR(mc) = 6.6 ± 1.0, B(1/2)2,HV (mc) = 6.2± 1.0 . (11.31)
The extraction of B
(1/2)
1 (mc) and of analogous parameters B
(1/2)
3,4 (mc) are presented in detail
in [73]. B
(1/2)
1 (mc) depends very sensitively on B
(1/2)
2 (mc) and its central value is as high
as 15. B
(1/2)
4 (mc) is typically by (10–15) % lower than B
(1/2)
2 (mc). In any case this analysis
shows very large deviations from the results of the vacuum insertion method.
11.4.3 (V −A)⊗ (V +A) Operators
The matrix elements of the (V − A) ⊗ (V + A) operators Q5–Q8 cannot be constrained by
CP conserving data and one has to rely on existing non-perturbative methods to calculate
them. This is rather unfortunate because the QCD penguin operator Q6 and the electroweak
penguin operator Q8, having large Wilson coefficients and large hadronic matrix elements,
play the dominant role in ε′/ε.
We will now review the present status of Bi factors describing the matrix elements of
Q5−Q8 operators as obtained in various non-perturbative approaches. We will pay particular
attention to the parameters B
(1/2)
6 and B
(3/2)
8 which are most important for the evaluation
of ε′/ε. We recall that Bi = 1 in the vacuum insertion method.
11.4.4 B
(1/2)
6 and B
(3/2)
8 from Lattice
We begin with lattice calculations. These have been reviewed recently by Gupta [142] and
the APE collaboration [146]. The most reliable results are found for B
(3/2)
7,8 . The “modern”
quenched estimates for these parameters, which supercede all previously reported values are
collected in table 16, which has been taken from Gupta and quenched a bit. The first three
calculations use perturbative matching between lattice and continuum, the last one uses non-
perturbative matching. Since all three groups agree within perturbative matching and the
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non-perturbative matching should be preferred, I conclude (probably naively) that the best
quenched lattice values are
(B
(3/2)
7 )lattice(2 GeV) = 0.72 ± 0.05, (B(3/2)8 )lattice(2 GeV) = 1.03 ± 0.03 (11.32)
where the errors are purely statistical. Concerning the lattice results for B
(1/2)
5,6 the situation is
worse. The old results read B
(1/2)
5,6 (2 GeV) = 1.0±0.2 [181, 182]. More accurate estimates for
B
(1/2)
6 have been recently obtained in [183]: B
(1/2)
6 (2 GeV) = 0.67 ± 0.04 ± 0.05 (quenched)
and B
(1/2)
6 (2 GeV) = 0.76 ± 0.03 ± 0.05 (f = 2). However, as stressed by Gupta, the
systematic errors in this analysis are not really under control. We have to conclude, that
there are no solid predictions for B
(1/2)
5,6 from the lattice at present.
Table 16: Lattice results for B
(3/2)
7,8 (2 GeV) obtained by various groups.
Fermion type B
(3/2)
7 B
(3/2)
8 Matching
Staggered[144] 0.62(3)(6) 0.77(4)(4) 1-loop
Wilson[145] 0.58(2)(7) 0.81(3)(3) 1-loop
Clover[146] 0.58(2) 0.83(2) 1-loop
Clover[146] 0.72(5) 1.03(3) Non-pert.
11.4.5 B
(1/2)
6 and B
(3/2)
8 from the 1/N Approach
The 1/N approach to weak hadronic matrix elements was introduced in [176]. In this approach
the 1/N expansion becomes a loop expansion in an effective meson theory. In the strict large
N limit only the tree level matrix elements of Q6 and Q8 contribute and one finds (11.20)
and (11.23) with
B
(1/2)
6 = B
(3/2)
8 = 1, (Large−N Limit) (11.33)
while B
(1/2)
5 = B
(3/2)
8 = 0. The latter fact is not disturbing, however, as the operators Q5
and Q7, having small Wilson coefficients are immaterial for ε
′/ε.
Now, B
(1/2)
6 and B
(3/2)
8 as given in (11.33) are clearly µ-independent. At first sight this
appears as a problem. But in fact it is not! The point is that Q6,8 are density×density
operators as one can see by writing them with the help of the Fierz reordering as follows
Q6 = −2
∑
q=u,d,s
s¯(1 + γ5)qq¯(1− γ5)d, Q8 = −3
∑
q=u,d,s
eq s¯(1 + γ5)qq¯(1− γ5)d. (11.34)
Consequently their µ-dependences are related to the µ-dependence of the quark masses and
the tree level factorizable contributions to 〈Q6〉0 and 〈Q8〉2 are µ-dependent through the
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factor 1/m2s (µ) as seen in (11.20) and (11.23). This should be contrasted with the matrix
elements of (V −A)⊗ (V −A) operators, which are µ-independent in the large-N limit. The
µ-dependence of 1/m2s (µ) in 〈Q6〉0 and 〈Q8〉2 is exactly cancelled in the decay amplitude by
the diagonal evolution (no mixing) of the Wilson coefficients y6(µ) and y8(µ) taken in the
large-N limit.
Indeed, the µ-dependence of 1/m2s (µ) is governed in LO by 2γ
(0)
m = 12CF . On the other
hand, the one-loop anomalous dimensions of Q6,8, which govern the diagonal evolution of
y6,8(µ) are given by
γ
(0)
66 = −2γ(0)m +
2f
3
, γ
(0)
88 = −2γ(0)m . (11.35)
Since for large N, γ
(0)
m ∼ O(N), we find indeed γ(0)66 = γ(0)88 = −2γ(0)m in the large-N limit
[172]. Going back to the respective evolutions of ms(µ) and y7,8(µ) we indeed confirm the
cancellation of the µ-dependence in question. This feature is preserved at the two-loop level
as discussed in [68]. One can go even further and demonstrate numerically for N = 3 that
the parameters B
1/2
6 and B
3/2
8 depend only very weakly on µ, when µ ≥ 1 GeV. In such a
numerical renormalization study in [73] the factors B
(1/2)
6 and B
(3/2)
8 have been set to unity at
µ = mc. Subsequently the evolution of the matrix elements in the range 1GeV ≤ µ ≤ 4GeV
has been calculated showing that for the NDR scheme B
(1/2)
5,6 and B
(3/2)
7,8 were µ independent
within an accuracy of (2–3)%. The µ dependence in the HV scheme has been found to be
stronger but still below 10%.
In view of the fact that for B
(1/2)
6 = B
(3/2)
8 = 1 and the known value ofmt, there is a strong
cancellation between gluon and electroweak penguin contributions to ε′/ε, it is important to
investigate whether the 1/N corrections significantly affect this cancellation. First attempt
in this direction has been made by the Dortmund group [184, 185], which incorporating in
part chiral loops found an enhancement of B
(1/2)
6 and a suppression of B
(3/2)
8 . From [185]
B
(1/2)
6 = 1.3 and B
(3/2)
8 = 0.7 can be extracted.
Recently another Dortmund team [186], in collaboration with Bill Bardeen, performed
this time a complete investigation of 〈Q6〉0 and 〈Q8〉2 in the twofold expansion in powers
of external momenta p, and in 1/N . Their final result gives 〈Q6〉0 and 〈Q8〉2 including the
orders p2 and p0/N . For 〈Q8〉2 also the term p0 contributes. Of particular interest are the
O(p0/N) contributions resulting from non-factorizable chiral loops which are important for
the matching between long- and short-distance contributions. The cut-off scale Λc in these
non-factorizable diagrams is identified with the QCD renormalization scale µ which enters the
Wilson coefficients. In contrast to the matrix elements of Q1,2 in which the Λc dependence
was quadratic [176], the Λc dependence in the present case is logarithmic which improves
the matching considerably. There are several technical and conceptual improvements in [186]
over the first attempt in [184, 185] and also over the original approach [176]. Therefore I
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strongly recommend to read [186], which is clearly written.
Table 17: Results for B
(3/2)
7,8 obtained in the 1/N approach.
Λc = 0.6 GeV Λc = 0.7 GeV Λc = 0.8 GeV Λc = 0.9 GeV
B
(1/2)
6 1.10 0.96 0.84 0.72
(1.30) (1.19) (1.09) (0.99)
B
(3/2)
8 0.66 0.59 0.52 0.46
(0.71) (0.65) (0.60) (0.54)
In table 17, taken from [186], we show the values of B
(1/2)
6 and B
(3/2)
8 as functions of the
cut-off scale Λc. The results depend on whether Fπ or FK is used in the calculation, the
difference being of higher order. The results using FK are shown in the parentheses. The
decrease of both B–factors with Λc = µ is qualitatively consistent with their µ-dependence
found for µ ≥ 1 in [73], but it is much stronger. Clearly one could also expect stronger µ-
dependence in the analysis of [73] for µ ≤ 1 GeV, but in view of large perturbative corrections
for such small scales a meaningfull test of the dependence in table 17 cannot be made. We
note that for Λc = 0.7 GeV the value of B
(1/2)
6 is close to unity as in the large-N limit.
However, B
(3/2)
8 is considerably suppressed.
It is difficult to decide which value should be used in phenomenology of ε′/ε. On the
one hand, for Λc ≥ 0.6 GeV neglected contributions from vector mesons in the loops should
be included. On the other hand for Λc = µ = 0.6 GeV it is difficult to make contact with
short distance calculations and with the lattice results which are obtained for µ = 2 GeV.
As for µ ≥ 1 GeV the parameters in table 17 are expected to be almost µ-independent, let
us take the values at Λc = 0.9 GeV as the main result of [186]. Averaging over the Fπ- and
FK -choices we find
B
(1/2)
6 = 0.85± 0.13 , B(3/2)8 = 0.50 ± 0.04 , (Λc = 0.9 GeV) (11.36)
where the errors should not be taken too seriously. The value of B
(1/2)
6 is compatible with
the corresponding lattice results, whereas B
(3/2)
8 is found to be substantially smaller in the
1/N approach. On the other hand, it will be tempting later on to calculate ε′/ε for the choice
Λc = 0.6 GeV which gives instead:
B
(1/2)
6 = 1.2 ± 0.1 , B(3/2)8 = 0.68 ± 0.03 , (Λc = 0.6 GeV). (11.37)
In view of the large correction to B
(3/2)
8 one might question the convergence of the 1/N
expansion. However, the non-factorizable contributions considered in [186] represent the first
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term in a new type of a series absent in the large-N limit and consequently there are no strong
reasons for questioning the convergence of the 1/N expansion on the basis of these results. In
this context one should also remark that the lattice studies discussed previously use tree level
chiral perturbation theory to relate the matrix elements 〈ππ|Qi|K〉 to 〈π|Qi|K〉 which are
calculated on the lattice. It is conceivable that including chiral loops in this relation would
decrease the value of B
(3/2)
8 .
Finally I would like to express one criticism of the approach in [186] as well as in [176].
It is the lack of any reference to the renormalization scheme dependence which is necessary
for a complete matching at the NLO level.
11.4.6 B
(1/2)
6 and B
(3/2)
8 from the Chiral Quark Model
Effective Quark Models of QCD can be derived in the framework of the extended Nambu-
Jona-Lasinio model of chiral symmetry breaking [187]. For kaon decays and in particular for
ε′/ε, an extensive analysis of this model inclusive chiral loops, gluon and O(p4) corrections
has been performed over the last years by the Trieste group [188, 189]. The crucial parameters
in this approach is a mass parameter M and the condensates 〈q¯q〉 and 〈αsGG〉. They can be
constrained by imposing the ∆I = 1/2 rule.
Since there exists a recent nice review [179] by the Trieste group of their approach, I will
only quote here their estimate of the relevant Bi parameters. They are
B
(1/2)
6 = 1.6± 0.3 B(3/2)8 = 0.92 ± 0.02 . (Chiral QM) (11.38)
We observe a rather large enhancement of B
(1/2)
6 , not observed by other groups, and a mod-
erate suppression of B
(3/2)
8 . These parameters correspond roughly to the scale µ = 0.8 GeV.
Looking at the table 17 we may expect a 10% reduction of these values, had the scale
µ = 0.9 GeV been used.
11.4.7 Strategy for (V −A)⊗ (V +A) Operators
We have seen that various approaches differ in their estimates of the most important param-
eters B
(1/2)
6 and B
(3/2)
8 . In table 18 we collect the central values from various approaches
discussed above. In the case of lattice we have chosen various possible scenarios in view of
different results obtained by various groups. Similarly in the case of the 1/N approach we
have chosen two sets of B-values corresponding to two values of Λc. Even if the Bi factors
given in this table are all within say 50% from the vacuum insertion estimate, they give rather
different results for central values of ε′/ε as illustrated in the last two columns of this table.
How these values have been obtained will be discussed a few pages below.
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Table 18: Results for ε′/ε in units of 10−4 for three choices of ms(mc) and the central values
of B
(1/2)
6 and B
(3/2)
8 obtained in various approaches. Imλt = 1.29 · 10−4 and mt = 167GeV
have been used.
Approach B
(1/2)
6 B
(3/2)
8 150 MeV 125 MeV 100 MeV
VIA 1.0 1.0 3.2 5.2 8.8
Lattice 1 1.0 0.81 4.2 6.6 10.9
Lattice 2 1.0 1.03 3.0 5.0 8.4
Lattice 3 0.76 0.81 1.7 3.1 5.7
Lattice 4 0.76 1.03 0.6 1.5 3.2
1/N (I) 0.85 0.50 4.3 6.7 11.1
1/N (II) 1.2 0.68 6.9 10.4 16.7
Chiral QM 1.6 0.92 9.7 14.4 22.7
Concerning B
(1/2)
7,8 one can simply set B
(1/2)
7,8 = 1 as the matrix elementes 〈Q7,8〉0 play
only a minor role in the ε′/ε analysis. I should however stress that whereas lattice results
are consistent with this choice, this is not the case for the chiral quark model [189] in which
values as high as 2.5 are found.
Concerning B
(1/2)
5 and B
(3/2)
7 we will simply set them equal to B
(1/2)
6 and B
(3/2)
8 respec-
tively. This is consistent with the lattice results and the chiral quark model. There are no
results for these parameters from the 1/N approach beyond the large-N limit.
In summary the treatment of 〈Qi〉0,2, i = 5, . . . 8 in [73, 17, 190] is to set
B
(1/2)
7,8 (mc) = 1, B
(1/2)
5 (mc) = B
(1/2)
6 (mc), B
(3/2)
7 (mc) = B
(3/2)
8 (mc) (11.39)
and to treat B
(1/2)
6 (mc) and B
(3/2)
8 (mc) as free parameters. In particular, in addition to
estimates obtained by other groups, we will show below the results for ε′/ε when these
parameters are varied in the ranges
B
(1/2)
6 (mc) = 1.0± 0.2, B(3/2)8 (mc) = 1.0± 0.2. (11.40)
and
B
(1/2)
6 (mc) = 1.0± 0.2, B(3/2)8 (mc) = 0.7± 0.2. (11.41)
The range (11.40) corresponds to the variation of the Bi parameters in the neighbourhood
of the large–N limit. The range (11.41) gives a rough description of the fact that in recent
analyses most approaches find B
(3/2)
8 to be smaller than B
(1/2)
6 . This range will be analyzed
at the end of this section.
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After this long exposition of Bi parameters let us then incorporate the collected informa-
tion in the formula for ε′/ε in a manner useful for phenomenological applications.
11.5 An Analytic Formula for ε′/ε
As shown in [191], it is possible to cast the formal expression for ε′/ε in (11.11) into an
analytic formula which exhibits themt dependence together with the dependence onms, Λ
(4)
MS
,
B
(1/2)
6 and B
(3/2)
8 . Such an analytic formula should be useful for those phenomenologists and
experimentalists who are not interested in getting involved with the technicalities discussed
above.
In order to find an analytic expression for ε′/ε, which exactly reproduces the numerical
results based on the formal OPE method, one uses the PBE presented in Section 3.3. The
updated analytic formula for ε′/ε of [191] presented in [190] is given as follows:
ε′
ε
= Imλt · F (xt) , (11.42)
where
F (xt) = P0 + PX X0(xt) + PY Y0(xt) + PZ Z0(xt) + PE E0(xt) (11.43)
and
Imλt = ImV
∗
tsVtd = |Vub| |Vcb| sin δ = η λ5A2 (11.44)
in the standard parameterization of the CKM matrix (2.18) and in the Wolfenstein parame-
terization (2.21), respectively.
The mt-dependent functions in (11.43) are given in (3.14) and (3.26)–(3.28). The coef-
ficients Pi are given in terms of B
(1/2)
6 ≡ B(1/2)6 (mc), B(3/2)8 ≡ B(3/2)8 (mc) and ms(mc) as
follows:
Pi = r
(0)
i +Rs
(
r
(6)
i B
(1/2)
6 + r
(8)
i B
(3/2)
8
)
, (11.45)
where
Rs =
[
158MeV
ms(mc) +md(mc)
]2
. (11.46)
The Pi are renormalization scale and scheme independent. They depend, however, on Λ
(4)
MS
.
In table 19 we give the numerical values of r
(0)
i , r
(6)
i and r
(8)
i for different values of Λ
(4)
MS
at
µ = mc in the NDR renormalization scheme. The coefficients r
(0)
i , r
(6)
i and r
(8)
i depend only
very weakly on ms(mc) as the dominant ms dependence has been factored out. The numbers
given in table 19 correspond to ms(mc) = 150 MeV. However, even for ms(mc) ≈ 100MeV,
the analytic expressions given here reproduce the numerical calculations of ε′/ε given below
to better than 4%. For different scales µ the numerical values in the tables change without
modifying the values of the Pi’s as it should be. The values of B
(1/2)
6 and B
(3/2)
8 should
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also be modified, in principle, but in view of the comments made previously it is a good
approximation to keep them µ-independent for µ ≥ 1 GeV.
Concerning the scheme dependence only the r0 coefficients are scheme dependent at the
NLO level. Their values in the HV scheme are given in the last row of table 19. The coeffi-
cients ri, i = X,Y,Z,E are on the other hand scheme independent at NLO. This is related to
the fact that themt dependence in ε
′/ε enters first at the NLO level and consequently all coef-
ficients ri in front of the mt dependent functions must be scheme independent. Consequently,
when changing the renormalization scheme, one is only obliged to change appropriately B
(1/2)
6
and B
(3/2)
8 in the formula for P0 in order to obtain a scheme independence of ε
′/ε. In calcu-
lating Pi where i 6= 0, B(1/2)6 and B(3/2)8 can in fact remain unchanged, because their variation
in this part corresponds to higher order contributions to ε′/ε which would have to be taken
into account in the next order of perturbation theory.
For similar reasons the NLO analysis of ε′/ε is still insensitive to the precise definition
of mt. In view of the fact that the NLO calculations needed to extract Imλt (see previous
section) have been done with mt = mt(mt) we will also use this definition in calculating
F (xt).
Table 19: PBE coefficients for ε′/ε for various Λ(4)
MS
in the NDR scheme. The last row gives
the r0 coefficients in the HV scheme.
Λ
(4)
MS
= 245MeV Λ
(4)
MS
= 325MeV Λ
(4)
MS
= 405MeV
i r
(0)
i r
(6)
i r
(8)
i r
(0)
i r
(6)
i r
(8)
i r
(0)
i r
(6)
i r
(8)
i
0 –2.674 6.537 1.111 –2.747 8.043 0.933 –2.814 9.929 0.710
X 0.541 0.011 0 0.517 0.015 0 0.498 0.019 0
Y 0.408 0.049 0 0.383 0.058 0 0.361 0.068 0
Z 0.178 –0.009 –6.468 0.244 –0.011 –7.402 0.320 –0.013 –8.525
E 0.197 –0.790 0.278 0.176 –0.917 0.335 0.154 –1.063 0.402
0 –2.658 5.818 0.839 –2.729 6.998 0.639 –2.795 8.415 0.398
The analytic formulae given above are useful for numerical calculations, but in order to
identify the dominant terms in an elegant manner, we follow Gupta [142] and rewrite it as
ε′
ε
= Imλt ·
[
c0 + (c6B
(1/2)
6 + c8B
(3/2)
8 )Rs
]
. (11.47)
For mt = 167 GeV the values of the coefficients ci are given in table 20.
The inspection of tables 19 and 20 shows that within a few percent
c6 = r
(6)
0 , c8 = r
(8)
0 + r
(8)
Z Z0(xt), (11.48)
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Table 20: The coefficients ci for various Λ
(4)
MS
in the NDR and HV schemes andmt = 167 GeV.
Λ
(4)
MS
= 245MeV Λ
(4)
MS
= 325MeV Λ
(4)
MS
= 405MeV
Scheme NDR HV NDR HV NDR HV
c0 –1.264 –1.248 –1.359 –1.341 –1.430 –1.411
c6 6.387 5.668 7.873 6.828 9.735 8.221
c8 –3.259 –3.531 –4.063 –4.357 –5.041 –5.353
whereby c8 is dominated by the second term. Thus we conclude that the terms involving
r
(6)
0 and r
(8)
Z dominate the ratio ε
′/ε. Moreover, the function Z0(xt) representing a gauge
invariant combination of Z0- and γ-penguins grows rapidly with mt and due to r
(8)
Z < 0 these
contributions suppress ε′/ε strongly for large mt [168, 169] as stressed at the beginning of
this section.
11.6 The Status of the Strange Quark Mass
It seems appropriate to summarize now the present status of the value of the strange quark
mass. In the case of quenched lattice QCD this has been recently done by Gupta [142]. His
final result based on 1997 world data is
ms(2GeV) = (110 ± 25) MeV. (11.49)
It is expected that unquenching will lower this value but it is difficult to tell by how much.
Gupta summarized also the most recent values for ms(2GeV) obtained using QCD sum
rules. The older values (in MeV) are 144 ± 21 [192], 137 ± 23 [193] 148 ± 15 [194], whereas
the most recent ones are found to be 91 − 116 [195] and 115 ± 22 [196]. On the other hand
the following lower bounds on ms(2GeV) have been derived: 118 − 189 [197], 88 ± 9 [198],
104 − 116 [199]. We observe that the QCD sum rule results are consistent with quenched
lattice values although generally they are somewhat higher.
We conclude that the error on ms is still rather large. Therefore it will be useful to
present, few pages below, the results for ε′/ε for two values of ms(mc):
ms(mc) = (150 ± 20) MeV and ms(mc) = (125 ± 20) MeV (11.50)
corresponding (see table 3) roughly to ms(2 GeV) = (129 ± 17) MeV and ms(2 GeV) =
(107 ± 17) MeV, respectively.
Finally one should remark that the decomposition of the relevant hadronic matrix ele-
ments of penguin operators into a product of Bi factors times 1/m
2
s, although useful in the
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1/Nc approach, is in principle unnecessary in a brute force method like the lattice approach
and in certain methods using effective lagrangians. It is to be expected that the future lattice
calculations will directly give the relevant hadronic matrix elements and the issue of ms in
connection with ε′/ε will effectively disappear.
11.7 Numerical Results for ε′/ε
In order to complete the analysis of ε′/ε one needs the value of Imλt. Since this value has
been already determined in section 10.7 (see table 13), we are ready to present the results
for ε′/ε. In order to gain some insight in what is going on, let us take the formula (11.47)
and insert the central value Imλt = 1.29 · 10−4 together with the NDR-values in table 20 for
Λ
(4)
MS
= 325 MeV. We find then
ε′
ε
=
[
−1.75 + (10.15 ·B(1/2)6 − 5.24 ·B(3/2)8 )Rs
]
· 10−4 (11.51)
with Rs defined in (11.46).
Our “central” formula (11.51) gives then the values of ε′/ε collected in table 18. We
observe that for higher values of ms the lattice and the 1/N approach (I) give values of ε
′/ε
in the ball park of a few 10−4. Higher values are obtained for the 1/N approach (II) and
in particular in the chiral quark model which even in the first scenario for ms gives value
of ε′/ε close to O(10−3). For smaller values of ms all approaches give higher values of ε′/ε
although only the last two give results consistent with the NA31 value. The results for the
1/N approach (II) are only shown for illustration. A proper analysis of this case would require
the calculation of Wilson coefficients for µ well below 1 GeV, which we do not want to do.
When analyzing these numbers some caution is needed. Our “central” formula (11.51)
includes certain inputs which are not necessarily the same in all approaches. For instance
our value of BˆK is lower than the values obtained in the lattice and chiral model approaches.
Similarly the value c0 is very much constrained by the incorporation of the ∆I = 1/2 rule
which cannot be obtained using VIA. In addition in a given approach c6 and c8 may differ
somewhat from the ones used. But since they are dominated by the short distance Wilson
coefficients these changes cannot be large and we belive that our formula is not too bad and
gives some insight in what is going on.
On the other hand, once one begins to vary all input parameters the differences between
various approaches wash out to some extend. We note for instance that the coefficients in
tables 19 and 20 exhibit a sizable Λ
(4)
MS
-dependence leading to almost linear dependence of
ε′/ε on this parameter as pointed out in [73].
Let me than present results of the Munich group based on the input parameters of section
10 and the choice of Bi parameters summarized in (11.40). To this end exact expressions for
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ε′/ε have been used.
For ms(mc) = 150 ± 20MeV one finds [190]
− 1.2 · 10−4 ≤ ε′/ε ≤ 16.0 · 10−4 (11.52)
and
ε′/ε = (3.6± 3.4) · 10−4 (11.53)
for the “scanning” method and the “gaussian” method discussed in section 10.7, respectively.
Using on the other hand ms(mc) = (125 ± 20)MeV one finds respectively [161]:
− 0.5 · 10−4 ≤ ε′/ε ≤ 25.2 · 10−4 (11.54)
and
ε′/ε = (6.1± 5.2) · 10−4 (11.55)
In [190] the choice ms(mc) = (100±20)MeV has been considered giving 0 ≤ ε′/ε ≤ 43.0·10−4
and ε′/ε = (10.4 ± 8.3) · 10−4 respectively, but such low values of ms(mc) seem now rather
improbable.
In table 21 we compare these results with the existing results obtained by various groups.
There exists no recent phenomenological analysis from the Dortmund group based on the Bi
parameters obtained in [186]. The older result ε′/ε = (9.9 ± 4.1) · 10−4 from this group will
certainly be superceded by a new analysis which hopefully will be available soon.
We observe that the result for ms(mc) = 150± 20MeV in (11.53) agrees rather well with
the 1996 analysis of the Rome group [200]. On the other hand the range in (11.52) shows
that for particular choices of the input parameters, values for ε′/ε as high as 16 · 10−4 cannot
be excluded. Such high values are found if simultaneously |Vub/Vcb| = 0.10, B(1/2)6 = 1.2,
B
(3/2)
8 = 0.8, BK = 0.6, ms(mc) = 130 MeV, Λ
(4)
MS
= 405MeV and low values of mt still
consistent with εK and the observed B
0
d − B¯0d mixing are chosen. It is, however, evident from
the comparision of (11.52) and (11.53) that such high values of ε′/ε and generally values
above 10−3 are very improbable for ms(mc) = O(150MeV).
We observe that our “gaussian” result for ms(mc) = (125 ± 20)MeV agrees well with
the E731 value and, as stressed in [190], the decrease of ms even below ms(mc) = 100 MeV
is insufficient to bring the Standard Model in agreement with the NA31 result provided
B6 = B8 = 1. However, for B6 > B8, sufficiently large values of Imλt and Λ
(4)
MS
, and small
values of ms, the values of ε
′/ε in the Standard Model can be as large as (1 − 2) · 10−3 and
consistent with the NA31 result. In order to see this explicitly we present in table 22 the
values of ε′/ε for three choices of ms(mc) and for selective sets of other input parameters
keeping mt = 167 GeV fixed.
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Table 21: Results for ε′/ε in units of 10−4 obtained by various groups. The labels (S) and
(G) in the last column stand for “Scanning” and “Gaussian” respectively, as discussed in the
text.
Reference B
(1/2)
6 B
(3/2)
8 ms(mc)[MeV] ε
′/ε[10−4]
Munich [190] 1.0± 0.2 1.0 ± 0.2 150 ± 20 −1.2→ 16.0 (S)
Munich [190] 1.0± 0.2 1.0 ± 0.2 150 ± 20 3.6± 3.4 (G)
Munich [161] 1.0± 0.2 1.0 ± 0.2 125 ± 20 −0.5→ 25.2 (S)
Munich [161] 1.0± 0.2 1.0 ± 0.2 125 ± 20 6.1± 5.2 (G)
Rome [200] 1.0± 0.2 1.0 ± 0.2 150 ± 20 4.6± 3.0 (G)
Trieste [179] 1.6± 0.3 0.92 ± 0.02 − 7→ 31 (S)
Dubna-DESY [201] 1.0 1.0 − −3.0→ 3.6 (S)
The Trieste group finds generally higher values of ε′/ε, with the central value around
17 · 10−4 and consequently consistent with the NA31 result. On the basis of table 18 we
expect the ε′/ε from the Dortmund group to be below the one from Trieste but generally
higher than the results from Munich and Rome for the same value of ms.
Finally I should comment on the results of [201] where ε′/ε has been investigated in the
framework of an effective chiral lagrangian approach. In this approach the values of B
(1/2)
6
and B
(3/2)
8 cannot be calculated and the authors set them to unity in order to obtain the
values quoted in table 21. In spite of joined efforts with Bill Bardeen to understand this work
and discussions with these authors I failed to appreciate fully this approach. These authors
find ε′/ε consistent with zero.
11.8 Summary
The fate of ε′/ε in the Standard Model after the improved measurement of mt and complete
NLO calculations of short distance coefficients, depends sensitively on the values of |Vub/Vcb|,
Λ
(4)
MS
and in particular on B
(1/2)
6 , B
(3/2)
8 and ms. The predictions for ε
′/ε obtained by various
groups are summarized in table 21. This table and the table 22 show very clearly that any
value for ε′/ε in the range
0 ≤ ε′/ε ≤ 3 · 10−3 (11.56)
is still possible within the Standard Model at present, although most estimates lie below 10−3
and in the range of E731 result. Time will show which of the groups came closest to the true
prediction. It appears that most calculations give values of B
(1/2)
6 rather close to unity and
B
(3/2)
8 below one so that the inequality B
(1/2)
6 ≥ B(3/2)8 should be expected to be true. If
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Table 22: Values of ε′/ε in units of 10−4 for specific values of various input parameters at
mt = 167 GeV.
Imλt[10
−4] Λ(4)
MS
[MeV ] B
(1/2)
6 B
(3/2)
8 ms(mc)[MeV] ε
′/ε[10−4]
100 8.8
1.3 325 1.0 1.0 125 5.2
150 3.2
100 11.2
1.3 405 1.0 1.0 125 6.8
150 4.2
100 13.8
1.6 405 1.0 1.0 125 8.3
150 5.2
100 12.2
1.3 325 1.0 0.7 125 7.5
150 4.8
100 15.4
1.3 405 1.0 0.7 125 9.5
150 6.2
100 19.0
1.6 405 1.0 0.7 125 11.7
150 7.6
this feature will survive more precise calculations and ms(mc) will be eventually found in
the range 125 MeV ≤ ms(mc) ≤ 150 MeV then ε′/ε within the Standard Model should be
somewhere between 5 · 10−4 and 1 · 10−3. As an example let us then finally take the range
(11.41): B
(1/2)
6 = 1.0± 0.2 and B(3/2)8 = 0.7 ± 0.2. Then the gaussian analysis gives [161]
ε′/ε =
 (5.3 ± 3.8) · 10−4 , ms(mc) = 150± 20MeV(8.5 ± 5.9) · 10−4 , ms(mc) = 125± 20MeV. (11.57)
In my opinion these results give the best representation of the present status of ε′/ε in the
Standard Model.
One prominent physicist once told me that a person who spent fifteen years in a given
field should have enough insight into the matters to be able to make predictions even if this
is impossible from a scientific point of view. In 1983 I made the first encounter with ε′/ε and
if the above was true I should have by now in my head a precise prediction for ε′/ε within
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the Standard Model. Clearly I do not have it, but I like to bet. Here is my bet for the ε′/ε
in the Standard Model
ε′/ε = (7± 1) · 10−4. (11.58)
It is rather close to the central value of the Fermilab result in (10.27). The value in (11.58)
corresponds to the average of the values in (11.57) and the error is the one expected from
new experiments. Whether the new data will find this value is not really important as there
could be new physics invalidating my expectations.
On a more scientific level, let us hope that the future experimental and theoretical results
will be sufficiently accurate to be able to see whether ε′/ε 6= 0, whether the Standard Model
agrees with the data or whether some new physics can be discovered in this ratio. In any
case the coming years should be very exciting.
12 B → Xsγ
12.1 General Remarks
The rare decay B → Xsγ plays an important role in present day phenomenology. The
effective Hamiltonian for B → Xsγ at scales µb = O(mb) is given by
Heff(b→ sγ) = −GF√
2
V ∗tsVtb
[
6∑
i=1
Ci(µb)Qi + C7γ(µb)Q7γ + C8G(µb)Q8G
]
, (12.1)
where in view of | V ∗usVub/V ∗tsVtb |< 0.02 we have neglected the term proportional to V ∗usVub.
Here Q1....Q6 are the usual four-fermion operators whose explicit form is given in (8.35)–
(8.37). The remaining two operators, characteristic for this decay, are the magnetic–penguins
Q7γ =
e
8π2
mbs¯ασ
µν(1 + γ5)bαFµν , Q8G =
g
8π2
mbs¯ασ
µν(1 + γ5)T
a
αβbβG
a
µν (12.2)
originating in the diagrams of fig. 34. In order to derive the contribution of Q7γ to the
Hamiltonian in (12.1), in the absence of QCD corrections, one multiplies the vertex in (3.7)
by “i” and makes the replacement
2iσµνq
ν → −σµνFµν . (12.3)
Analogous procedure gives the contribution of Q8G.
It is the magnetic γ-penguin which plays the crucial role in this decay. However, the
role of the dominant current-current operator Q2 should not be underestimated. Indeed the
short distance QCD effects involving in particular the mixing between Q2 and Q7γ are very
important in this decay. They are known [202, 203] to enhance C7γ(µb) substantially, so that
the resulting branching ratio Br(B → Xsγ) turns out to be by a factor of 3 higher than it
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Figure 34: Magnetic Photon (a) and Gluon (b) Penguins.
would be without QCD effects. Since the first analyses in [202, 203] a lot of progress has been
made in calculating these important QCD effects beginning with the work in [204, 205]. We
will briefly summarize this progress.
A peculiar feature of the renormalization group analysis in B → Xsγ is that the mix-
ing under infinite renormalization between the set (Q1...Q6) and the operators (Q7γ , Q8G)
vanishes at the one-loop level. Consequently in order to calculate the coefficients C7γ(µb)
and C8G(µb) in the leading logarithmic approximation, two-loop calculations of O(eg2s ) and
O(g3s) are necessary. The corresponding NLO analysis requires the evaluation of the mixing
in question at the three-loop level. This peculiar feature caused that the first fully correct cal-
culation of the leading anomalous dimension matrix relevant for this decay has been obtained
only in 1993 [206, 207]. It has been confirmed subsequently in [208, 209, 101].
As of 1998 also the NLO corrections to B → Xsγ have been completed. It was a joint
effort of many groups. Let us summarize this progress:
• The O(αs) corrections to C7γ(µW ) and C8G(µW ) have been first calculated in [107] and
recently confirmed by several groups [66, 67, 111].
• The two-loop mixing involving the operators Q1.....Q6 and the two-loop mixing in the
sector (Q7γ , Q8G) has been calculated in [53, 48, 68, 73, 74, 75] and [94], respectively.
Finally after a heroic effort the three loop mixing between the set (Q1...Q6) and the
operators (Q7γ , Q8G) has been completed at the end of 1996 [110]. As a byproduct the
authors of [110] confirmed the existing two-loop anomalous dimension matrix in the
Q1...Q6 sector.
• One-loop matrix elements 〈sγgluon|Qi|b〉 have been calculated in [106, 108] and the
very difficult two-loop corrections to 〈sγ|Qi|b〉 have been presented in [109].
We will now discuss all these achievements in explicit terms. In order to appreciate the
importance of NLO calculations for this decay it is instructive to discuss first the leading
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logarithmic approximation.
12.2 The Decay B → Xsγ in the Leading Log Approximation
12.2.1 Anomalous Dimension Matrix
It is instructive to to discuss first the mixing between the sets Q1, . . . , Q6 and Q7γ , Q8G in
γˆ
(0)
s . To this end I use the work done in colaboration with Misiak, Mu¨nz and Pokorski [211].
The point is that this mixing resulting from two-loop diagrams is generally regularization
scheme dependent. This is certainly disturbing because the matrix γˆ
(0)
s , being the first term
in the expansion for γˆs, is usually scheme independent. As we will show below, there is a
simple way to circumvent this difficulty [211].
As noticed in [206, 207] the regularization scheme dependence of γˆ
(0)
s in the case of b→ sγ
and b → sg is signaled in the finite parts of the one-loop matrix elements of Q1, . . . , Q6 for
on-shell photons or gluons. They vanish in any 4-dimensional regularization scheme and in
the HV scheme but some of them are non-zero in the NDR scheme. One has
〈Qi〉γone−loop = yi 〈Q7γ〉tree, i = 1, . . . , 6 (12.4)
and
〈Qi〉Gone−loop = zi 〈Q8G〉tree, i = 1, . . . , 6. (12.5)
In the HV scheme all the yi’s and zi’s vanish, while in the NDR scheme ~y = (0, 0, 0, 0,−13 ,−1)
and ~z = (0, 0, 0, 0, 1, 0). This regularization scheme dependence is canceled by a correspond-
ing regularization scheme dependence in γˆ
(0)
s as first demonstrated in [206, 207]. It should
be stressed that the numbers yi and zi come from divergent, i.e. purely short-distance parts
of the one-loop integrals. So no reference to the spectator-model or to any other model for
the matrix elements is necessary here.
In view of all this it is convenient in the leading order to introduce the so-called “ef-
fective coefficients” [211] for the operators Q7γ and Q8G which are regularization scheme
independent. They are given as follows:
C
(0)eff
7γ (µb) = C
(0)
7γ (µb) +
6∑
i=1
yiC
(0)
i (µb) (12.6)
and
C
(0)eff
8G (µb) = C
(0)
8G (µb) +
6∑
i=1
ziC
(0)
i (µb). (12.7)
One can then introduce a scheme-independent vector
~C(0)eff (µb) =
(
C
(0)
1 (µb), . . . , C
(0)
6 (µb), C
(0)eff
7γ (µb), C
(0)eff
8G (µb)
)
. (12.8)
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From the RGE for ~C(0)(µ) it is straightforward to derive the RGE for ~C(0)eff (µ). It has the
form
µ
d
dµ
C
(0)eff
i (µ) =
αs
4π
γ
(0)eff
ji C
(0)eff
j (µ) (12.9)
where
γ
(0)eff
ji =

γ
(0)
j7 +
∑6
k=1 ykγ
(0)
jk − yjγ(0)77 − zjγ(0)87 i=7, j=1,. . . ,6
γ
(0)
j8 +
∑6
k=1 zkγ
(0)
jk − zjγ(0)88 i=8, j=1,. . . ,6
γ
(0)
ji otherwise.
(12.10)
The matrix γˆ(0)eff is a scheme-independent quantity. It equals the matrix which one would
directly obtain from two-loop diagrams in the HV scheme. In order to simplify the notation
we will omit the label “eff” in the expressions for the elements of this effective one loop
anomalous dimension matrix given below and keep it only in the Wilson coefficients of the
operators Q7γ and Q8G.
We are now ready to give the leading anomalous dimension matrix relevant for the calcu-
lation of the B → Xsγ rate in the LO approximation. The 6× 6 submatrix of γˆ(0) involving
the operators Q1, . . . , Q6 is given in (8.51). Here we only give the remaining non-vanishing
entries of γˆ(0) [206, 207].
The elements γ
(0)
i7 with i = 1, . . . , 6 are:
γ
(0)
17 = 0, γ
(0)
27 =
104
27
CF (12.11)
γ
(0)
37 = −
116
27
CF γ
(0)
47 =
(
104
27
u− 58
27
d
)
CF (12.12)
γ
(0)
57 =
8
3
CF γ
(0)
67 =
(
50
27
d− 112
27
u
)
CF (12.13)
The elements γ
(0)
i8 with i = 1, . . . , 6 are:
γ
(0)
18 = 3, γ
(0)
28 =
11
9
N − 29
9
1
N
(12.14)
γ
(0)
38 =
22
9
N − 58
9
1
N
+ 3f γ
(0)
48 = 6 +
(
11
9
N − 29
9
1
N
)
f (12.15)
γ
(0)
58 = −2N +
4
N
− 3f γ(0)68 = −4−
(
16
9
N − 25
9
1
N
)
f (12.16)
Finally the 2×2 one-loop anomalous dimension matrix in the sector Q7γ , Q8G is given by
[204]
γ
(0)
77 = 8CF γ
(0)
78 = 0 (12.17)
γ
(0)
87 = −
8
3
CF γ
(0)
88 = 16CF − 4N
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12.2.2 Renormalization Group Evolution
The coefficients Ci(µb) in (12.1) can be calculated by using
~C(µb) = Uˆ5(µb, µW ) ~C(µW ) (12.18)
Here Uˆ5(µb, µW ) is the 8× 8 evolution matrix which is given in general terms in (6.26) with
γˆ being this time an 8 × 8 anomalous dimension matrix. In the leading order Uˆ5(µb, µW ) is
to be replaced by Uˆ
(0)
5 (µb, µW ) and the initial conditions by
~C(0)(µW ) with [204]
C
(0)
2 (µW ) = 1 (12.19)
C
(0)
7γ (µW ) =
3x3t − 2x2t
4(xt − 1)4 lnxt +
−8x3t − 5x2t + 7xt
24(xt − 1)3 ≡ −
1
2
D′0(xt) (12.20)
C
(0)
8G (µW ) =
−3x2t
4(xt − 1)4 lnxt +
−x3t + 5x2t + 2xt
8(xt − 1)3 ≡ −
1
2
E′0(xt) (12.21)
In LO all remaining coefficients are set to zero at µ = µW .
Using the techniques developed in section 5, the leading order results for the Wilson
coefficients of all operators entering the effective Hamiltonian in (12.1) can be written in an
analytic form. They are [211]
C
(0)
j (µb) =
8∑
i=1
kjiη
ai (j = 1, . . . , 6) (12.22)
C
(0)eff
7γ (µb) = η
16
23C
(0)
7γ (µW ) +
8
3
(
η
14
23 − η 1623
)
C
(0)
8G (µW ) + C
(0)
2 (µW )
8∑
i=1
hiη
ai , (12.23)
C
(0)eff
8G (µb) = η
14
23C
(0)
8G (µW ) + C
(0)
2 (µW )
8∑
i=1
h¯iη
ai , (12.24)
with
η =
αs(µW )
αs(µb)
, (12.25)
and C
(0)
7γ (µW ) and C
(0)
8G (µW ) given in (12.20) and (12.21), respectively. The numbers ai and
kji have been already given in section 8.4. For convenience we give again the values of ai
together with hi and h¯i in table 23.
Let us perform a quick numerical analysis of (12.23) and (12.24). Using the leading
µb-dependence of αs:
αs(µb) =
αs(MZ)
1− β0 αs(MZ)2π ln(MZ/µb)
(12.26)
one finds the results in table 24.
Two features of these results should be emphasised:
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Table 23: Magic Numbers.
i 1 2 3 4 5 6 7 8
ai
14
23
16
23
6
23 −1223 0.4086 −0.4230 −0.8994 0.1456
hi 2.2996 −1.0880 −37 − 114 −0.6494 −0.0380 −0.0185 −0.0057
h¯i 0.8623 0 0 0 −0.9135 0.0873 −0.0571 0.0209
Table 24: Wilson coefficients C
(0)eff
7γ and C
(0)eff
8G for mt = 170GeV and various values of
α
(5)
s (MZ) and µ.
α
(5)
s (MZ) = 0.113 α
(5)
s (MZ) = 0.118 α
(5)
s (MZ) = 0.123
µ[ GeV] C
(0)eff
7γ C
(0)eff
8G C
(0)eff
7γ C
(0)eff
8G C
(0)eff
7γ C
(0)eff
8G
2.5 –0.328 –0.155 –0.336 –0.158 –0.344 –0.161
5.0 –0.295 –0.142 –0.300 –0.144 –0.306 –0.146
7.5 –0.277 –0.134 –0.282 –0.136 –0.286 –0.138
10.0 –0.265 –0.130 –0.269 –0.131 –0.273 –0.133
• The strong enhancement of the coefficient C(0)eff7γ by short distance QCD effects which we
illustrate by the relative numerical importance of the three terms in expression (12.23).
For instance, for mt = 170GeV, µb = 5GeV and α
(5)
s (MZ) = 0.118 one obtains
C
(0)eff
7γ (µb) = 0.695 C
(0)
7γ (µW ) + 0.085 C
(0)
8G(µW )− 0.158 C(0)2 (µW )
= 0.695 (−0.193) + 0.085 (−0.096) − 0.158 = −0.300 . (12.27)
In the absence of QCD we would have C
(0)eff
7γ (µb) = C
(0)
7γ (µW ) (in that case one has
η = 1). Therefore, the dominant term in the above expression (the one proportional to
C
(0)
2 (µW )) is the additive QCD correction that causes the enormous QCD enhancement
of the B → Xsγ rate [202, 203]. It originates solely from the two-loop diagrams. On
the other hand, the multiplicative QCD correction (the factor 0.695 above) tends to
suppress the rate, but fails in the competition with the additive contributions.
In the case of C
(0)eff
8G a similar enhancement is observed
C
(0)eff
8G (µb) = 0.727 C
(0)
8G(µW )− 0.074 C(0)2 (µW )
= 0.727 (−0.096) − 0.074 = −0.144 . (12.28)
• A strong µb-dependence of both coefficients as first stressed by Ali and Greub [210] and
confirmed in [211]. Since B → Xsγ is dominated by QCD effects, it is not surprising
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that this scale-uncertainty in the leading order is particularly large. We will investigate
this scale uncertainty in a moment.
12.2.3 Scale Uncertainties at LO
In calculating Br(B → Xsγ) it is customary to use the spectator model in which the inclusive
decay B → Xsγ is approximated by the partonic decay b→ sγ. That is one uses the following
approximate equality:
Γ(B → Xsγ)
Γ(B → Xceν¯e) ≃
Γ(b→ sγ)
Γ(b→ ceν¯e) ≡ Rquark, (12.29)
where the quantities on the r.h.s are calculated in the spectator model corrected for short-
distance QCD effects. The normalization to the semileptonic rate is usually introduced in
order to reduce the uncertainties due to the CKM matrix elements and factors of m5b in the
r.h.s. of (12.29). Additional support for the approximation given above comes from the heavy
quark expansions. Indeed the spectator model has been shown to correspond to the leading
order approximation of an expansion in 1/mb. The first corrections appear at the O(1/m2b)
level and will be discussed at the end of this section.
The leading logarithmic calculations [204, 207, 208, 101, 210, 211] can be summarized in
a compact form as follows:
Rquark =
Br(B → Xsγ)
Br(B → Xceν¯e) =
|V ∗tsVtb|2
|Vcb|2
6α
πf(z)
|C(0)eff7 (µb)|2 , (12.30)
where
f(z) = 1− 8z + 8z3 − z4 − 12z2 ln z with z = m
2
c,pole
m2b,pole
(12.31)
is the phase space factor in Br(B → Xceν¯e) and α = e2/4π. In order to find (12.30) only the
tree level matrix element < sγ|Q7γ |B > has to be computed.
There are three scale uncertainties present in (12.30):
• The low energy scale µb = O(mb) at which the Wilson Coefficient C(0)eff7 (µb) is evalu-
ated.
• The high energy scale µW = O(MW) at which the full theory is matched with the
effective five-quark theory. In LO this scale enters only η. C
(0)
7 (µW ) and C
(0)
8 (µW )
serve in LO as initial conditions to the renormalization group evolution from µW down
to µb. As seen explicitly in (12.20) and (12.21) they do not depend on µW .
• The scale µt = O(mt) at which the running top quark mass is defined. In LO it enters
only xt:
xt =
m2t (µt)
M2W
. (12.32)
187
As we stressed in connection with B0 − B¯0 mixing in section 8.3, µW and µt do not
have to be equal. Initially when the top quark and the W-boson are integrated out,
it is convenient in the process of matching to keep µt = µW . Yet one has always the
freedom to redefine the top quark mass and to work with mt(µt) where µt 6= µW .
It is evident from the formulae above that in LO the variations of µb, µW and µt remain
uncompensated which results in potential theoretical uncertainties in the predicted branching
ratio. In the context of phenomenological analyses of B → Xsγ, the uncertainty due to
µb has been discussed [210, 211, 110, 109, 77]. The uncertainties due to µW and µt have
been analyzed first in [77] and recently in [212]. I will follow here my own work with Axel
Kwiatkowski and Nicolas Pott [77].
It is customary to estimate the uncertainties due to µb by varying it in the range mb/2 ≤
µb ≤ 2mb. Similarly one can vary µW and µt in the ranges MW/2 ≤ µW ≤ 2MW and
mt/2 ≤ µt ≤ 2mt respectively. Specifically in our numerical analysis we will consider the
ranges
2.5 GeV ≤ µb ≤ 10 GeV (12.33)
and
40 GeV ≤ µW ≤ 160 GeV 80 GeV ≤ µt ≤ 320GeV (12.34)
In the LO analysis we use the leading order formula for αs(µb) in (12.26) with αs(MZ) = 0.118
and
mt(µt) = mt(mt)
[
αs(µt)
αs(mt)
] 4
β0
. (12.35)
Here β0 = 23/3. We set mt(mt) = 168 GeV and mt ≡ mt,pole = 176 GeV.
Varying µb, µW and µt in the ranges (12.33) and (12.34) we find the following uncertainties
in the branching ratio [77]:
∆Br(B → Xsγ) =

±22% (µb)
±13% (µW )
±3% (µt)
(12.36)
The fact that the µW -uncertainty is smaller than the µb uncertainty is entirely due to
αs(µW ) < αs(µb). Still this uncertainty is rather disturbing as it introduces an error of
approximately ±0.40 · 10−4 in the branching ratio. The smallness of the µt-uncertainty is
related to the weak xt dependence of C
(0)
7 (µW ) and C
(0)
8 (µW ) which in the range of interest
can be well approximated by
C
(0)
7 (µW ) = −0.122 x0.30t C(0)8 (µW ) = −0.072 x0.19t . (12.37)
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Thus even if 161GeV ≤ mt(µt) ≤ 178GeV for µt in (12.34), the µt uncertainty in Br(B →
Xsγ) is small. This should be contrasted with Bs → µµ¯, KL → π0νν¯ and B0d,s − B¯0d,s
mixings, where µt uncertainties in LO have been found [98, 90] to be ±13%, ±10% and ±9%
respectively.
A critical analysis of theoretical and experimental uncertainties present in the prediction
for Br(B → Xsγ ) based on the formula (12.30) has been made in [211] with the result that
the error in the Standard Model prediction in the LO approximation is dominated by the
scale ambiguities. The final result of the LO analysis in [211] which omitted the µt and µW
uncertainties was
Br(B→Xsγ)LO = (2.8 ± 0.8) × 10−4 (12.38)
Similar result has been found in [210].
These finding made it clear already in 1993 that a complete NLO analysis of B → Xsγ
was very desirable. Such a complete next-to-leading calculation of B → Xsγ was described
in [211] in general terms. As demonstrated formally there, the cancellation of the dominant
µb-dependence in the leading order can then be achieved. While this formal NLO analysis was
very encouraging with respect to the reduction of the µb-dependence, it could obviously not
provide the actual size of Br(B → Xsγ ) after the inclusion of NLO corrections. Fortunately
four years later such a complete NLO analysis exists and the impact of NLO corrections on
Br(B → Xsγ ) can be analysed in explicit terms. This is precisely what we will do now.
12.3 B → Xsγ Beyond Leading Logarithms
12.3.1 Master Formulae
The formula (12.30) modifies after the inclusion of NLO corrections as follows [110]:
Rquark =
|V ∗tsVtb|2
|Vcb|2
6α
πf(z)
F
(
|D|2 +A
)
, (12.39)
where
F =
1
κ(z)
(
mb(µ = mb)
mb,pole
)2
=
1
κ(z)
(
1− 8
3
αs(mb)
π
)
, (12.40)
D = C
(0)eff
7γ (µb) +
αs(µb)
4π
{
C
(1)eff
7γ (µb) +
8∑
i=1
C
(0)eff
i (µb)
[
ri + γ
(0)eff
i7 ln
mb
µb
]}
(12.41)
and A is discussed below.
Let us explain the origin of various new contributions:
• First κ(z) is the QCD correction to the semileptonic decay [213]. To a good approxi-
mation it is given by [214]
κ(z) = 1− 2αs(µ¯b)
3π
[
(π2 − 31
4
)(1 − z)2 + 3
2
]
. (12.42)
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An exact analytic formula for κ(z) can be found in [215]. Here µ¯b = O(mb) is a scale in
the calculation of QCD corrections to the semi-leptonic rate which is generally different
from the one used in the b→ sγ transition. In this respect we differ from Greub et al.
[109] who set µ¯b = µb.
• The second factor in (12.40) originates as follows. The B → Xsγ rate is proportional
to m3b,pole present in the two body phase space and to mb(µ = mb)
2 present in <
sγ|Q7γ |B >2. On the other hand the semileptonic rate is is proportional to m5b,pole
present in the three body phase space. Thus the m5b factors present in both rates differ
by a O(αs) correction which has been consistently omitted in the leading logarithmic
approximation but has to be included now.
• For similar reason the variable z entering f(z) and κ(z) can be more precisely specified
at the NLO level to be [109, 110]:
z =
mc,pole
mb,pole
= 0.29 ± 0.02 (12.43)
which is obtained from mb,pole = 4.8± 0.15 GeV and mb,pole−mc,pole = 3.40 GeV. This
gives
κ(z) = 0.879 ± 0.002 ≈ 0.88 , f(z) = 0.54 ± 0.04 . (12.44)
• The amplitude D in (12.41) includes two types of new contributions. The first αs-
correction originates in the NLO correction to the Wilson coefficients of Q7γ :
Ceff7γ (µb) = C
(0)eff
7γ (µb) +
αs(µb)
4π
C
(1)eff
7γ (µb) . (12.45)
It is this correction which requires the calculation of the three-loop anomalous dimen-
sions [110]. An explicit formula for C
(1)eff
7γ (µb) has been given for the first time in [110].
We will give a generalization of this formula in a moment.
The two remaining corrections in (12.41) come from one-loop matrix elements < sγ|Q7γ |B >
and < sγ|Q8G|B > and from two-loop matrix elements < sγ|Qi|B > of the remaining
operators. These two-loop matrix elements have been calculated in [109]. The coeffi-
cients of the logarithm are the relevant elements in the leading anomalous dimension
matrix. The explicit logarithmic µb dependence in the last term in D will play an
important role few pages below.
Now C
(1)eff
7γ (µb) is renormalization scheme dependent. This scheme dependence is can-
celled by the one present in the constant terms ri. Actually ref. [109] does not provide
the matrix elements of the QCD-penguin operators and consequently ri (i = 3− 6) are
unknown. However, the Wilson coefficients of QCD-penguin operators are very small
and this omission is most probably immaterial.
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• The term A in (12.39) originates from the bremsstrahlung corrections and the necessary
virtual corrections needed for the cancellation of the infrared divergences. These have
been calculated in [106, 108] and are also considered in [110, 109] in the context of the
full analysis. Since the virtual corrections are also present in the terms ri in D, care
must be taken in order to avoid double counting. This is discussed in detail in [110]
where an explicit formula for A can be found. It is the equation (32) of [110].
Actually A depends on an explicit lower cut on the photon energy
Eγ > (1− δ)Emaxγ ≡ (1− δ)
mb
2
. (12.46)
Moreover A is divergent in the limit δ → 1. In order to cancel this divergence one would
have to consider the sum of B → Xsγ and b→Xs decay rates. However, the divergence
at δ→1 is very slow. In order to allow an easy comparison with previous experimental
and theoretical publications the authors in [110] choose δ = 0.99. Further details on
the δ-dependence can be found in this paper.
• Finally the values of αs(µb) in all the above formulae are calculated with the use of the
NLO expression for the strong coupling constant:
αs(µ) =
αs(MZ)
v(µ)
[
1− β1
β0
αs(MZ)
4π
ln v(µ)
v(µ)
]
, (12.47)
where
v(µ) = 1− β0αs(MZ)
2π
ln
(
MZ
µ
)
, (12.48)
β0 =
23
3 and β1 =
116
3 .
Generalizing the formula (21) of [110] to include µt and µW dependences one finds [77]
C
(1)eff
7 (µb) = η
39
23C
(1)eff
7 (µW ) +
8
3
(
η
37
23 − η 3923
)
C
(1)eff
8 (µW )
+
(
297664
14283
η
16
23 − 7164416
357075
η
14
23 +
256868
14283
η
37
23 − 6698884
357075
η
39
23
)
C
(0)
8 (µW )
+
37208
4761
(
η
39
23 − η 1623
)
C
(0)
7 (µW ) +
8∑
i=1
(eiηE0(xt) + fi + giη)η
ai
+∆C
(1)eff
7 (µb), (12.49)
where in the MS scheme
C
(1)eff
7 (µW ) = C
(1)eff
7 (MW ) + 8xt
∂C
(0)
7 (µW )
∂xt
ln
µ2t
M2W
+
(
16
3
C
(0)
7 (µW )−
16
9
C
(0)
8 (µW ) +
γ
(0)eff
27
2
)
ln
µ2W
M2W
(12.50)
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C
(1)eff
8 (µW ) = C
(1)eff
8 (MW ) + 8xt
∂C
(0)
8 (µW )
∂xt
ln
µ2t
M2W
+
(
14
3
C
(0)
8 (µW ) +
γ
(0)eff
28
2
)
ln
µ2W
M2W
(12.51)
∆C
(1)eff
7 (µb) =
8∑
i=1
(
2
3
ei + 6li
)
ηai+1 ln
µ2W
M2W
(12.52)
Here (x = xt)
C
(1)eff
7 (MW ) =
−16x4 − 122x3 + 80x2 − 8x
9(x− 1)4 Li2
(
1− 1
x
)
+
6x4 + 46x3 − 28x2
3(x− 1)5 ln
2 x
+
−102x5 − 588x4 − 2262x3 + 3244x2 − 1364x + 208
81(x− 1)5 lnx
+
1646x4 + 12205x3 − 10740x2 + 2509x − 436
486(x − 1)4 (12.53)
C
(1)eff
8 (MW ) =
−4x4 + 40x3 + 41x2 + x
6(x− 1)4 Li2
(
1− 1
x
)
+
−17x3 − 31x2
2(x− 1)5 ln
2 x
+
−210x5 + 1086x4 + 4893x3 + 2857x2 − 1994x + 280
216(x − 1)5 lnx
+
737x4 − 14102x3 − 28209x2 + 610x− 508
1296(x − 1)4 (12.54)
and
E0(x) =
x(18− 11x− x2)
12(1 − x)3 +
x2(15 − 16x+ 4x2)
6(1− x)4 lnx−
2
3
lnx. (12.55)
The formulae for C
(1)eff
7,8 (MW ) given above and presented in [110] are obtained from the
results in [107, 66, 67, 111] by using the general formulae for the effective coefficient functions
in (12.6) and (12.7). For µW = µt = MW the formulae above reduce to the ones given in
[110]. We have put back the superscript ”eff” in (12.50) and (12.51) to emphasize that the
effective anomalous dimensions should be used here.
Table 25: Magic Numbers.
i 1 2 3 4 5 6 7 8
ai
14
23
16
23
6
23 −1223 0.4086 −0.4230 −0.8994 0.1456
ei
4661194
816831 −85162217 0 0 −1.9043 −0.1008 0.1216 0.0183
fi −17.3023 8.5027 4.5508 0.7519 2.0040 0.7476 −0.5385 0.0914
gi 14.8088 −10.8090 −0.8740 0.4218 −2.9347 0.3971 0.1600 0.0225
li 0.5784 −0.3921 −0.1429 0.0476 −0.1275 0.0317 0.0078 −0.0031
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The numbers ei–gi and li are given in table 25. These numbers as well as the numerical
coefficients in (12.49) can be confirmed easily by using the anomalous dimension matrices in
[110] and the techniques developed in section 5.
For completeness we give here some information on the relevant NLO anomalous dimen-
sion matrix γ
(1)
s . The 6× 6 two-loop submatrix of γ(1)s involving the operators Q1, . . . , Q6 is
given in (8.52). The two-loop generalization of (12.17) has been calculated in [94]. It is given
for both NDR and HV schemes as follows
γ
(1)
77 = CF
(
548
9
N − 16CF − 56
9
f
)
γ
(1)
78 = 0 (12.56)
γ
(1)
87 = CF
(
−404
27
N +
32
3
CF +
56
27
f
)
γ
(1)
88 = −
458
9
− 12
N2
+
214
9
N2 +
56
9
f
N
− 13
9
fN
The generalization of (12.11)–(12.16) to next-to-leading order requires three loop calcu-
lations . The result can be found in [110].
The constants ri resulting from the calculations of NLO corrections to decay matrix
elements [109] are collected in [110]. It should be stressed that the basis of the operators
with i = 1−6 used in [110] differs from the standard basis used in the literature [17, 109] and
here. The basis used in [110] has been chosen in order to avoid γ5 problems in the three-loop
calculations peformed in the NDR scheme. This has to be remembered when using formulae
of this paper. In particular the constants ri calculated in [109] have to be transformed to the
basis of [110]. As pointed out this year in [111] and in particular by Kagan and Neubert [216]
this tranformation made originally in [110] contained some errors. The corrected values of ri
can be found in the hep–version of [110] and in [216]. The numerical analysis given below is
based on these new values.
For the discussion below it will be useful to have [206]
γ
(0)eff
27 =
416
81
γ
(0)eff
28 =
70
27
(12.57)
which enter (12.50) and (12.51) respectively. They can be obtained from (12.11) and (12.14).
12.3.2 Going Beyond the Spectator Model
In order to calculate the final rate we have to pass from the calculated b-quark decay rates to
the B-meson decay rates. Relying on the Heavy Quark Expansion (HQE) calculations one
finds [110]
Br(B→Xsγ) = Br(B→Xceν¯e) · Rquark
(
1− δ
NP
sl
m2b
+
δNPrad
m2b
)
, (12.58)
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where δNPsl and δ
NP
rad parametrize nonperturbative corrections to the semileptonic and radiative
B-meson decay rates, respectively.
Following [217], one can express δNPsl and δ
NP
rad in terms of the HQET parameters λ1 and
λ2
δNPsl =
1
2
λ1 +
(
3
2
− 6(1− z)
4
f(z)
)
λ2. (12.59)
δNPrad =
1
2
λ1 − 9
2
λ2. (12.60)
where f(z) is given (12.31).
The value of λ2 is known from B
∗–B mass splitting
λ2 =
1
4
(m2B∗ −m2B) ≃ 0.12 GeV2. (12.61)
The value of λ1 is controversial. Fortunately it cancels out in the r.h.s. of (12.58).
The two nonperturbative corrections in (12.58) are both around 4% in magnitude and
tend to cancel each other. In effect, they sum up to only around 1%. As stressed in [110], such
a small number has to be taken with caution. Indeed, one has to remember that the four-
quark operators Q1......Q6 have not been included in the calculation of δ
NP
rad. Contributions
from these operators could potentially give one- or two-percent effects. Nevertheless, it seems
reasonable to conclude that the total nonperturbative 1/m2b correction to (12.58) is well below
10%, i.e. it is smaller than the inaccuracy of the perturbative calculation of Rquark.
In additions to the 1/m2b corrections one has to consider long distance contributions to
B → Xsγ. These are not easy to calculate and until recently most estimates were based on
phenomenological models. In these model estimates long distance contributions are expected
to arise dominantly from transitions B →∑i Vi +Xs → γXs where Vi = J/ψ,ψ′, ... and are
found to be below 10% [218].
A more modern way to estimate these long distance corrections is to use heavy quark
expansions treating the charm quark as a heavy quark. As pointed out by Voloshin [219]
and also discussed by other authors [220], these non-perturbative corrections originate in the
photon coupling to a virtual cc¯ loop and their general structure is given by
(Λ2QCD/m
2
c)(ΛQCDmb/m
2
c)
n
with (n = 0, 1..). The term n = 0 can be estimated reliably. Originally a 3% suppression of
the decay rate by this term has been found in [219] Subsequently, however, an overall sign
error in this estimate has been pointed out in [221] so that this 1/m2c correction is positive.
Since ΛQCDmb/m
2
c ≈ 0.6, the terms with n > 0 are not necessarily much smaller. Al-
though the presence of unknown matrix elements in these contributions does not allow a
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definite estimate of their actual size, the analyses in [219, 220] find that these contributions
are weighted by very small calculable coefficients. Consequently these higher order contribu-
tions are expected to be substantially smaller than the n = 0 term and the 3% enhancement
from 1/m2c corrections found in [221] appears to be a good estimate of the long distance
contributions to the B → Xsγ decay rate. We will include this enhancement in the numerical
analysis below.
12.3.3 Numerical Analysis at NLO
Let us investigate how much the uncertainties in (12.36) are reduced after including NLO
corrections. We begin this discussion by demonstrating analytically that the µb, µW and
µt dependences present in C
(0)eff
7 (µb) are indeed cancelled at O(αs) by the explicit scale
dependent terms in (12.41) and (12.50). The scale dependent terms in (12.51) do not enter
this cancellation at this order in αs in B → Xsγ. On the other hand they are responsible for
the cancellation of the scale dependences in C
(0)eff
8 (µb) relevant for the b→ s gluon transition.
Expanding the three terms in (12.23) in αs and keeping the leading logarithms we find:
η
16
23C
(0)
7 (µW ) =
(
1 +
αs
4π
16
3
ln
µ2b
µ2W
)
C
(0)
7 (µW ) (12.62)
8
3
(
η
14
23 − η 1623
)
C
(0)
8 (µW ) = −
αs
4π
16
9
ln
µ2b
µ2W
C
(0)
8 (µW ) (12.63)
8∑
i=1
hiη
ai =
αs
4π
23
3
ln
µ2b
µ2W
8∑
i=1
hiai =
208
81
αs
4π
ln
µ2b
µ2W
(12.64)
respectively. In (12.64) we have used
∑
hi = 0. Inserting these expansions into (12.41), we
observe that the µW dependences in (12.62), (12.63) and (12.64) are precisely cancelled by
the three explicit logarithms in (12.50) involving µW , respectively. Similarly one can convince
oneself that the µt-dependence of C
(0)eff
7 (µb) is cancelled at O(αs) by the lnµ2t/M2W term in
(12.50). Finally and most importantly the µb dependences in (12.62), (12.63) and (12.64)
are cancelled by the explicit logarithms in (12.41) which result from the calculation of the
one-loop matrix elements < sγ|Q7γ |B > and < sγ|Q8G|B > and the two-loop matrix element
< sγ|Q2|B > as discussed previously. Interestingly the scale dependent term in (12.52) does
not contribute to any cancellation of the µW dependence at this order in αs due to the relation
8∑
i=1
(
2
3
ei + 6li
)
= 0. (12.65)
which can be verified by using the table 25.
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Clearly there remain small µb, µW and µt dependences in (12.39) which can only be
reduced by going beyond the NLO approximation. They constitute the theoretical uncertainty
which should be taken into account in estimating the error in the prediction forBr(B → Xsγ).
For this reason also the term ∆C
(1)eff
7 (µb) in (12.50), originally omitted in [77]), has to be
kept as pointed out in [212].
Using the two-loop generalization of (12.35) from Section 4.7 and varying µb, µW and µt
in the ranges (12.33) and (12.34) one finds [77] the following respective uncertainties in the
branching ratio after the inclusion of NLO corrections:
∆Br(B → Xsγ) =

±4.3% (µb)
±1.1% (µW )
±0.4% (µt)
(12.66)
This reduction of the µb-uncertainty by roughly a factor of seven relative to ±22% in LO
is impressive. The remaining µW and µt uncertainties are negligible.
Next we would like to comment on the uncertainty due to variation of µ¯b in κ(z) given
in (12.42). In [109] the choice µ¯b = µb has been made. Yet in my opinion such a treatment
is not really correct, since the scale µ¯b in the semi-leptonic decay has nothing to do with the
scale µb in the renormalization group evolution in the B → Xsγ decay. Varying µ¯b in the
range 2.5GeV ≤ µb ≤ 10GeV we find
∆Br(B → Xsγ) = ±1.7% (µ¯b) (12.67)
Since the µb and µ¯b uncertainties are uncorrelated we can add them in quadrature finding
±4.6% for the total scale uncertainty due to µb and µ¯b. The addition of the uncertainties in µt
and µW in (12.66) modifies this result slightly and the total scale uncertainty in Br(B → Xsγ)
amounts then to
∆Br(B→Xsγ) = ±4.8% (scale) (12.68)
It should be stressed that this pure theoretical uncertainty related to the truncation of
the perturbative series should be distinguished from parametric uncertainties related to αs,
the quark masses etc. discussed below.
In our numerical calculations we have included all corrections in the NLO approxima-
tion. To work consistently in this order, we have in particular expanded the various factors
in (12.39) in αs and discarded all NNLO terms of order α
2
s which resulted in the process
of multiplication. This treatment is different from [110, 109], where the αs corrections in
(12.40) have not been expanded in the evaluation of (12.39) and therefore some higher order
corrections have been kept. Different scenarios of partly incorporating higher order correc-
tions by expanding or not expanding various factors in (12.39) affect the branching ratio
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by ∆Br(B → Xsγ) ≈ ±3.0%. This number indicates that indeed the scale uncertainty in
(12.68) realistically estimates the magnitude of yet unknown higher order corrections. The
remaining uncertainties are due to the values of the various input parameters. In order to
obtain the final result for the branching ratio we have used the parameters given in table 26.
Table 26: Input parameter values and their uncertainties. The masses are given in GeV.
αs(MZ) mt,pole mc,pole/mb,pole mb,pole α
−1
em |V ⋆tsVtb|/Vcb Br(B → Xceν¯e)
Central 0.118 176 0.29 4.8 130.3 0.976 0.104
Error ±0.003 ±6.0 ±0.02 ±0.15 ±2.3 ±0.010 ±0.004
Table 27: Uncertainties in Br(B → Xsγ) due to various sources.
Scales αs(MZ) mt,pole mc,pole/mb,pole mb,pole αem CKM angles B → Xceν¯e
±4.8% ±2.9% ±1.7% ±5.4% ±0.7% ±1.8% ±2.0% ±3.8%
Adding all the uncertainties in quadrature we find
Br(B→Xsγ) = (3.60 ± 0.17 (scale) ± 0.28 (par))× 10−4 = (3.60 ± 0.33) × 10−4 (12.69)
where we show separately scale and parametric uncertainties. The relative importance of
various uncertainties is shown in table 27. Similar results can be found in [110, 212]. We
observe that inclusion of NLO corrections increased the value of the LO prediction in (12.38)
by roughly 25%. Simultaneously the total error has been decreased by more than a factor
of two. The shift upwards is mainly caused by the O(αs) corrections to the matrix elements
of the contributing operators calculated in [109], not to the Wilson coefficients. One has to
remember, however, that this feature is valid in the NDR scheme considered here and may
not be true in another renormalization scheme without changing the total result for the decay
rate.
We also observe that the parametric uncertainties dominate the theoretical error at
present. Once these parametric uncertainties will be reduced in the future the smallness
of the scale uncertainties achieved through very involved QCD calculations, in particular in
[110, 109, 106, 108, 107, 66, 67], can be better appreciated. This reduction of the theoretical
error in the Standard Model prediction for Br(B→Xsγ) could turn out to be very important
in the searches for new physics when the experimental data improve.
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12.4 Recent Developments
Very recently electroweak O(α) corrections to Rquark have been investigated in an interesting
paper by a student of this school, Andrzej Czarnecki, and Bill Marciano [222]. A study of
O(α) corrections to Rquark must entail two-loop electroweak contributions to b→ sγ as well
as one loop corrections to b→ ceν. A complete calculation of all O(α) contributions would be
a very heroic task, but it is already valuable to identify potentially dominant contributions.
One obvious question is the scale µ in αem ≡ e2(µ)/4π which is rather arbitrary if correc-
tions O(α) are not considered. In all recent calculations mb ≤ µ ≤MW has been used, giving
1/αem = 130.3 ± 2.3. The inclusion of fermion loop contributions in the photon propagator
indicates [222], however, that α renormalized at q2 = 0, i.e α = 1/137.036 is more appropri-
ate. This reduces the branching ratio by roughly 5%. The fermion loops in the W-propagator
bring a reduction of 2%. Two other reductions, each of roughly 1%, come from short distance
photonic corrections to b → sγ and b → ceν. The total reduction of Rquark quoted in [222]
amounts then to (9± 2)% where the error is a guess-estimate of unknown corrections. With
this reduction the branching ratio in (12.69) becomes
Br(B→Xsγ) = (3.28 ± 0.30) × 10−4 . (12.70)
The ±2% error in the estimate of O(α) corrections is compensated by the fact that α has
a negligible error compared to αem in table 26. Personally, I am not yet convinced that
the O(α) reduction is as high as 9%. The reduction of 5% through the change αem → α
appears rather plausible. On the other hand the same sign of three smaller corrections could
turn out to be accidental and other corrections, not considered yet, could well cancel them.
Some indication for this is given by a very recent analysis of Strumia [223], who performed
a complete calculation of two–loop electroweak contributions to B → Xsγ in the large mt
limit, finding them below 1%. In spite of this reservation, the calculation of Czarnecki and
Marciano certainly indicates that a reduction of Br(B→Xsγ) through O(α) corrections by
O(5%) is certainly possible. A more detailed investigation of this issue would be desirable at
some stage in the future.
Finally I would like to mention here a very recent paper of Kagan and Neubert [216] who
also made an extensive analysis of B → Xsγ. Reanalyzing in detail the issue of the photon-
spectrum and of δ in (12.46) and including also QED corrections, Kagan and Neubert arrive
at the estimate of Br(B→Xsγ), which in spite of some differences at intermediate stages
agrees very well with (12.70). Since the analysis in [216] is very recent, I am not in a position
to make any useful comments on it. Certainly of interest is their reanalysis of the extraction
of the total decay rate Br(B→Xsγ) from the experimental photon spectrum, which I will
briefly mention below.
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12.5 Experimental Status
After all this theoretical exposition it is really time to summarize the present data. The
branching ratio for B → Xsγ found by the CLEO collaboration already in 1994 [224] is given
by
Br(B → Xsγ) = (2.32 ± 0.57 ± 0.35) × 10−4 (12.71)
and the very recent preliminary update from CLEO reads [225]
Br(B → Xsγ) = (2.50 ± 0.47± 0.39) × 10−4 . (12.72)
On the other hand the recent ALEPH measurement of the corresponding branching ratio for
b–hadrons (mesons and baryons) produced in Z0 decays reads [226]
Br(Hb → Xsγ) = (3.11 ± 0.80 ± 0.72) × 10−4. (12.73)
which is compatible with the CLEO result. In (12.71)-(12.73) the first error is statistical
and the second is systematic. As stressed already by several authors in the literature the
measurements in [224] and [226] are quite different and should not be expected to give identical
results.
Now, the experimental results given above, are obtained by measuring the high-energy
part of the photon spectrum and the extrapolation to the total rate. This requires theoret-
ical understanding of the photon spectrum. Improving recently the analysis of the photon
spectrum, Kagan and Neubert [216] find that the result in (12.71) should actually read
Br(B → Xsγ) = (2.66 ± 0.56exp ± 0.45th)× 10−4 , (12.74)
and that the central value in (12.72) should be increased to 2.8. It will be interesting to watch
the further development and to have a new official CLEO value including this new insight.
The theoretical estimates in (12.69) and (12.70) are somewhat higher than experimental
data. However, within the remaining theoretical and in particular experimental uncertainties,
the Standard Model value is compatible with experiment.
12.6 A Look Beyond the Standard Model
The inclusive radiative B → Xsγ decay plays an important role in the indirect searches for
physics beyond the Standard Model and places already now rather strong constraints on
some new physics scenarios. The possible non-standard contributions can indeed be of the
same order of magnitude of the Standard Model loop effects discussed above. This is well
illustrated by the simplest of these extensions, where the Higgs sector of the Standard Model
is enlarged to include two doublets (Two Higgs Doublet Models, or 2HDM), leading to three
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new physical fields, two neutral scalars (CP even and odd) and one charged scalar. In this
context, only the charged Higgs H± contributes to the Wilson coefficients C7γ and C8G. Its
interaction with quarks is described by the Lagrangian
L = (2
√
2GF )
1/2
3∑
i,j=1
u¯i
(
AumuiVij
1− γ5
2
−AdVijmdi
1 + γ5
2
)
djH
+ + h.c. (12.75)
Here i, j are generation indices, mu,d are quark masses, and V is the CKM matrix. The
fermions may then acquire their masses in two ways: the first possibility, referred to as
Model I, is that both up and down quarks get their masses from the same Higgs doublet H2,
and
Au = Ad = 1/ tan β , (12.76)
where tan β is the ratio of the v.e.v. of H2 and H1. In the case of Model II, up quarks get
their masses from Yukawa couplings to H2, while down quarks get masses from couplings to
H1, and
Au = −1/Ad = 1/ tan β . (12.77)
Model II is particularly interesting because it is realized in the minimal supersymmetric
extension of the SM. The charged-Higgs contributions to C7γ and C8G are functions of the
top and charged Higgs masses and of tanβ whose LO expressions are given in [227]. Recently,
the complete NLO corrections to Br(B → Xsγ) in the 2HDM have been computed [111, 212].
Partial results can also be found in [112].
With respect to the Standard Model, in Model II the branching ratio is strongly enhanced
for a light charged Higgs and the decoupling at large MH takes place very slowly. This leads
to very stringent bounds on MH for any particular value of tanβ. Actually, for tanβ > 1, the
dependence on tanβ is very mild and practically saturates for tanβ ≥ 2. Using the current
CLEO 95% CL upper bound Br(B → Xsγ) < 4.2 × 10−4 and adopting a conservative
approach to evaluate the theoretical uncertainty (scanning), one obtains lower bounds on
MH of ≈ 250GeV, independent of tanβ [111, 212]. On the other hand, adding different
theoretical errors in quadrature leads to MH > 370GeV. Indeed, these bounds are quite
sensitive to the errors of the theoretical prediction and to the details of the calculation [111].
For instance including Czarnecki-Marciano O(α) corrections would weaken them significantly.
Improving the calculation to the NLO has also had important effects on these bounds, since
the theoretical error is significantly reduced [111]. Finally, it is clear that one of the reasons
we are able to obtain such strong bounds on MH is the poor agreement between the Standard
Model prediction and CLEO measurement, and that the situation may drastically change
with new experimental results. In the case of a heavy Higgs, a resummation of the leading
logarithms of MH/MW has been performed in [228].
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For what concerns Model I, in that case the charged-Higgs contribution reduces the value
of Br(B → Xsγ) and therefore no significant bound can be obtained. On the other hand, it is
interesting that new physics effects can bring the prediction for B → Xsγ closer to the CLEO
value. A significant effect can only be expected for small tan β, since in Model I all charged-
Higgs contributions vanish in the limit of large tan β, as tan−2 β. However, in that case the
top Yukawa coupling grows and strong limitations come from high energy measurements, in
particular of Rb. It can be concluded [111] that the reduction of Br(B → Xsγ) can be at
best about 20%.
A more general class of multi-Higgs models, where only one charged Higgs does not
decouple and its couplings are arbitrary and may violate CP, has been studied at LO in [229]
and more recently at NLO in [212].
In the MSSM, the charged Higgs loops are accompanied by chargino-squark contributions
which can partly compensate the effect of the charged Higgs. Therefore the above bounds
do not apply to the MSSM, except in some scenarios, like gauge-mediated supersymmetric
models [230], where the Higgs contribution is known to dominate over the chargino loops,
because the squarks are generally heavy. Indeed, in the supersymmetric limit, there is an
exact cancellation of different contributions [231]. In the realistic case of broken supersym-
metry, this cancellation is spoiled but, if charginos and stops are light, it may still be partially
effective. A complete analysis at LO in the MSSM can be found in [232]. Although no direct
limit on MH can be set, b→ sγ has helped in ruling out very large portions of the SUSY pa-
rameter space. It can be expected that a NLO analysis would further enhance this exclusion
potential.
12.7 Summary and Outlook
The rare decay B → Xsγ plays at present together with B0d,s− B¯0d,s mixing the central role in
loop induced transitions in the B-system. On the theoretical side considerable progress has
been made recently by calculating NLO corrections, thereby reducing the large µb uncertain-
ties present in the leading order. This way the error in the prediction for Br(B → Xsγ) as
given in (12.69), and in (12.70) after including QED corrections, has been decreased down to
roughly ±10% compared with ±(25− 30)% in the leading order. Since during last two years
the central value for Br(B → Xsγ) was changing constantly due to inclusion of various small
corrections and different error analyses, it is hard to imagine that the result in (12.70) is the
final word on this subject. It will be interesting to see how this value will look like in five
years from now.
On the experimental side considerable progress has been made by CLEO [233] in the case
of Br(B0d → K∗γ), which we left out due to space limitations. It is very desirable to obtain
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now an improved measurement of Br(B → Xsγ). Indeed, in the forthcoming years much
more precise measurements of Br(B→Xsγ) are expected from the upgraded CLEO detector,
as well as from the B-factories at SLAC and KEK.
Confrontation of these new improved experimental values with the already rather precise
theoretical Standard Model estimate may shed some light on whether some physics beyond
this model is required to fit the improved data.
More on B → Xsγ, in particular on the photon spectrum and the determination of
|Vtd|/|Vts| from B → Xs,dγ, can be found in [163, 234, 235, 216]. CP violation in B → K∗γ
and B → ̺γ is discussed in [236].
13 Rare K- and B-Decays
13.1 General Remarks
We will now move to discuss the semileptonic rare FCNC transitions K+ → π+νν¯, KL →
π0νν¯, B → Xs,dνν¯ and Bs,d → l+l− paying particular attantion to the first two decays.
The presentation given here overlaps considerably with the ones given in the reviews [17,
18], although there are some differences. In particular the decay KL → µ+µ− will not be
considered here in view of space limitations. Some details on this decay, which is not as
theoretically clean as the ones discussed here, can be found in the latter reviews and in [237].
On the other hand we will provide certain derivations which cannot be found in [17, 18].
Moreover we discuss briefly two–loop electroweak contributions and make a few remarks on
the physics beyond the Standard Model.
The decay modes considered here are very similar in their structure which differs consid-
erably from the one encountered in the decays K → ππ and B → Xsγ discussed in previous
sections. In particular:
• Within the Standard Model all the decays listed above are loop-induced semileptonic
FCNC processes determined only by Z0-penguin and box diagrams which we encoun-
tered already on many occasions in these lectures. Thus, a distinguishing feature of the
present class of decays is the absence of a photon penguin contribution. For the decay
modes with neutrinos in the final state this is obvious, since the photon does not couple
to neutrinos. For the mesons decaying into a charged lepton pair the photon penguin
amplitude vanishes due to vector current conservation. Consequently the decays in
question are governed by the functions X0(xt) and Y0(xt) (see (3.26) and (3.27)) which
as seen in (3.30) and (3.31) exhibit strong mt-dependences.
• A particular and very important advantage of these decays is their clean theoretical
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character. This is related to the fact that the low energy hadronic matrix elements
required are just the matrix elements of quark currents between hadron states, which
can be extracted from the leading (non-rare) semileptonic decays. Other long-distance
contributions are negligibly small. As a consequence of these features, the scale am-
biguities, inherent to perturbative QCD, essentially constitute the only theoretical un-
certainties present in the analysis of these decays. These theoretical uncertainties have
been considerably reduced through the inclusion of the next-to-leading QCD corrections
[65, 98, 91] as we will demonstrate below.
• The investigation of these low energy rare decay processes in conjunction with their the-
oretical cleanliness, allows to probe, albeit indirectly, high energy scales of the theory
and in particular to measure the top quark couplings Vts and Vtd. Moreover KL → π0νν¯
offers a clean determination of the Wolfenstein parameter η and as we will stress below
offers the cleanest measurement of Imλt = ImV
∗
tsVtd which governs all CP violating
K-decays. However, the very fact that these processes are based on higher order elec-
troweak effects implies that their branching ratios are expected to be very small and
not easy to access experimentally.
Table 28: Order of magnitude of CKM parameters relevant for the various decays, expressed
in powers of the Wolfenstein parameter λ = 0.22. In the case of KL → π0νν¯, which is CP-
violating, only the imaginary parts of λc,t contribute.
K+ → π+νν¯ KL → π0νν¯ B → Xsνν¯ B → Xdνν¯
Bs → l+l− Bd → l+l−
λc ∼ λ (Imλc ∼ λ5) ∼ λ2 ∼ λ3
λt ∼ λ5 (Imλt ∼ λ5) ∼ λ2 ∼ λ3
The effective Hamiltonians governing the decays K+ → π+νν¯, KL → π0νν¯, B → Xs,dνν¯
and B → l+l− resulting from the Z0-penguin and box-type contributions can all be written
in the following general form:
Heff = GF√
2
α
2π sin2ΘW
(λcF (xc) + λtF (xt)) (n¯n
′)V−A(r¯r)V−A , (13.1)
where n, n′ denote down-type quarks (n, n′ = d, s, b but n 6= n′) and r leptons, r = l, νl
(l = e, µ, τ). The λi are products of CKM elements, in the general case λi = V
∗
inVin′ .
Furthermore xi = m
2
i /M
2
W . The functions F (xi) describe the dependence on the internal up-
type quark massesmi (and on lepton masses if necessary) and are understood to include QCD
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corrections. They are increasing functions of the quark masses, a property that is particularly
important for the top contribution. Since F (xc)/F (xt) ≈ O(10−3)≪ 1 the top contributions
are by far dominant unless there is a partial compensation through the CKM factors λi. As
seen in table 28 such a partial compensation takes place in K+ → π+νν¯ and consequently
in this decay internal charm contribution, albeit smaller than the top contribution, has to
be kept. On the other hand in the remaining decays the charm contributions can be safely
neglected. Since the charm contributions involve QCD corrections with αs(mc), the scale
uncertainties in K+ → π+νν¯ are found to be larger than in the remaining decays in which
the QCD effects enter only through αs(mt) < αs(mc). After these general remarks let us
enter some details. Other reviews of rare decays can be found in [237, 18].
13.2 The Decay K+ → pi+νν¯
13.2.1 The effective Hamiltonian
The effective Hamiltonian for K+ → π+νν¯ can be written as
Heff = GF√
2
α
2π sin2ΘW
∑
l=e,µ,τ
(
V ∗csVcdX
l
NL + V
∗
tsVtdX(xt)
)
(s¯d)V−A(ν¯lνl)V−A . (13.2)
The index l=e, µ, τ denotes the lepton flavour. The dependence on the charged lepton mass
resulting from the box-graph is negligible for the top contribution. In the charm sector this
is the case only for the electron and the muon but not for the τ -lepton.
We have discussed the top quark contribution already in section 8.2 but there is no harm
when we repeat certain things in order to have the most important information about this
decay in one place.
The function X(xt) relevant for the top part is given by
X(xt) = X0(xt) +
αs
4π
X1(xt) (13.3)
with the leading contribution X0(x) given in (3.26) and the QCD correction [98]
X1(xt) = − 23xt + 5x
2
t − 4x3t
3(1− xt)2 +
xt − 11x2t + x3t + x4t
(1− xt)3 lnxt
+
8xt + 4x
2
t + x
3
t − x4t
2(1 − xt)3 ln
2 xt − 4xt − x
3
t
(1− xt)2L2(1− xt)
+ 8xt
∂X0(xt)
∂xt
lnxµ , (13.4)
where xµ = µ
2
t/M
2
W with µt = O(mt) and
L2(1− x) =
∫ x
1
dt
ln t
1− t . (13.5)
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The µt-dependence of the last term in (13.4) cancels to the considered order the µt-dependence
of the leading term X0(xt(µ)). The leftover µt-dependence in X(xt) is tiny and will be given
in connection with the discussion of the branching ratio below.
The function X in (13.3) can also be written as
X(xt) = ηX ·X0(xt), ηX = 0.985, (13.6)
where ηX summarizes the NLO corrections represented by the second term in (13.3). With
mt ≡ mt(mt) the QCD factor ηX is practically independent of mt and ΛMS .
The expression corresponding to X(xt) in the charm sector is the function X
l
NL. It
results from the NLO calculation [91] and is given explicitly in [91, 17]. The inclusion of
NLO corrections reduced considerably the large µc dependence (with µc = O(mc)) present
in the leading order expressions for the charm contribution [238, 239, 240, 16]. Varying µc
in the range 1GeV ≤ µc ≤ 3GeV changes XNL by roughly 24% after the inclusion of NLO
corrections to be compared with 56% in the leading order. Further details can be found in
[91, 17]. The impact of the µc uncertainties on the resulting branching ratio Br(K
+ → π+νν¯)
is discussed below.
The numerical values for XNL for µ = mc and several values of Λ
(4)
MS
and mc(mc) are
given in table 29. The net effect of QCD corrections is to suppress the charm contribution
by roughly 30%.
Table 29: The functions XeNL and X
τ
NL for various Λ
(4)
MS
and mc.
XeNL/10
−4 XτNL/10
−4
Λ
(4)
MS
[MeV] \ mc [ GeV] 1.25 1.30 1.35 1.25 1.30 1.35
245 10.32 11.17 12.04 6.94 7.63 8.36
285 10.02 10.86 11.73 6.64 7.32 8.04
325 9.71 10.55 11.41 6.32 7.01 7.72
365 9.38 10.22 11.08 6.00 6.68 7.39
405 9.03 9.87 10.72 5.65 6.33 7.04
13.2.2 Deriving the Branching Ratio
The relevant hadronic matrix element of the weak current (s¯d)V−A can be extracted, with the
help of isospin symmetry from the leading decay K+ → π0e+ν. Consequently the resulting
theoretical expression for the branching fraction Br(K+ → π+νν¯) can be related to the
experimentally well known quantity Br(K+ → π0e+ν). Let us demonstrate this.
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The effective Hamiltonian for the tree level decay K+ → π0e+ν is given by
Heff(K+ → π0e+ν) = GF√
2
V ∗us(s¯u)V−A(ν¯ee)V−A . (13.7)
Using isospin symmetry we have
〈π+|(s¯d)V−A|K+〉 =
√
2〈π0|(s¯u)V−A|K+〉. (13.8)
Consequently neglecting differences in the phase space of these two decays, due tomπ+ 6= mπ0
and me 6= 0, we find
Br(K+ → π+νν¯)
Br(K+ → π0e+ν) =
α2
|Vus|22π2 sin4ΘW
∑
l=e,µ,τ
∣∣∣V ∗csVcdX lNL + V ∗tsVtdX(xt)∣∣∣2 . (13.9)
13.2.3 Basic Phenomenology
We are now ready to present the expression for the branching fraction Br(K+ → π+νν¯)
and to collect various formulae relevant for phenomenological applications. Using (13.9) and
including isospin breaking corrections one finds
Br(K+ → π+νν¯) = κ+ ·
[(
Imλt
λ5
X(xt)
)2
+
(
Reλc
λ
P0(X) +
Reλt
λ5
X(xt)
)2]
, (13.10)
κ+ = rK+
3α2Br(K+ → π0e+ν)
2π2 sin4ΘW
λ8 = 4.11 · 10−11 , (13.11)
where we have used
α =
1
129
, sin2ΘW = 0.23, Br(K
+ → π0e+ν) = 4.82 · 10−2 . (13.12)
Here λi = V
∗
isVid with λc being real to a very high accuracy. rK+ = 0.901 summarizes isospin
breaking corrections in relating K+ → π+νν¯ to K+ → π0e+ν. These isospin breaking
corrections are due to quark mass effects and electroweak radiative corrections and have been
calculated in [241]. Next
P0(X) =
1
λ4
[
2
3
XeNL +
1
3
XτNL
]
(13.13)
with the numerical values for X lNL given in table 29. The corresponding values for P0(X) as
a function of Λ
(4)
MS
and mc ≡ mc(mc) are collected in table 30. We remark that a negligibly
small term ∼ (XeNL −XτNL)2 has been discarded in (13.10).
Using the improved Wolfenstein parametrization and the approximate formulae (2.37) –
(2.39) we can next put (13.10) into a more transparent form [34]:
Br(K+ → π+νν¯) = 4.11 · 10−11A4X2(xt) 1
σ
[
(ση¯)2 + (̺0 − ¯̺)2
]
, (13.14)
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Table 30: The function P0(X) for various Λ
(4)
MS
and mc.
P0(X)
Λ
(4)
MS
\ mc 1.25GeV 1.30GeV 1.35GeV
245MeV 0.393 0.426 0.462
285MeV 0.380 0.413 0.448
325MeV 0.366 0.400 0.435
365MeV 0.352 0.386 0.420
405MeV 0.337 0.371 0.405
where
σ =
(
1
1− λ22
)2
. (13.15)
The measured value of Br(K+ → π+νν¯) then determines an ellipse in the (¯̺, η¯) plane
centered at (̺0, 0) with
̺0 = 1 +
P0(X)
A2X(xt)
(13.16)
and having the squared axes
¯̺21 = r
2
0, η¯
2
1 =
(
r0
σ
)2
(13.17)
where
r20 =
1
A4X2(xt)
[
σ ·Br(K+ → π+νν¯)
4.11 · 10−11
]
. (13.18)
Note that r0 depends only on the top contribution. The departure of ̺0 from unity measures
the relative importance of the internal charm contributions.
The ellipse defined by r0, ̺0 and σ given above intersects with the circle (2.47). This
allows to determine ¯̺ and η¯ with
¯̺ =
1
1− σ2
(
̺0 −
√
σ2̺20 + (1− σ2)(r20 − σ2R2b)
)
, η¯ =
√
R2b − ¯̺2 (13.19)
and consequently
R2t = 1 +R
2
b − 2¯̺, (13.20)
where η¯ is assumed to be positive.
In the leading order of the Wolfenstein parametrization
σ → 1, η¯ → η, ¯̺→ ̺ (13.21)
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and Br(K+ → π+νν¯) determines a circle in the (̺, η) plane centered at (̺0, 0) and having
the radius r0 of (13.18) with σ = 1. Formulae (13.19) and (13.20) then simplify to [91]
R2t = 1 +R
2
b +
r20 −R2b
̺0
− ̺0, ̺ = 1
2
(
̺0 +
R2b − r20
̺0
)
. (13.22)
Given ¯̺ and η¯ one can determine Vtd:
Vtd = Aλ
3(1− ¯̺− iη¯), |Vtd| = Aλ3Rt. (13.23)
At this point a few remarks are in order:
• The long-distance contributions to K+ → π+νν¯ have been studied in [242] and found
to be very small: a few percent of the charm contribution to the amplitude at most,
which is savely negligible.
• The determination of |Vtd| and of the unitarity triangle requires the knowledge of Vcb
(or A) and of |Vub/Vcb|. Both values are subject to theoretical uncertainties present
in the existing analyses of tree level decays. Whereas the dependence on |Vub/Vcb| is
rather weak, the very strong dependence of Br(K+ → π+νν¯) on A or Vcb makes a
precise prediction for this branching ratio difficult at present. We will return to this
below.
• The dependence of Br(K+ → π+νν¯) on mt is also strong. However mt is known
already within ±4% and consequently the related uncertainty in Br(K+ → π+νν¯) is
substantialy smaller than the corresponding uncertainty due to Vcb.
• Once ̺ and η are known precisely from CP asymmetries in B decays, some of the
uncertainties present in (13.14) related to |Vub/Vcb| (but not to Vcb) will be removed.
• A very clean determination of sin 2β without essentially any dependence on mt and Vcb
can be made by combining Br(K+ → π+νν¯) with Br(KL → π0νν¯) discussed below.
13.2.4 Numerical Analysis of K+ → π+νν¯
Let us begin the numerical analysis by investigating the uncertainties in the prediction for
Br(K+ → π+νν¯) and in the determination of |Vtd| related to the choice of the renormalization
scales µt and µc in the top part and the charm part, respectively. To this end we will fix the
remaining parameters as follows:
mc ≡ mc(mc) = 1.3GeV, mt ≡ mt(mt) = 170GeV (13.24)
Vcb = 0.040, |Vub/Vcb| = 0.08 . (13.25)
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In the case of Br(K+ → π+νν¯) we need the values of both ¯̺ and η¯. Therefore in this case
we will work with
¯̺ = 0, η¯ = 0.36 (13.26)
rather than with |Vub/Vcb|. Finally we will set Λ(4)MS = 0.325GeV and Λ
(5)
MS
= 0.225GeV for
the charm part and top part, respectively. We then vary the scales µc and µt entering mc(µc)
and mt(µt), respectively, in the ranges
1GeV ≤ µc ≤ 3GeV, 100GeV ≤ µt ≤ 300GeV . (13.27)
The results of such an analysis are as follows [17]: The uncertainty in Br(K+ → π+νν¯)
0.68 · 10−10 ≤ Br(K+ → π+νν¯) ≤ 1.08 · 10−10 (13.28)
present in the leading order is reduced to
0.79 · 10−10 ≤ Br(K+ → π+νν¯) ≤ 0.92 · 10−10 (13.29)
after including NLO corrections. The difference in the numerics compared to [17] results from
rK+ = 1 used there. Similarly one finds
8.24 · 10−3 ≤ |Vtd| ≤ 10.97 · 10−3 LO (13.30)
9.23 · 10−3 ≤ |Vtd| ≤ 10.10 · 10−3 NLO , (13.31)
where Br(K+ → π+νν¯) = 0.9 · 10−10 has been set. We observe that including the full next-
to-leading corrections reduces the uncertainty in the determination of |Vtd| from ±14% (LO)
to ±4.6% (NLO) in the present example. The main bulk of this theoretical error stems from
the charm sector. Indeed, keeping µc = mc fixed and varying only µt, the uncertainties in
the determination of |Vtd| would shrink to ±4.7% (LO) and ±0.6% (NLO). Similar comments
apply to Br(K+ → π+νν¯) where, as seen in (13.28) and (13.29), the theoretical uncertainty
due to µc,t is reduced from ±22% (LO) to ±7% (NLO).
Finally using the input parameters of table 12 (“present”) and performing two types of
error analysis one finds [161]
Br(K+ → π+νν¯) =
 (9.1 ± 3.8) · 10−11 Scanning(8.0 ± 1.6) · 10−11 Gaussian , (13.32)
where the error comes dominantly from the uncertainties in the CKM parameters. The
corresponding analysis with the “future” input parameters gives
Br(K+ → π+νν¯) =
 (8.0 ± 1.6) · 10−11 Scanning(7.8 ± 0.7) · 10−11 Gaussian , (13.33)
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13.2.5 |Vtd| from K+ → π+νν¯
Once Br(K+ → π+νν¯) ≡ Br(K+) is measured, |Vtd| can be extracted subject to various
uncertainties:
σ(|Vtd|)
|Vtd| = ±0.04scale ±
σ(|Vcb|)
|Vcb| ± 0.7
σ(m¯c)
m¯c
± 0.65σ(Br(K
+))
Br(K+)
. (13.34)
Taking σ(|Vcb|) = 0.002, σ(m¯c) = 100MeV and σ(Br(K+)) = 10% and adding the errors in
quadrature we find that |Vtd| can be determined with an accuracy of ±10% in the present
example. This number is increased to ±11% once the uncertainties due to mt, αs and
|Vub|/|Vcb| are taken into account. Clearly this determination can be improved although a
determination of |Vtd| with an accuracy better than ±5% seems rather unrealistic.
13.2.6 Summary and Outlook
The accuracy of the Standard Model prediction for Br(K+ → π+νν¯) has improved consid-
erably during the last five years. Indeed in 1992 ranges like (5− 80) · 10−11 could be found in
the literature. This progress can be traced back to the improved values of mt and |Vcb| and
to the inclusion of NLO QCD corrections which considerably reduced the scale uncertainties
in the charm sector. I expect that further progress in the determination of CKM parameters
via the standard analysis of section 10.7 could reduce the errors in (13.32) by at least a factor
of two during the next five years. A numerical example is given in (13.33).
Now, what about the experimental status of this decay ? Until August 97 the experimental
lower bound on Br(K+ → π+νν¯) was [243]: Br(K+ → π+νν¯) < 2.4 · 10−9. One of the high-
lights of August 97 was the observation by BNL787 collaboration at Brookhaven [252] of one
event consistent with the signature expected for this decay. The branching ratio:
Br(K+ → π+νν¯) = (4.2 + 9.7− 3.5) · 10−10 (13.35)
has the central value by a factor of 4 above the Standard Model expectation but in view
of large errors the result is compatible with the Standard Model. This new result implies
that |Vtd| lies in the range 0.006 < |Vtd| < 0.06 which is substantially larger than the range
from the standard analysis of section 10. The analysis of additional data on K+ → π+νν¯
present on tape at BNL787 should narrow this range in the near future considerably. In
view of the clean character of this decay a measurement of its branching ratio at the level
of 2 · 10−10 would signal the presence of physics beyond the Standard Model. The Standard
Model sensitivity is expected to be reached at AGS around the year 2000 [244]. Also Fermilab
with the Main Injector could measure this decay [245].
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13.3 The Decay KL → pi0νν¯
13.3.1 The effective Hamiltonian
The effective Hamiltonian for KL → π0νν¯ is given as follows:
Heff = GF√
2
α
2π sin2ΘW
V ∗tsVtdX(xt)(s¯d)V −A(ν¯ν)V−A + h.c. , (13.36)
where the function X(xt), present already in K
+ → π+νν¯, includes NLO corrections and is
given in (8.3).
As we will demonstrate shortly, KL → π0νν¯ proceeds in the Standard Model almost
entirely through direct CP violation [246]. Consequently it is completely dominated by
short-distance loop diagrams with top quark exchanges. The charm contribution can be fully
neglected and the theoretical uncertainties present in K+ → π+νν¯ due to mc, µc and ΛMS
are absent here. Consequently the rare decay KL → π0νν¯ is even cleaner than K+ → π+νν¯
and is very well suited for the determination of the Wolfenstein parameter η and Imλt.
Before going into the details it is appropriate to clarify one point [247, 248]. It is usually
stated in the literature that the decay KL → π0νν¯ is dominated by direct CP violation. Now
the standard definition of the direct CP violation (see section 8 of [18]) requires the presence
of strong phases which are completely negligible in KL → π0νν¯. Consequently the violation
of CP symmetry in KL → π0νν¯ arises through the interference between K0− K¯0 mixing and
the decay amplitude. This type of CP violation is often called mixing-induced CP violation.
However, as already pointed out by Littenberg [246] and demonstrated explictly in a moment,
the contribution of CP violation to KL → π0νν¯ via K0 − K¯0 mixing alone is tiny. It gives
Br(KL → π0νν¯) ≈ 5 · 10−15. Consequently, in this sence, CP violation in KL → π0νν¯ with
Br(KL → π0νν¯) = O(10−11) is a manifestation of CP violation in the decay and as such
deserves the name of direct CP violation. In other words the difference in the magnitude of
CP violation in KL → ππ (ε) and KL → π0νν¯ is a signal of direct CP violation and measuring
KL → π0νν¯ at the expected level would rule out superweak scenarios. More details on this
issue can be found in [247, 248, 249].
13.3.2 Deriving the Branching Ratio
Let us derive the basic formula for Br(KL → π0νν¯) in a manner analogous to the one for
Br(K+ → π+νν¯). To this end we consider one neutrino flavour and define the complex
function:
F =
GF√
2
α
2π sin2ΘW
V ∗tsVtdX(xt). (13.37)
Then the effective Hamiltonian in (13.36) can be written as
Heff = F (s¯d)V −A(ν¯ν)V−A + F ∗(d¯s)V−A(ν¯ν)V−A . (13.38)
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Now, from (10.8) we have
KL =
1√
2
[(1 + ε¯)K0 + (1− ε¯)K¯0] (13.39)
where we have neglected | ε¯ |2≪ 1. Thus the amplitude for KL → π0νν¯ is given by
A(KL → π0νν¯) = 1√
2
[
F (1 + ε¯)〈π0|(s¯d)V −A|K0〉+ F ∗(1− ε¯)〈π0|(d¯s)V−A|K¯0〉
]
(ν¯ν)V−A.
(13.40)
Recalling
CP |K0〉 = −|K¯0〉, C|K0〉 = |K¯0〉 (13.41)
we have
〈π0|(d¯s)V−A|K¯0〉 = −〈π0|(s¯d)V −A|K0〉, (13.42)
where the minus sign is crucial for the subsequent steps.
Thus we can write
A(KL → π0νν¯) = 1√
2
[F (1 + ε¯)− F ∗(1− ε¯)] 〈π0|(s¯d)V −A|K0〉(ν¯ν)V−A. (13.43)
Now the terms ε¯ can be safely neglected in comparision with unity, which implies that the
indirect CP violation (CP violation in the K0 − K¯0 mixing) is negligible in this decay. We
have then
F (1 + ε¯)− F ∗(1− ε¯) = GF√
2
α
π sin2ΘW
Im(V ∗tsVtd) ·X(xt). (13.44)
Consequently using isospin relation
〈π0|(d¯s)V−A|K¯0〉 = 〈π0|(s¯u)V−A|K+〉 (13.45)
together with (13.7) and taking into account the difference in the lifetimes of KL and K
+ we
have after summation over three neutrino flavours
Br(KL → π0νν¯)
Br(K+ → π0e+ν) = 3
τ(KL)
τ(K+)
α2
|Vus|22π2 sin4ΘW
(Imλt ·X(xt))2 (13.46)
where λt = V
∗
tsVtd.
13.3.3 Master Formulae for Br(KL → π0νν¯)
Using (13.46) we can write Br(KL → π0νν¯) simply as follows
Br(KL → π0νν¯) = κL ·
(
Imλt
λ5
X(xt)
)2
(13.47)
κL =
rKL
rK+
τ(KL)
τ(K+)
κ+ = 1.80 · 10−10 (13.48)
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with κ+ given in (13.11) and rKL = 0.944 summarizing isospin breaking corrections in relating
KL → π0νν¯ to K+ → π0e+ν [241].
Using the Wolfenstein parametrization we can rewrite (13.47) as
Br(KL → π0νν¯) = 1.80 · 10−10η2A4X2(xt) (13.49)
or
Br(KL → π0νν¯) = 3.29 · 10−5η2|Vcb|4X2(xt) (13.50)
or using
X(xt) = 0.65 · x0.575t (13.51)
as
Br(KL → π0νν¯) = 3.0 · 10−11
[
η
0.39
]2 [ mt(mt)
170 GeV
]2.3 [ | Vcb |
0.040
]4
. (13.52)
The determination of η using Br(KL → π0νν¯) requires the knowledge of Vcb and mt.
The very strong dependence on Vcb or A makes a precise prediction for this branching ratio
difficult at present.
13.3.4 |Vcb| and Imλt from KL → π0νν¯
It was pointed out in [250] that the strong dependence of Br(KL → π0νν¯) on Vcb, together
with the clean nature of this decay, can be used to determine this element without any
hadronic uncertainties. To this end η and mt have to be known with sufficient precision in
addition to Br(KL → π0νν¯). Inverting (13.52) one finds
|Vcb| = 40.0 · 10−3
√
0.39
η
[
170GeV
mt(mt)
]0.575 [Br(KL → π0νν¯)
3 · 10−11
]1/4
. (13.53)
We note that the weak dependence of Vcb on Br(KL → π0νν¯) allows to achieve a high
precision for this CKM element even when Br(KL → π0νν¯) is known with only relatively
moderate accuracy, e.g. 10–15%.
With η determined one day from CP asymmetries in B-decays and mt measured very
precisely at LHC and NLC, a measurement of Br(KL → π0νν¯) with an accuracy of 10%
would determine |Vcb| with an error of ±0.001. A comparision of this determination of |Vcb|
with the usual one in tree level B-decays would offer an excellent test of the Standard Model
and in the case of discrepancy would signal physics beyond it.
On the other hand inverting (13.47) and using (13.51) one finds [249]:
Imλt = 1.36 · 10−4
[
170GeV
mt(mt)
]1.15 [Br(KL → π0νν¯)
3 · 10−11
]1/2
. (13.54)
(13.54) offers the cleanest method to measure Imλt; even better than the CP asymmetries in
B decays discussed briefly in the next section.
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13.3.5 Numerical Analysis of KL → π0νν¯
The µt-uncertainties present in the function X(xt) have already been discussed in connection
with K+ → π+νν¯. After the inclusion of NLO corrections they are so small that they can
be neglected for all practical purposes. At the level of Br(KL → π0νν¯) the ambiguity in the
choice of µt is reduced from ±10% (LO) down to ±1% (NLO), which considerably increases
the predictive power of the theory. Varying µt according to (13.27) and using the input
parameters as in the case of K+ → π+νν¯ we find that the uncertainty in Br(KL → π0νν¯)
2.53 · 10−11 ≤ Br(KL → π0νν¯) ≤ 3.08 · 10−11 (13.55)
present in the leading order is reduced to
2.64 · 10−11 ≤ Br(KL → π0νν¯) ≤ 2.72 · 10−11 (13.56)
after including NLO corrections. This means that the theoretical uncertainty in the determi-
nation of η amounts to only ±0.7% which is safely negligible.
Using the input parameters of table 12 one finds [161]
Br(KL → π0νν¯) =
 (2.8± 1.7) · 10−11 Scanning(2.6± 0.9) · 10−11 Gaussian (13.57)
where the error comes dominantly from the uncertainties in the CKM parameters. The
corresponding analysis with the “future” input parameters gives
Br(KL → π0νν¯) =
 (2.7± 0.5) · 10−11 Scanning(2.6± 0.3) · 10−11 Gaussian (13.58)
13.3.6 Summary and Outlook
The accuracy of the Standard Model prediction for Br(KL → π0νν¯) has improved consider-
ably during the last five years. Indeed in 1992 values as high as 15 · 10−11 could be found in
the literature. This progress can be traced back mainly to the improved values of mt and |Vcb|
and to some extent to the inclusion of NLO QCD corrections. I expect that further progress
in the determination of CKM parameters via the standard analysis of section 9 could reduce
the errors in (13.57) by at least a factor of two during the next five years. A numerical
example is given in (13.58).
The present upper bound on Br(KL → π0νν¯) from FNAL experiment E799 [251] is
Br(KL → π0νν¯) < 1.8 · 10−6 . (13.59)
This is about five orders of magnitude above the Standard Model expectation (13.57).
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How large could Br(KL → π0νν¯) really be? As shown in [247] one can easily derive by
means of isospin symmetry the following model independent bound:
Br(KL → π0νν¯) < 4.4 · Br(K+ → π+νν¯) (13.60)
which through (13.35) gives
Br(KL → π0νν¯) < 6.1 · 10−9 (13.61)
This bound is much stronger than the direct experimental bound in (13.59).
Now FNAL-E799 expects to reach the accuracy O(10−8) and a very interesting new
experiment at Brookhaven (BNL E926) [244] expects to reach the single event sensitivity
2 ·10−12 allowing a 10% measurement of the expected branching ratio. There are furthermore
plans to measure this gold-plated decay with comparable sensitivity at Fermilab [254] and
KEK [255].
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Figure 35: Unitarity triangle from K → πνν¯.
13.4 Unitarity Triangle and sin 2β from K → piνν¯
The measurement of Br(K+ → π+νν¯) and Br(KL → π0νν¯) can determine the unitarity
triangle completely, (see fig. 35), provided mt and Vcb are known [85]. Using these two
branching ratios simultaneously allows to eliminate |Vub/Vcb| from the analysis which removes
a considerable uncertainty. Indeed it is evident from (13.10) and (13.47) that, given Br(K+ →
π+νν¯) and Br(KL → π0νν¯), one can extract both Imλt and Reλt. One finds [260, 17]
Imλt = λ
5
√
B2
X(xt)
Reλt = −λ5
Reλc
λ P0(X) +
√
B1 −B2
X(xt)
, (13.62)
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where we have defined the “reduced” branching ratios
B1 =
Br(K+ → π+νν¯)
4.11 · 10−11 B2 =
Br(KL → π0νν¯)
1.80 · 10−10 . (13.63)
Using next the expressions for Imλt, Reλt and Reλc given in (2.37)–(2.39) we find
¯̺ = 1 +
P0(X) −
√
σ(B1 −B2)
A2X(xt)
, η¯ =
√
B2√
σA2X(xt)
(13.64)
with σ defined in (13.15). An exact treatment of the CKM matrix shows that the formulae
(13.64) are rather precise [260]. The error in η¯ is below 0.1% and ¯̺ may deviate from the
exact expression by at most ∆¯̺ = 0.02 with essentially negligible error for 0 ≤ ¯̺≤ 0.25.
Using (13.64) one finds subsequently [260]
rs = rs(B1, B2) ≡ 1− ¯̺
η¯
= cot β , sin 2β =
2rs
1 + r2s
(13.65)
with
rs(B1, B2) =
√
σ
√
σ(B1 −B2)− P0(X)√
B2
. (13.66)
Thus within the approximation of (13.64) sin 2β is independent of Vcb (or A) and mt. An
exact treatment of the CKM matrix confirms this finding to a high accuracy. The dependence
on Vcb and mt enters only at order O(λ2) and as a numerical analysis shows this dependence
can be fully neglected.
It should be stressed that sin 2β determined this way depends only on two measurable
branching ratios and on the function P0(X) which is completely calculable in perturbation
theory. Consequently this determination is free from any hadronic uncertainties and its
accuracy can be estimated with a high degree of confidence.
An extensive numerical analysis of the formulae above has been presented in [260, 249].
We summarize the results of the latter paper. Assuming that the branching ratios are known
to within ±10%
Br(K+ → π+νν¯) = (1.0± 0.1) · 10−10 , Br(KL → π0νν¯) = (3.0 ± 0.30) · 10−11 (13.67)
and choosing
mt = (170 ± 3)GeV, P0(X) = 0.40 ± 0.06, |Vcb| = 0.040 ± 0.002, (13.68)
one finds the results given in the second column of table 31. In the third column the results
for the choice |Vcb| = 0.040± 0.001 are shown. It should be remarked that the quoted errors
for the input parameter are quite reasonable if one keeps in mind that it will take five years
to achieve the accuracy assumed in (13.67). The error in P0(X) in (13.68) results from the
errors (see table 30 and (13.27)) in Λ
(4)
MS
, mc and µc added quadratically. Doubling the error
216
Table 31: Illustrative example of the determination of CKM parameters from K → πνν¯ for
two choices of Vcb and other parameters given in the text.
|Vcb| = 0.040 ± 0.002 |Vcb| = 0.040 ± 0.001.
|Vtd|/10−3 10.3 ± 1.1 10.3± 0.9
|Vub/Vcb| 0.089 ± 0.017 0.089 ± 0.011
¯̺ −0.10 ± 0.16 −0.10± 0.12
η¯ 0.38 ± 0.04 0.38 ± 0.03
sin 2β 0.62 ± 0.05 0.62 ± 0.05
Imλt/10
−4 1.37 ± 0.07 1.37 ± 0.07
in mc would give P0(X) = 0.40±0.09 and an increase of the errors in |Vtd|/10−3, ¯̺ and sin 2β
by at most ±0.2, ±0.02 and ±0.01 respectively, without any changes in η¯ and Imλt.
We observe that respectable determinations of all considered quantities except for ¯̺ can
be obtained. Of particular interest are the accurate determinations of sin 2β and of Imλt.
The latter quantity as seen in (13.62) can be obtained from KL → π0νν¯ alone and does not
require knowledge of Vcb.
As pointed out in [249], KL → π0νν¯ appears to be the best decay to measure Imλt; even
better than the CP asymmetries in B decays discussed in the next section. The importance
of measuring accurately Imλt is evident. It plays a central role in the phenomenology of CP
violation in K decays and is furthermore equivalent to the Jarlskog parameter JCP [261], the
invariant measure of CP violation in the Standard Model, JCP = λ(1− λ2/2)Imλt.
The accuracy to which sin 2β can be obtained from K → πνν¯ is, in the example discussed
above, comparable to the one expected in determining sin 2β from CP asymmetries in B
decays prior to LHC experiments. In this case sin 2β is determined best by measuring CP
violation in Bd → J/ψKS. Using the formula for the corresponding time-integrated CP
asymmetry one finds an interesting connection between rare K decays and B physics [260]
2rs(B1, B2)
1 + r2s(B1, B2)
= −aCP(Bd → J/ψKS)1 + x
2
d
xd
(13.69)
which must be satisfied in the Standard Model. We stress that except for P0(X) given in table
30 all quantities in (13.69) can be directly measured in experiment and that this relationship is
essentially independent of mt and Vcb. Due to very small theoretical uncertainties in (13.69),
this relation is particularly suited for tests of CP violation in the Standard Model and offers
a powerful tool to probe the physics beyond it. Further comparision between the potential
of K → πνν¯ and CP asymmetries in B decays will be given in section 14.
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Table 32: Illustrative example of the determination of CKM parameters from K → πνν¯ and
from the standard analysis of the unitarity triangle.
σ(|Vcb|) = ±0.002 σ(|Vcb|) = ±0.001 Present Future
σ(|Vtd|) ±10% ±9% ±24% ±7%
σ(¯̺) ±0.16 ±0.12 ±0.32 ±0.08
σ(η¯) ±0.04 ±0.03 ±0.12 ±0.03
σ(sin 2β) ±0.05 ±0.05 ±0.22 ±0.05
σ(Imλt) ±5% ±5% ±33% ±8%
Finally we compare the determination of the unitarity triangle by means of K → πνν¯
with the one by means of the standard analysis of the unitarity triangle. The results obtained
from K → πνν¯ corresponding to table 31 are given in the second and the third column of
table 32. In the fourth and fifth column the corresponding results of the standard analysis of
the unitarity triangle are shown. We observe that a considerable progress, when compared
with the present analysis of the unitarity triangle, can be achieved through the measurements
of K → πνν¯ decays.
13.5 K → piνν¯ Beyond the Standard Model
In view of the very clean character of K → πνν¯, these decays are very suitable for the
study of new physics effects. One example is the relation (13.69). Recently several extensive
analyses of supersymmetry effects in general supersymmetric models have been presented in
[247, 259, 258] where further references can be found. In the MSSM these effects are found
to be very small but in certain more general scenarios of supersymmetry enhancements or
suppressions of Br(K+ → π+νν¯) and Br(KL → π0νν¯) by factors 2-3 cannot be excluded.
Model independent studies of these decays can be found in [247, 258]. The corresponding
analyses in various no–supersymmetric extensions of the Standard Model are listed in [256]. In
particular, enhancement of Br(KL → π0νν¯) by 1–2 orders of magnitude above the Standard
Model expectations is according to [257] still possible in four-generation models.
13.6 The Decays B → Xs,dνν¯
13.6.1 Effective Hamiltonian
The decays B → Xs,dνν¯ are the theoretically cleanest decays in the field of rare B-decays.
They are dominated by the same Z0-penguin and box diagrams involving top quark exchanges
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which we encountered already in the case of K+ → π+νν¯ and KL → π0νν¯ except for the
appropriate change of the external quark flavours. Since the change of external quark flavours
has no impact on the mt dependence, the latter is fully described by the function X(xt) in
(8.3) which includes the NLO corrections [98]. The charm contribution as discussed at the
beginning of this section is fully neglegible here and the resulting effective Hamiltonian is
very similar to the one for KL → π0νν¯ given in (13.36). For the decay B → Xsνν¯ it reads
Heff = GF√
2
α
2π sin2ΘW
V ∗tbVtsX(xt)(b¯s)V−A(ν¯ν)V−A + h.c. (13.70)
with s replaced by d in the case of B → Xdνν¯.
The theoretical uncertainties related to the renormalization scale dependence are as in
KL → π0νν¯ and can be essentially neglected. The same applies to long distance contributions
considered in [221]. On the other hand B → Xs,dνν¯ are CP conserving and consequently the
relevant branching ratios are sensitive to |Vtd| and |Vts| as opposed to Br(KL → π0νν¯) in
which Im(V ∗tsVtd) enters. As we will stress below the measurement of both B → Xsνν¯ and
B → Xdνν¯ offers the cleanest determination of the ratio |Vtd|/|Vts|.
13.6.2 The Branching Ratios
The calculation of the branching fractions for B → Xs,dνν¯ can be done similarly to B → Xsγ
in the spectator model corrected for short distance QCD effects. Normalizing as in these
latter decays to Br(B → Xceν¯) and summing over three neutrino flavours one finds
Br(B → Xsνν¯)
Br(B → Xceν¯) =
3α2
4π2 sin4ΘW
|Vts|2
|Vcb|2
X2(xt)
f(z)
η¯
κ(z)
. (13.71)
Here f(z) is the phase-space factor for B → Xceν¯ defined already in (12.31) and κ(z) is the
corresponding QCD correction given in (12.42). The factor η¯ represents the QCD correction to
the matrix element of the b→ sνν¯ transition due to virtual and bremsstrahlung contributions
and is given by the well known expression
η¯ = κ(0) = 1 +
2αs(mb)
3π
(
25
4
− π2
)
≈ 0.83 . (13.72)
In the case of B → Xdνν¯ one has to replace Vts by Vtd which results in a decrease of the
branching ratio by roughly an order of magnitude.
It should be noted that Br(B → Xsνν¯) as given in (13.71) is in view of |Vts/Vcb|2 ≈
0.95± 0.03 essentially independent of the CKM parameters and the main uncertainty resides
in the value of mt which is already rather precisely known. Setting Br(B → Xceν¯) = 10.4%,
f(z) = 0.54, κ(z) = 0.88 and using the values in (13.12) we have
Br(B → Xsνν¯) = 3.7 · 10−5 |Vts|
2
|Vcb|2
[
mt(mt)
170GeV
]2.30
. (13.73)
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Taking next, in accordance with (12.44), κ(z) = 0.88, f(z) = 0.54 ± 0.04 and Br(B →
Xceν¯) = (10.4 ± 0.4)% and using the input parameters of table 12 one finds [161]
Br(B → Xsνν¯) =
 (3.4 ± 0.7) · 10−5 Scanning(3.2 ± 0.4) · 10−5 Gaussian . (13.74)
What about the data? One of the high-lights of FCNC-1996 was the upper bound:
Br(B → Xsνν¯) < 7.7 · 10−4 (90% C.L.) (13.75)
obtained for the first time by ALEPH [262]. This is only a factor of 20 above the Standard
Model expectation. Even if the actual measurement of this decay is extremly difficult, all
efforts should be made to measure it. One should also make attempts to measure Br(B →
Xdνν¯). Indeed
Br(B → Xdνν¯)
Br(B → Xsνν¯) =
|Vtd|2
|Vts|2 (13.76)
offers the cleanest direct determination of |Vtd|/|Vts| as all uncertainties related to mt, f(z)
and Br(B → Xceν¯) cancel out.
13.7 The Decays Bs,d → l+l−
13.7.1 The Effective Hamiltonian
The decays Bs,d → l+l− are after B → Xs,dνν¯ the theoretically cleanest decays in the field
of rare B-decays. They are dominated by the Z0-penguin and box diagrams involving top
quark exchanges which we encountered already in the case of B → Xs,dνν¯ except that due
to charged leptons in the final state the charge flow in the internal lepton line present in
the box diagram is reversed. This results in a different mt dependence summarized by the
function Y (xt), the NLO generalization [98] of the function Y0(xt) given in (3.27). The charm
contributions as discussed at the beginning of this section are fully negligible here and the
resulting effective Hamiltonian is given for Bs → l+l− as follows:
Heff = −GF√
2
α
2π sin2ΘW
V ∗tbVtsY (xt)(b¯s)V−A(l¯l)V−A + h.c. (13.77)
with s replaced by d in the case of Bd → l+l−.
The function Y (x) is given by
Y (xt) = Y0(xt) +
αs
4π
Y1(xt) , (13.78)
where Y0(xt) can be found in (3.27) and Y1(xt) in (8.133). The leftover µt-dependence in
Y (xt) is tiny and amounts to an uncertainty of ±1% at the level of the branching ratio. We
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recall that Y (xt) can also be written as
Y (xt) = ηY · Y0(xt) , ηY = 1.026 ± 0.006 , (13.79)
where ηY summarizes the NLO corrections. With mt ≡ mt(mt) this QCD factor depends
only very weakly on mt. The range in (13.79) corresponds to 150GeV ≤ mt ≤ 190GeV. The
dependence on ΛMS can be neglected.
13.7.2 The Branching Ratios
The branching ratio for Bs → l+l− is given by [98]
Br(Bs → l+l−) = τ(Bs)G
2
F
π
(
α
4π sin2ΘW
)2
F 2Bsm
2
lmBs
√√√√1− 4 m2l
m2Bs
|V ∗tbVts|2Y 2(xt) (13.80)
where Bs denotes the flavour eigenstate (b¯s) and FBs is the corresponding decay constant.
Using (13.12), (13.79) and (3.31) we find in the case of Bs → µ+µ−
Br(Bs → µ+µ−) = 3.5 · 10−9
[
τ(Bs)
1.6ps
] [
FBs
210MeV
]2 [ |Vts|
0.040
]2 [ mt(mt)
170GeV
]3.12
. (13.81)
The main uncertainty in this branching ratio results from the uncertainty in FBs . Using
the input parameters of table 12 together with τ(Bs) = 1.6 ps and FBs = (210 ± 30)MeV
one finds [161]
Br(Bs → µ+µ−) =
 (3.6± 1.9) · 10−9 Scanning(3.4± 1.2) · 10−9 Gaussian. (13.82)
For Bd → µ+µ− a similar formula holds with obvious replacements of labels (s→ d). Pro-
vided the decay constants FBs and FBd will have been calculated reliably by non-perturbative
methods or measured in leading leptonic decays one day, the rare processes Bs → µ+µ− and
Bd → µ+µ− should offer clean determinations of |Vts| and |Vtd|. In particular the ratio
Br(Bd → µ+µ−)
Br(Bs → µ+µ−) =
τ(Bd)
τ(Bs)
mBd
mBs
F 2Bd
F 2Bs
|Vtd|2
|Vts|2 (13.83)
having smaller theoretical uncertainties than the separate branching ratios should offer a
useful measurement of |Vtd|/|Vts|. Since Br(Bd → µ+µ−) = O(10−10) this is, however, a very
difficult task. For Bs → τ+τ− and Bs → e+e− one expects branching ratios O(10−6) and
O(10−13), respectively, with the corresponding branching ratios for Bd-decays by one order
of magnitude smaller.
We should also remark that in conjunction with a future measurement of xs, the branch-
ing ratio Br(Bs → µµ¯) could help to determine the non-perturbative parameter BBs and
consequently allow a test of existing non-perturbative methods [263]:
BBs =
[
xs
22.1
] [
mt(mt)
170 GeV
]1.6 [ 4.2 · 10−9
Br(Bs → µµ¯)
]
. (13.84)
221
This test could be of course affected by new physics contributions.
13.7.3 Outlook
What about the data?
The bounds on Bs,d → ll¯ are still many orders of magnitude away from Standard Model
expectations. The best bounds come from CDF [264]. One has:
Br(Bs → µ+µ−) ≤ 2.6 · 10−6 (95%C.L.) (13.85)
and Br(Bd → µ+µ−) ≤ 8.6 · 10−7. CDF should reach in Run II the sensitivity of 1 · 10−8
and 4 · 10−8 for Bd → µµ¯ and Bs → µµ¯, respectively. It is hoped that these decays will be
observed at LHC-B. The experimental status of B → τ+τ− and its usefulness in tests of the
physics beyond the Standard Model is discussed in [265].
13.8 Higher Order Electroweak Effects in Rare Decays
Until now we have considered various penguin and box diagrams contributing to rare decays
together with QCD corrections. In none of these contributions the role of the neutral Higgs
boson H0 has been felt. Since the couplings of H0 to fermions are proportional to fermion
masses, contributions of internal H0 are very strongly suppressed unless H0 couples at both
ends of its propagator to the top. This situation appears first at two-loop level in electroweak
interactions. Examples of such diagrams can be constructed from diagrams (a)–(c) in fig.
19 by replacing there the gluon propagator by the H0-propagator. Even more important
diagrams are obtained by replacing W± and the gluon by the fictitious φ± Higgs exchanges
with the appropriate change in internal fermion propagators.
Once the higher order electroweak contributions are considered and one recalls the ex-
tensive precision electroweak studies at Z0-factories, an obvious question arises. What about
the ambiguities in rare meson decays stemming from various possible definitions of elec-
troweak parameters? We have seen in this section that the branching ratios Br(KL → π0νν¯),
Br(K+ → π+νν¯), Br(B → Xd,sνν¯) andBr(B → l−l+) all had the following generic structure
Br ∼ G
2
Fα
2(MZ)
sin4ΘW
[F (xt)]
2, (13.86)
where we have suppressed the charm contribution to Br(K+ → π+νν¯).
Now, there are several definitions of sin2ΘW . For instance, sin
2ΘW = 0.224 in the on-
shell scheme, whereas the effective sin2 ΘˆW |eff = 0.230. These two choices result in branching
ratios which differ by 5.6% to be compared with uncertainties of 1−2% from QCD after NLO
corrections have been taken into account. There is of course also the question of the scale
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in α. This is analogous to the recent discussion of two–loop electroweak effects in B → Xsγ
presented in section 12.4 and the related issue of α(µ) there.
Clearly, in order to reduce such uncertainties, one has to consider two-loop electroweak
contributions to the rare decays in question. Such an analysis has been performed in [266] in
the large mt-limit. Schematically the formula (13.86) reads now
Br ∼ G
2
Fα
2(MZ)
sin4ΘW
[
F (xt) + cGFm
2
t
m2t
M2W
]
(13.87)
where the second term represents two-loop electroweak corrections for large mt. The scheme
dependence of this term cancels in the large mt limit, the scheme dependence of sin
2ΘW .
Moreover the proper scale in α turns out to be MZ as anticipated (13.86) and in all our cal-
culations before. Evidently the decays in question being governed by short distance penguin
and box contributions involve α(MZ), as opposed to B → Xsγ, where due to the on-shell
photons α(me) matters.
The large mt estimate of the full two-loop electroweak corrections can be only trusted
within a factor of two. Yet the residual parameter uncertainties after the inclusion of these
corrections turns out to be less than 2%, which is well below the experimental sensitivity
in the forseeable future. Similarly for sin2 ΘˆW |eff = 0.230, used previously in our numerical
estimates, there is an enhancement of various branching ratios by 1− 2% which can also be
neglected. It should be stressed that all these effects cancel in the determination of sin 2β
from K → πνν¯. Further details can be found in [266].
14 Future Visions
14.1 Preliminaries
Let us next have a look in the future and ask the question how well various parameters of
the Standard Model can be determined provided the cleanest decays have been measured to
some respectable precision. We have made already such an exercise in section 13.4 using the
decays KL → π0νν¯ and K+ → π+νν¯. Now we want to make an analogous analysis using
CP-asymmetries in B-decays. This way we will be able to compare the potentials of the CP
asymmetries in determining the parameters of the Standard Model with those of the cleanest
rare K-decays: KL → π0νν¯ and K+ → π+νν¯. This section is based on [34, 250, 249, 263].
14.2 CP-Asymmetries in B-Decays
CP violation in B-decays is certainly one of the most important targets of B-factories and
of dedicated B-experiments at hadron facilities. It is well known that CP violating effects
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are expected to occur in a large number of channels at a level attainable at forthcoming
experiments. Moreover there exist channels which offer the determination of CKM phases
essentially without any hadronic uncertainties. Since extensive reviews on CP violation in
B decays can be found in the literature [18, 267, 136], let me concentrate only on the most
important points.
The classic determination of α by means of the time dependent CP asymmetry in the
decay B0d → π+π− is affected by the ”QCD penguin pollution” which has to be taken care
of in order to extract α. The recent CLEO results for penguin dominated decays indicate
that this pollution could be substantial as stressed recently in particular in [105]. The most
popular strategy to deal with this ”penguin problem” is the isospin analysis of Gronau and
London [268]. It requires however the measurement of Br(B0 → π0π0) which is expected to
be below 10−6: a very difficult experimental task. For this reason several, rather involved,
strategies [269] have been proposed which avoid the use of Bd → π0π0 in conjunction with
aCP (π
+π−, t). They are reviewed in [18]. It is to be seen which of these methods will
eventually allow us to measure α with a respectable precision. It is however clear that the
determination of this angle is a real challenge for both theorists and experimentalists.
The CP-asymmetry in the decay Bd → ψKS allows in the Standard Model a direct
measurement of the angle β in the unitarity triangle without any theoretical uncertainties
[270]. Of considerable interest [136, 271] is also the pure penguin decay Bd → φKS , which is
expected to be sensitive to physics beyond the Standard Model. Comparision of β extracted
from Bd → φKS with the one from Bd → ψKS should be important in this respect. An
analogue of Bd → ψKS in Bs-decays is Bs → ψφ. The CP asymmetry measures here η [263]
in the Wolfenstein parametrization. It is very small, however, and this fact makes it a good
place to look for the physics beyond the Standard Model. In particular the CP violation
in B0s − B¯0s mixing from new sources beyond the Standard Model should be probed in this
decay.
The two theoretically cleanest methods for the determination of γ are: i) the full time
dependent analysis of Bs → D+s K− and B¯s → D−s K+ [272] and ii) the well known triangle
construction due to Gronau and Wyler [273] which uses six decay rates B± → D0CPK±,
B+ → D0K+, D¯0K+ and B− → D0K−, D¯0K−. Both methods are unaffected by penguin
contributions. The first method is experimentally very challenging because of the expected
large B0s − B¯0s mixing. The second method is problematic because of the small branching
ratios of the colour supressed channel B+ → D0K+ and its charge conjugate, giving a rather
squashed triangle and thereby making the extraction of γ very difficult. Variants of the latter
method which could be more promising have been proposed in [274, 275]. It appears that
these methods will give useful results at later stages of CP-B investigations. In particular the
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first method will be feasible only at LHC-B.
All this has been known already for some time and is well documented in the literature
[18, 136]. Let us now be more explicit on the most recent developments which deal with
the extraction of the angle γ from the decays B0d → π−K+, B+ → π+K0 and their charge
conjugates [276]–[280]. These modes, which have recently been observed by the CLEO collab-
oration [281], should allow us to obtain direct information on γ at future B-factories (BaBar,
BELLE, CLEO III) (for interesting feasibility studies, see [278, 279, 282]). At present, there
are only experimental results available for the combined branching ratios of these modes, i.e.
averaged over decay and its charge conjugate, suffering from large hadronic uncertainties.
In order to determine the CKM angle γ by using the strategy proposed in [276] (see
also [278]), the separate branching ratios for B0d → π−K+, B+ → π+K0 and their charge
conjugates are needed, i.e. the combined branching ratios are not sufficient, and an additional
input is required to fix the magnitude of a certain decay amplitude T , which is usually
referred to as a “tree” amplitude. Using arguments based on the factorization discussed
in section 9, one expects that a future theoretical uncertainty of |T | as small as O(10%)
may be achievable [278, 279]. Unfortunately detailed studies show, that the properly defined
amplitude T is actually not just a colour-allowed “tree” amplitude, where factorization may
work reasonably well [283]. It receives also contributions from penguin and annihilation
topologies due to certain rescattering effects [280, 284] and consequently the expectations in
[278, 279] appear too optimistic. In any case, some model dependence enters in the extracted
value of γ by means of these decays.
In this context an interesting method for constraining γ, which does not suffer from a
model dependence related to |T |, is the method of Fleischer and Mannel [277]. This method
uses only the combined rates for B± → π±K and Bd → π∓K±. Assuming that the final
state interactions and electroweak penguin contributions are small, one finds the bound:
sin2 γ ≤ Br(Bd → π
∓K±)
Br(B± → π±K) ≡ R . (14.1)
The Fleischer-Mannel bound is of particular interest because the most recent CLEO data
give R = 0.65 ± 0.40 [281]. If true, the FM–bound with R < 1 would exclude the region
around ¯̺ = 0 in the (¯̺, η¯) space putting the ”γ = 90◦ club” [290] into serious difficulties.
It should be stressed that excluding the region around ¯̺ = 0 would have a profound impact
on the unitarity triangle dividing the allowed region for its apex into well separated regions
with ¯̺< 0 and ¯̺> 0. The former could then probably be eliminated by improving the lower
bound on ∆Ms leaving only a small allowed area with ¯̺> 0. More details on the implications
of the FM–bound can be found in [277, 127, 159].
The crucial questions then are, whether R is indeed smaller than unity and whether the
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assumptions used to obtain the FM bound can be justified. The first question will hopefully
be answered by CLEO and future B factories. Here we concentrate on the second question.
Indeed, the theoretical accuracy of the FM bound on γ is limited by rescattering processes
of the kind B+ → {π0K+, π0K∗+, ρ0K∗+, . . . } → π+K0 [285]–[288] (for earlier references,
see [289]), and by contributions from electroweak penguins [278, 286, 291], which led to
considerable interest in the recent literature.
In order to gain some insight into this issue, a completely general parametrization of the
B+ → π+K0 and B0d → π−K+ decay amplitudes was presented in [280], relying only on the
isospin symmetry of strong interactions and the phase structure of the Standard Model. This
parametrization leads to the following transparent expression for the minimal value of R:
Rmin = κ sin
2 γ +
1
κ
(
A0
2 sin γ
)2
, (14.2)
where the “pseudo-asymmetry” A0 is defined by
A0 ≡ Br(B
0
d → π−K+)−Br(B0d → π+K−)
Br(B+ → π+K0) +Br(B− → π−K0) = ACP(Bd → π
∓K±)R . (14.3)
Rescattering and electroweak penguin effects are included through the parameter κ, which is
given by
κ =
1
w2
[
1 + 2 (ǫw) cos ∆ + (ǫw)2
]
(14.4)
with
w ≡
√
1 + 2 ρ cos θ cos γ + ρ2 . (14.5)
The parameters ρ and ǫmeasure the “strengths” of the rescattering processes and electroweak
penguin contributions, respectively, and θ and ∆ are CP-conserving strong phases. Simple
model estimates typically give values of ρ and ǫ at the level of 1%. However, in a recent
attempt to evaluate rescattering processes such as B+ → {π0K+} → π+K0, it is found that
ρ may be as large as O(10%) [287]. A similar feature arises also in a simple model to describe
final-state interactions, which assumes elastic rescattering processes and has been proposed in
[285, 286]. Also electroweak penguins may play a more important role than naively expected
[278, 286, 291], so that ǫ may actually be of O(10%).
A detailed study of the impact of these effects on the generalized bound on γ related to
(14.2) was performed in [280]. The “original” bound derived in [277] corresponds to κ = 1
and sets effectively the asymmetry A0 to zero. As soon as a non-vanishing experimental
result for A0 has been established, also an interval around γ = 0
◦ and 180◦ can be ruled out,
while the impact on the excluded region around 90◦ is rather small [280].
An interesting feature of the rescattering effects is that they may lead to sizeable CP
violation in the decay B+ → π+K0 [285]–[288], in contrast to simple quark-level estimates,
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from which at most a few percent for this CP asymmetry [292] could be expected. This CP
asymmetry provides a first step towards the experimental control of rescattering processes
[280]. The rescattering effects can be included in the generalized bounds on γ completely
by using additional experimental information on the decay B+ → K+K0 and its charge
conjugate [280, 293]. Different strategies to constrain rescattering effects have also been
considered in [287].
At first sight, an experimental study of B+ → K+K0 appears to be challenging, since
model estimates performed at the perturbative quark level give a combined branching ratio
Br(B± → K±K) = O(10−6), which is one order of magnitude below the present upper
limit 2.1 × 10−5 obtained by the CLEO collaboration. However, as was pointed out in
[280, 293], rescattering processes may well enhance this branching ratio by O(10), so that it
may be possible to study this mode to obtain insights into final state interactions at future
B-factories. Also electroweak penguins can be constrained by using additional information
[280], and certainly experiment will tell us one day how important rescattering processes and
electroweak penguins in B → πK decays really are. An interesting probe of γ is also provided
by Bs → KK decays, which can be combined with their Bu,d → πK counterparts through
the SU(3) flavour symmetry [294].
Finally I would like to mention a recent interesting paper of Lenz, Nierste and Ostermaier
[295], where inclusive direct CP-asymmetries in charmless B±-decays including QCD effects
have been studied. These asymmetries should offer useful means to constrain the unitarity
triangle.
14.3 CP-Asymmetries in B-Decays versus K → piνν¯
Let us next compare the potentials of the CP asymmetries in determining the parameters of
the Standard Model with those of the cleanest rare K-decays: KL → π0νν¯ and K+ → π+νν¯.
To this end let us assume that the problems with the determination of α will be solved
somehow. Since in the usual rescaled unitarity triangle one side is known, it suffices to
measure two angles to determine the triangle completely. This means that the measurements
of sin 2α and sin 2β can determine the parameters ̺ and η. As the standard analysis of the
unitarity triangle of section 10 shows, sin 2β is expected to be large: sin 2β = 0.58 ± 0.22
implying the time-integrated CP asymmetry aCP(Bd → J/ψKS) as high as (30 ± 10)%.
The prediction for sin 2α is very uncertain on the other hand (0.1 ± 0.9) and even a rough
measurement of α would have a considerable impact on our knowledge of the unitarity triangle
as stressed in [34, 249].
Measuring then sin 2α and sin 2β from CP asymmetries in B decays allows, in principle,
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Table 33: Illustrative example of the determination of CKM parameters from K → πνν¯ and
B-decays.
K → πνν¯ Scenario I Scenario II
σ(|Vtd|) ±10%(9%) ±5.5%(3.5%) ±5.0%(2.5%)
σ(¯̺) ±0.16(0.12) ±0.03 ±0.01
σ(η¯) ±0.04(0.03) ±0.04 ±0.01
σ(sin 2β) ±0.05 ±0.06 ±0.02
σ(Imλt) ±5% ±14%(11%) ±10%(6%)
to fix the parameters η¯ and ¯̺, which can be expressed as [250]
η¯ =
r−(sin 2α) + r+(sin 2β)
1 + r2+(sin 2β)
, ¯̺ = 1− η¯r+(sin 2β) , (14.6)
where r±(z) = (1±
√
1− z2)/z. In general the calculation of ¯̺ and η¯ from sin 2α and sin 2β
involves discrete ambiguities. As described in [250] they can be resolved by using further
information, e.g. bounds on |Vub/Vcb|, so that eventually the solution (14.6) is singled out.
Let us then consider two scenarios of the measurements of CP asymmetries in Bd → π+π−
and Bd → J/ψKS, expressed in terms of sin 2α and sin 2β:
sin 2α = 0.40 ± 0.10 , sin 2β = 0.70 ± 0.06 (scenario I) (14.7)
sin 2α = 0.40 ± 0.04 , sin 2β = 0.70± 0.02 (scenario II) . (14.8)
Scenario I corresponds to the accuracy being aimed for at B-factories and HERA-B prior to
the LHC era. An improved precision can be anticipated from LHC experiments, which we
illustrate with the scenario II.
In table 33 this way of the determination of the Standard Model parameters is compared
with the analogous analysis using KL → π0νν¯ and K+ → π+νν¯ which has been presented in
section 13. We recall that in the latter analysis the following input has been used:
|Vcb| = 0.040 ± 0.002(0.001) , mt = (170 ± 3)GeV (14.9)
Br(KL → π0νν¯) = (3.0 ± 0.3) · 10−11 , Br(K+ → π+νν¯) = (1.0 ± 0.1) · 10−10 . (14.10)
The value |Vcb| = 0.040±0.002(0.001) is also used in B physics scenarios I and II respectively.
As can be seen in table 33, the CKM determination usingK → πνν¯ is competitive with the
one based on CP violation in B decays in scenario I, except for ¯̺ which is less constrained
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Table 34: Determination of the CKM matrix from λ, Vcb, KL → π0νν¯ and sin 2α from the
CP asymmetry in Bd → π+π− [249]. Scenario A (B) assumes Vcb = 0.040 ± 0.002(±0.001)
and sin 2α = 0.4 ± 0.2(±0.1). In both cases we take Br(KL → π0νν¯) · 1011 = 3.0 ± 0.3 and
mt = (170 ± 3)GeV.
A B
η¯ 0.380 ±0.043 ±0.028
¯̺ 0.070 ±0.058 ±0.031
sin 2β 0.700 ±0.077 ±0.049
|Vtd|/10−3 8.84 ±0.67 ±0.34
|Vub/Vcb| 0.087 ±0.012 ±0.007
by the rare kaon processes. On the other hand as advertised previously Imλt is better
determined in K → πνν¯ even if scenario II is considered. The virtue of the comparision of
the determinations of various parameters using CP-B asymmetries with the determinations in
very clean decays K → πνν¯ is that any substantial deviations from these two determinations
would signal new physics beyond the Standard Model. Formula (13.69) is an example of such
a comparison.
14.4 Unitarity Triangle from KL → pi0νν¯ and sin 2α
Next, results from CP asymmetries in B decays could also be combined with measurements
of K → πνν¯. As an illustration we would like to present a scenario [249] where the unitarity
triangle is determined by λ, Vcb, sin 2α and Br(KL → π0νν¯). In this case η¯ follows directly
from Br(KL → π0νν¯) (13.52) and ¯̺ is obtained using [250]
¯̺ =
1
2
−
√
1
4
− η¯2 + η¯r−(sin 2α) , (14.11)
where r−(z) is defined after (14.6). The advantage of this strategy is that most CKM quan-
tities are not very sensitive to the precise value of sin 2α. Moreover a high accuracy in Imλt
is automatically guaranteed. As shown in table 34, very respectable results can be expected
for other quantities as well with only modest requirements on the accuracy of sin 2α. It is
conceivable that theoretical uncertainties due to penguin contributions could eventually be
brought under control at least to the level assumed in table 34. As an alternative, sin 2β from
Bd → J/ψKS could be used as an independent input instead of sin 2α. Unfortunately the
combination of KL → π0νν¯ and sin 2β tends to yield somewhat less restrictive constraints
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on the unitarity triangle [249]. On the other hand it has of course the advantage of being
practically free of any theoretical uncertainties.
14.5 Unitarity Triangle and |Vcb| from sin 2α, sin 2β and KL → pi0νν¯
As proposed in [250], unprecedented precision for all basic CKM parameters could be achieved
by combining the cleanest K and B decays. While λ is obtained as usual from K → πeν, ¯̺
and η¯ could be determined from sin 2α and sin 2β as measured in CP violating asymmetries
in B decays. Given η, one could take advantage of the very clean nature of KL → π0νν¯
to extract A or, equivalently |Vcb|. As seen in (13.53), this determination benefits further
from the very weak dependence of |Vcb| on the KL → π0νν¯ branching ratio, which is only
with a power of 0.25. Moderate accuracy in Br(KL → π0νν¯) would thus still give a high
precision in |Vcb|. As an example we take sin 2α = 0.40 ± 0.04, sin 2β = 0.70 ± 0.02 and
Br(KL → π0νν¯) = (3.0± 0.3) · 10−11, mt = (170 ± 3) GeV. This yields [249]:
¯̺ = 0.07 ± 0.01 , η¯ = 0.38± 0.01 , |Vcb| = 0.0400 ± 0.0013 , (14.12)
which would be a truly remarkable result. Again the comparision of this determination of
|Vcb| with the usual one in tree level B-decays would offer an excellent test of the Standard
Model and in the case of discrepancy would signal physics beyond it.
14.6 Unitarity Triangle from Rt and sin 2β
Another strategy is to use the measured value of Rt together with sin 2β. Useful measurements
ofRt can be achieved using the ratios Br(B → Xdνν¯)/Br(B → Xsνν¯), ∆Md/∆Ms, Br(Bd →
l+l−)/Br(Bs → l+l−) and Br(K+ → π+νν¯). Then (14.6) is replaced by [263]
η¯ =
Rt√
2
√
sin 2β · r−(sin 2β) , ¯̺ = 1− η¯r+(sin 2β) . (14.13)
The numerical results of this exercise can be found in [263]. Additional strategies involving
the angle γ can be found in [34].
15 Summary and Outlook
We are approaching the end of our tour. I hope that some of you enjoyed reading these
lectures as much as I did preparing, delivering and finally writing them. The collection of
many techniques and formulae should be useful in various phenomenological applications and
constitutes hopefully a good introduction to future research. I hope that I have convinced the
students that the field of weak decays plays an important role in the deeper understanding
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of the Standard Model and particle physics in general. Indeed the field of weak decays and
of CP violation is one of the least understood sectors of the Standard Model. Even if the
Standard Model is fully consistent with the existing data for weak decay processes, the near
future could change this picture dramatically through the advances in experiment and theory.
In particular the experimental work done in the next ten years at BNL, CERN, CORNELL,
DAΦNE, DESY, FNAL, KEK, SLAC and eventually LHC will certainly have considerable
impact on this field.
Before closing these lectures with a few final messages, I would like to make a list of things
we could expect in the next ten years. This list is certainly very biased by my own interests
but could be useful anyway. Here we go:
• The error on the CKM elements |Vcb| and |Vub/Vcb| could be decreased below 0.002
and 0.01, respectively. This progress should come mainly from Cornell, B-factories and
new theoretical efforts. It would have considerable impact on the unitarity triangle
and would improve theoretical predictions for rare and CP-violating decays sensitive to
these elements.
• The error on mt should be decreased down to ±3GeV at Tevatron in the Main Injector
era and to ±1GeV at LHC.
• The improved measurements of ε′/ε with the accuraccy of ±(1− 2) · 10−4 from CERN,
FNAL and DAΦNE should give some insight into the physics of direct CP violation
inspite of large theoretical uncertainties. Excluding confidently the superweak models
would be an important result. In this respect measurements of CP-violating asymme-
tries in charged B decays will also play an outstanding role. These experiments can
be performed e.g. at CLEO since no time-dependences are needed. The situation con-
cerning hadronic uncertainties is quite similar to ε′/ε. Although these CP asymmetries
cannot be calculated reliably, any measured non-vanishing values would unambigu-
ously rule out superweak scenarios. Simultaneously one should hope that some definite
progress in calculating relevant hadronic matrix elements will be made.
• More events forK+ → π+νν¯ could in principle be seen at BNL already this or next year.
In view of the theoretical cleanliness of this decay an observation of events at the 2·10−10
level would signal physics beyond the Standard Model. A detailed study of this very
important decay requires, however, new experimental ideas and new efforts. The new
efforts [244, 245] in this direction allow to hope that a measurement of Br(K+ → π+νν¯)
with an accuracy of ±10% should be possible before 2005. This would have a very
important impact on the unitarity triangle and would constitute an important test of
the Standard Model.
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• The future improved inclusive B → Xs,dγ measurements confronted with improved
Standard Model predictions could give the first signals of new physics. It appears that
the errors on the input parameters could be lowered further and the theoretical error
on Br(B → Xsγ) could be decreased confidently down to ±8% in the next years. The
same accuracy in the experimental branching ratio will hopefully come soon from CLEO
II and later from KEK and SLAC. This may, however, be insufficient to disentangle
new physics contributions although such an accuracy should put important constraints
on the physics beyond the Standard Model. It would also be desirable to look for
B → Xdγ, but this is clearly a much harder task.
• Similar comments apply to transitions B → Xsl+l− (not discussed here) which appear
to be even more sensitive to new physics contributions than B → Xs,dγ. An observa-
tion of B → Xsµµ¯ is expected from D0 and B-physics dedicated experiments at the
beginning of the next decade. The distributions of various kind when measured should
be very useful in the tests of the Standard Model and its extensions.
• The theoretical status of KL → π0e+e− and of KL → µµ¯, which we did not cover here,
should be improved to confront future data. Experiments at DAΦNE should be very
helpful in this respect. The first events of KL → π0e+e− should come in the first years
of the next decade from KAMI at FNAL. The experimental status of KL → µµ¯, with
the experimental error of ±7% to be decreased soon down to ±1%, is truly impressive.
• The newly approved experiment at BNL to measure Br(KL → π0νν¯) at the ±10%
level before 2005 may make a decisive impact on the field of CP violation. In particular
KL → π0νν¯ seems to allow the cleanest determination of Imλt. Taken together with
K+ → π+νν¯ a very clean determination of sin 2β can be obtained.
• The measurement of the B0s−B¯0s mixing and in particular of B → Xs,dνν¯ and Bs,d → µµ¯
will take most probably longer time but as stressed in these lectures all efforts should be
made to measure these transitions. Considerable progress on B0s − B¯0s mixing should be
expected from HERA-B, SLAC and TEVATRON in the first years of the next decade.
LHC-B should measure it to a high precision. With the improved calculations of ξ
in (10.72) this will have important impact on the determination of |Vtd| and on the
unitarity triangle.
• Clearly future precise studies of CP violation at SLAC-B, KEK-B, HERA-B, COR-
NELL, FNAL and LHC-B providing first direct measurements of α, β and γ may
totally revolutionize our field. In particular the first signals of new physics could be
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found in the (¯̺, η¯) plane. During the recent years several, in some cases quite sophisti-
cated and involved, strategies have been developed to extract these angles with small or
even no hadronic uncertainties. Certainly the future will bring additional methods to
determine α, β and γ. Obviously it is very desirable to have as many such strategies as
possible available in order to overconstrain the unitarity triangle and to resolve certain
discrete ambiguities which are a characteristic feature of these methods.
• The forbidden or strongly suppressed transitions such as D0− D¯0 mixing and KL → µe
are also very important in this respect. Considerable progress in this area should come
from the experiments at BNL, FNAL and KEK.
• On the theoretical side, one should hope that the non-perturbative methods will be
considerably improved so that various Bi parameters will be calculated with sufficient
precision. It is very important that simultaneously with advances in lattice QCD,
further efforts are being made in finding efficient analytical tools for calculating QCD
effects in the long distance regime. This is, in particular very important in the field of
non-leptonic decays, where one should not expect too much from our lattice friends in
the coming ten years unless somebody will get a brilliant idea which will revolutionize
lattice calculations. The accumulation of data for non-leptonic B and D decays at
Cornell, SLAC, KEK and FNAL should teach us more about the role of non-factorizable
contributions and in particular about the final state interactions. In this context, in
the case of K-decays, important lessons will come from DAΦNE which is an excellent
machine for testing chiral perturbation theory and other non-perturbative methods.
In any case the field of weak decays and in particular of the FCNC transitions and of CP
violation have a great future and one should expect that they could dominate particle physics
in the first part of the next decade. Clearly the next ten years should be very exciting in this
field and it is advisable to buy shares before it is too late.
16 Final Messages
The two weeks I have spent in Les Houches in August 1997 will remain in my memory for
ever. Therefore I would like to close these lectures by thanking those who contributed most
to this happening.
First of all I would like to thank Rajan Gupta and Francois David for inviting me to this
school and keeping me busy. In particular I would like to thank Rajan for creating such a
pleasent atmosphere and his persistent e-mails reminding me that it is time to finish writing
up these lectures.
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However my warmest thanks go to the students of this school who made the sixteen hours
of my presence in front of the blackboard and the remaining time a real joy. In particular:
• Many thanks to the magnificant seven: Fabien Motsch, Markus Peter, Solveig Skad-
hauge, Thomas Teubner, Anja Werthenbach, Joerg Westphalen and Stefan Wienzerl for
keeping me alive during a two day mountain expedition. Champagne offered after this
tour by a very special student of this school, Leung Ka Chun, will never be forgotten.
• The results of our expedition appeared in hep-ph/9708777 under the title “No Loops
beyond the Trees in the Splittorff Renormalization Scheme”, where further details can
be found. Splittorff, the youngest student of the school was the only one of this Les
Houches session to climb Mont Blanc. There is nothing exciting in hep-ph/9708777
except one thing: this work will go down in history as yet another Buras et al. paper.
• Many thanks to Luca Girlanda, Nicos Irges and Leszek Motyka for arranging table
tennis championships and to Andrzej Czarnecki for giving me Polysporin which allowed
me to reach quarter finals where I was slaughtered by a spanish matador (Francisco
Guerrero).
• From all these remarks it is clear that I had rather close contacts with the students of
this school. Yet my closest companions, day and night, were the washing machine and
the dryer both placed next to my room. The lively discussions, in particular at night,
in front of my door forced me to work hard on my lectures, except for the last night
of my stay when following the advice of the sole experimentalist of the school (Fabien
Motsch) I switched off these two important inventions of this century.
I hope that these final comments made it clear why I have enjoyed this school so much.
Many thanks to all of you.
Particular thanks go to Markus Lautenbacher for creating many figures and a number of
numerical calculations. I would also like to thank Robert Fleischer, Paolo Gambino, Axel
Kwiatkowski, Mikolaj Misiak, Nicolas Pott and Luca Silvestrini for helpful discussions during
the preparation of these lectures.
This work has been supported by the German Bundesministerium fu¨r Bildung and Forschung
under contract 06 TM 874 and DFG Project Li 519/2-2.
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